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A Determinantal Theorem and Clifford’s 
Theorem on 7 Lines, 


by 
TsuruIcHI HAYASHI and Kwan SHIBATA, Sendai. 


1, Denoting the determinant 


oy の y 1 
ali の Bi 1 
GL) の の Ca Pa 1 
333 の Bs 1 


by 
Die, の 6 の 5 da), 

we will at first prove the following : 

Theorem 1. が 

( 2 ) JOG On; の 2 の 。) 三 0, Talky Oo O3, ム ) 三 0, Di, の 2 の の ) 三 0 
then the three equations 

ee oo) (2 a3',.a))=0, の (5 の) の の a} =0 
are not independent. 

That is, if equations (2) and the first two, for instance, ‘of equations 
(3) be assumed, the last of equations (3) can be deduced therefrom. 

An algebraical proof. The determinant (1) can be transformed 
into(* ) 

(ar — a2) (®— as) (By) (3-3) (a8) (a — G3) (Br — 8) (y — Ba). 
Hence under the assumption, we get the five equations 


(ダー の ) (ター の ) _ (Bi — 5») (y—Bs) 
(gー る )(gー ム の)  (B—y)(Bi — 3) 


2 


sonnette sr esse 


nn ses ess. 


(1) Burnside and Panton, Theory of Equations, vol. 2, 1904, p. 55. 
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RU 1 (ムー の リリ) ベー の ) は (31 — 3s’) (9— P33") | 
dA (a! Fi 6) (a, — 3) (82! —7) (Bi — 3) 


Multiplying up these equations, and taking the reciprocals of the two 
sides of the resulting equation, we arrive at 
(aa) (S— a") _ (BA) mr) 
(a —§) (43— 42’) iR) 
Hence the conclusion. 
A geometrical proof. If we take the ten numbers 
a, %, G3, Pi, Par Ps; 
(#9 ay’, ay, の 3 BY; Bi, Ba’, 
Ty Y 7 
as the coordinates of ten points forming a range on a line, the equation 
DIE, dé, Ue Me) = 
means that the two sets of four points (a, &, a3, x) and (Bi, Bi, BB, 4) 
are in homographic relation. Hence if we denote the ten points by 
Ai, A, Az, B;, B;, B;, 
(5) Ay, A, Az, By, By, B; 
X, Y, E, H, 
we are to prove that if the three sets. 
(4,0 A, À), (By, B;, Bs); 
(6) (Ay, As, Ai), (By, Bs, By); 
(43, A, A), (Bi, B,, B;) 
have common homographic points (X, Y), the other three sets 
(A, A,’, As’), (Bi, By, B;); 
( (A,, Ag, A), (B;, gs Verde 
(43, A’, A), (Bs, sie B;/) 
have also common homographie points (3, H). From (6) and the first 
two of (7), we get the five equations, which can be promptly written 
down, 
Ay ADATTE 
MARA A Bs ai 








CLIFFORD’S THEOREM. 


eee 


ses. 








00.0... 


whence the result follows at once. 


ere. 


© 0 è 0 sè 0a è 0 è è» 000 








N. B. The two symbols + and y can be easily eliminated from the 


three equations (2). 


Tbe result of elimination must remain unaltered, 


when the symbols &, 3 with dashes are interchanged with those without 


dashes. 


Theorem 2. が 
D(a, }, e, g)=0, 
D(a, 6,6, 9)=0, 
then four equations 
D(a, 3, 6, ¢)=0, 
77( の NR08 v0, 


are not independent. 


But it is not easy to show it directly. 


D(z, 0, €, p)=0, 
D(p, ルッ の g)=0, 


DG, 0, 6, P)=0, 
D(8,7,5,9)=0 


This can be proved by a similar way. 


2. Now the equation to the circle in Cartesian rectangular co- 


ordinates (x,y) passing through the three given points P,=(%,%), 


P= (0,42), P= (3, Ys) is 
C+ の 
a + Yi Uy 
2 十 2 X% 
v3 + Ys T3 
that is, 
apy? + 
e+. yy a+ 
d5+Y dba 
ty Vis 
Hence if we put as usual 
| GT 030, 


the equation becomes 


y 1 |=0, 
Yı 1 
Yo 1 
| 

Day 1|=0. 
cy 1 
Lit À 
%—W; 1 


y=r sin の 
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al 名 - [r,—8]- 1=0, 
ri [mA] [9] 1 
RW bray Cole tay aes |e 
ré [13.43] = {ts 0g] 1 


SILA 


in which [r, 6] and [r,— 6] stand for Ri ina wore Lo respectively. 
This determinant is a special one of the determinant (1) in which 
| z | =| | and |a|=| |. Hence by Theorem 1, we get the following 
geometrical theorem : 





Theorem 3. If the three circles passing through the three points 
(ES 5 , Pi), Gees Fr Pi}. (Py, Py; P;) 


respectively pass through a common point, the three circles passing through 
the three points 


(Bye, Py), (Pes Ess at (Ps, Pi, Py) 


respectively also pass through a common point. 

Or otherwise stated: Jf four points on a circle or line(*) be taken 
in sequence and if each successive pair be connected by a circle, the remain- 
ing intersections of successive pairs of circles are concyclic or collinear. 
Still another form for this theorem is as follows: Jf four cireles be 
arranged in sequence, each two successive circles intersecling, and a circle 
pass through one point of each such pair of intersections, then the remain- 
ing intersections lie on another circle or a line(*). 

Changing the symbols and their positions, we can state this theorem 
in the following form which is of use to us in the latter part of this 
paper: Jf any five sets of four points 


(A ak 0) 
(M, M, K, Ki), 
(M,,M,, K, Ki), 
(MEL ake: 
(M, M, Bj, Ks), 








(1) When four points (7, 0), (r,, 0,), (7。, 9。) and (7。, 04) lie on one and the same 
line, the relation (8) also subsists. 

(2) The lucid use of words for these enunciations, and for some of the enuncia- 
tions mentioned later on, we are indebted to Prof. Coolidge’s elegant and elaborate work 
“Treatise on the circle and the sphere” 1916. The word “four” in these enunciations 
may be changed into “ 2n.” 


CLIFFORD’S THEOREM. 


or 


(M, M, 2 K,, K;), 
be concyclic, the remaining set is also concyclic. 


Theorem 3 can be easily proved by using the method of inversion 
from the theorem: If a point be marked on each side-line of a triangle, 
the three circles each through a vertex and the adjacent marked points 
are concurrent. 

From Theorem 2, we get the following 

Theorem 4, が the four circles passing through the three points 


(4,B,E), (GDE, (ADF), (BGF) 


respectively pass through a common point, and if the three circles passing 
through the three points 


CRIS CDI CALDE) 


respectively pass through a common point, then the circle passing through 
the three points 


(B, ©, E) 


passes through the common point of the latter three. 

This theorem is feebler in efficacy than that which can be gotten by 
inversion from 

Theorem 5. Jf four lines be given, whereof no two are parallel 
nor any three concurrent, the circumscribing circles of the triangles which 
they form three by three are concurrent at the point called the Miquel point 
of the four lines. 

3, In this Journal several geometrical theorems have been proved 
by using complex numbers(*). Most lately Mr. S. Que has proved 
very elegantly also by using complex numbers a theorem on the circles 
associated with n points on the circumference of a given circle. One of 
us has found the theorem proved more early by Prof. J. L. Coolidge, 
but will stand security for the independence of Mr. Oue’s investigation, 
the methods of attack being very different(?). Now we have here 
proved, also by using complex numbers, Theorem 3 which is a corner- 
stone in Prof. Coolidge’s paper. 





(1) Hayashi, Vol. 4, p. 71; Fujiwara, Vol. 4, p. 75; Kakeya, Vol. 6, p. 241. 

(2) Gue, Vol. 10, p. 225. Coolidge, Some circles associated with concyclic points, 
Annals of Math., 2nd ser., vol, 12, 1910-1911, p. 39. Also consult his work, Treatise on 
the circle and the sphere, 1916, p. 94, and AgronomofS paper, Sur la géométrie du 
triangle, in this Journal, vol. 11, 1917, p. 243. 
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For a system of coplaner n lines, n circles and n points may be 
associated in a variety of ways. The oldest one among the associations 
is that due to Clifford(!). His theorem, which is a generalization of 
Theorem 5 can be enunciated as follows after Prof. Coolidge: 

Theorem 6. Given n lines in a plane, no two parallel and no three 
concurrent. If n be odd there is associated therewith a circle, and if n be 
even a point. The circle will contain the n points associated with the n 
sets of lines obtained by neglecting each of the given lines in turn; the 
point will lie on each of the n-circles obtained by neglecting each of the 
lines in turn. 

For our endeavour to prove this theorem by using complex num- 
bers, Theorem 3 and its different forms given after its enunciation also 
play a great ròle. To ‘accomplish the endeavour, we are wanted to 
prove Theorem 5 and Theorem 6 for five lines, since we can then 
arrive at the final result by repeatedly using Theorem 3 and its different 


forms. 
We proceed to prove Theorem 5. If the given four lines be 
(AL A BE, (Gb, ADF, BCE, 


then the four cireles passing through the four sets of three points 
(2) (A,B, 2), CCD CA; DE), (B, C, E) 
respectively are concurrent. 
Let the polar coordinates of the six points 
A, (13; (の I E, F 
be 
(a, a), (3, (Gr), (4), (se), (49) 


respectively, and let the inclinations of the four straight lines (1) with 


respect to the initial line be 
St) boy 6, S』 

respectively. Next let the polar coordinates of the centres of the four 

circles (2) be 


‘iy 6,), (の Os), (03, 03), (04) 6,), 


(1) Clifford, A synthetic proof of Miquel’s theorem, Messenger of math., vol. 5. 1870. 
For the literature, see the foot-note on p. 90 of Prof. Coolidge’s book and also consult 
Prof. F. Morley’s paper, On the metric geometry of the plane n-line, Trans. of Amer. 
Math. Soc., vol. 1, 1900, p. 97. 
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and let their radii be 
V1, To; T3, 4 


respectively. 


For the points on the circumferences of the four circles (2), we 
have 


(3) Lei, J+ [n, 4], 
es) [92 , #]+ re, 0], 
(5) Los, 0]+ (13, 4], 
(6) [04,9] +1, 4], 


の being a variable angle, which is measured from the positive direction 
of the initial line. Since the circle (3) passes through the points A, B, F, 
at which we assume の to take the values 0,,0,,0; successively,? we have 
Le, &J=[a, 2]—[r, =, 9-1, 63h 91, 6). 

But evidently 

a +6, +r= Dey, 

6,46, +2=24, 

6,46,+7=26, 


whence 
6,=8+53—S,— 7/2, 
6,=54+6—§— 7/2, 
6,=S3+8,—§,—7/2 
Hence 
[の 9]=la, 0] (ri, 7-25] 
=[b, 8] [ri 9-28] 
=[f, 0], 2-25], 
where 


Pr = 61 +5346 7/2. 
For the sake of simplicity, transfer the origin of coordinates to the 
centre of circle (3). Then 
0, er 
Hence we have 
0=[!, ala [1, 92251] 
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=[1, 4]—[1, 2-253] 
=[1,7]-[1, 7-24]. 
Therefore for the points of intersection, not A, B and F, of the 
circles (5), (6) and (4) with the circle (3), we have 
[7,, 2, —9+25;], [ris 29, — 72 +262], [r1, 20—m +24] 
respectively. Therefore for our purpose we must prove that 
3+ §,=6,4+53;=06,4 &. 
Now the following relations can be proved by quite the same way 
BEY): 
Los, #3)=[a, @]-[r3, 7:25]; 
Los; = (0, 8] — Ir, 73 — 26], 
Lez; Ga = Cf, p1- Ir, 2-25], 


whence 
[1, 2(0+5)]=9/A, 
[1,2(4,+53)]=B/B, 
[1, 2(0-+5)]=C/G, 
where 
A=[r3, €] — [1 +53], A=[rs,-—§]-[n,-( + §)], 
3 ニニ [ €] [rm & +6]; お テー 一 [カー も 十 る )], 
C—[r2, 5] [ris +54], e=[r,-8]-[In,-&+5)], 
and 


E=§,—6,4+6+6,; 
so that we are now in the position to prove that 
/l=B/B=C/6. 
If we simplify the first part of these equations, we arrive at 
7 sin (63—$4) +7, sin (54-52) +73 sin (5 一 5。) 三 0, 
which expresses the collinearity of the three points A, B, E. Similar for 
the others. 
4, Now let us proceed to prove Theorem 6 for five lines, that is, 


the five Miquel points for the five sets of the four lines, neglecting one 
of them in turn, lie on one and the same circle. 


Let the points of intersection of the four lines ABE, CDH, ADF, 
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LCF with the fifth line be X,, K,, /G, K, respectively, and let the 
polar coordinates of the five Miquel points M,, M,, I}, M, and M, got 
by neglecting the first, second, third, fourth and fifth lines successively 
be (m, fi), Ma, fa) ‚(m;, 151 respectively. Then the six sets of 
four points 


Ka) 
(MI 5) Ki), 
CU Ka), 
(M>, Mz, K,, Ki, 
UM, Ko, 
(M, M,, K,, K.) 


are concyclic (the points £, C, D, B, A, E lying also on these circles 
respectively)(!). 
With respect to the sixth, third, first and fourth circles 
(K, Ko, Mr, MU), 
(K,, K;, M,, M.) 2 
CK , Ky, M, , M,), 
(Ky, K, Ma, Mi), 


we know that the four points X,, Ay, K;, K, lie on one and the same 
straight line. Therefore the other four points 7,, M;, M;, M, must lie 
on one and the same circle, according to Theorem 3. 

Similarly the four points J1,, 77。, M;, M; lie on one and the same 
circle. 

Thus the theorem is completely proved. 

5. The equation formed by equating the determinant (1) in 
Article 1 to zero may be regarded as the equation to the rectangular 
hyperbola referred to rectangular coordinate system, passing through the 
three points (a, 1’), (a2, 8.) and (a3, 83), and having the coordinate axes 
as its asymptotes. Hence the words “circles” in the enunciation of 
Theorem 3 can be replaced by the words “rectangular hyperbolas,” 
understanding that all the rectangular hyperbolas under consideration have 
parallel asymptotes. 

Thus by projection we can arrive at the following theorem. 

Theorem 7. Jf the conics passing through the three points 





(1) Compare with one of the transformations of Theorem 3 in Art. 3. 
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(ESS P;, P;), (Pr, P;, ED, (Py, ons P.) 


respectively pass through a common point, the three conics passing through 
the three points 


(Ps Pr, Len Was リン Tach (P;, cies Pi) 


respectively also pass through a common point, all the conics having parallel 
asymptotes, or passing through two fixed points. 


December 1917. 


A Construction-Problem in Elementary 
Projective Geometry, 


by 
TsuRUICHI HAYASHI, Sendai. 


Suggested by the problem proposed by Prof. T. Kubota on page 
162 of this Journal vol. 13, mentioned in Japanese(!), I am in this 
note to solve the following construction-problem: Given five point-pairs 


O,, O;; A, Az; Diy Bs; Co Cr; D,, Di 


on a plane, to find the sixth point-pair X,, X, on the same plane, such 
that four conics pass through the four six-point sets 


O,, Où, Ay, As, À, A; 
(1) Oi Ons By, Bz, Xs ,,X0; 
CIAOO 
CEE CAL 


During the solution, seme note-worthy theorems, especially on two 
tetrads of points on a plane, are obtained, and in fine, a very simple 
method of construction of the conics defined by five points is given. 

1. Suppose the required poiut-pair X,,X, as obtained. Project the 
four four-point sets 


417% EAN X; BJ PO. X; 
Ci; Nee Gr D, »D,, À, Ka; 


from O, and O, on any straight line taken at random on the given 

plane, and denote the projections from O, by the same symbols as the 

projected points adding one dash and those from ©, by those symbols 

adding two dashes. ‘Then if we denote the anharmonic ratio of the 

range of four points P, Q, È, S by (PQRS), the:problem under considera- 

tion is reduced to the following: o determine the two point-pairs 
1, Ag 3 XY, Ag”, so that 


(1) For Prof. Kubota’s problem itself, see the latter part of this note. 
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(A, a xe OD es OE A EL は を 4 の 
(B,! de A X= by dap BEE Xo"), 
EE H A ake Gre Ce ACE AL, 
WER DI A X,!) ーー (ia PONE AI ギル) 


all the points lying on one and the same straight line. 

This having been solved, the original problem can be solved by 
projecting back the range of points. 

2, Let the distances of these points measured from any fixed point 
O on the straight line be denoted by the corresponding small letters, 
The last four relations can be transformed into the following equations 


(ay! — ay! )( da! — 24") in (a,’’ — (a —a!") 


Mh ee a ZINIO SUN ete., 
(al — Ya’ —a) (の リー の (gg ツー の ) 


which can be again transformed into the following determinantal equa- 
tions( * ) 


eA n / // pese 

nie LC I 
(2) 

al a; a! a! 1 


びす のび (a RAR AI 
Hence algebraically stated, we are to solve the four algebraical equations 
(2). 
3. Take any rectangular coordinate system (2’,2’’) on another 
plane, mark the points whose coordinates are 
(a/, a), (al, ax"); (0,6), (6,0); 
(e, ei”), (c/,0,"); (ch, の の (の) のり 
respectively, and denote these points by 


A,, Az; PB, Ci, C3; D,, の 


- 


respectively, which are yet different from those ten points denoted by 
the same letters in (1). Then since 


ze’ al! x! al! 1 —() 
p' の が / p' // 
の Du の oi 1 
r! p!! 7! yl! 1 





(1) Burnside and Panton, Theory of Equations, vol. 2, 1904. p. 55. 
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represents a rectangular hyperbola passing through the three points 
(PI p") (9,9), (7, 7”; whose asymptotes are parallel to the coordinate 
axes, we are to solve the problem: Given four point-pairs 


A,, 42; B,, Bs; Ci, Ca; D,, D, 


on a plane, to find the fifth point-pair X,, Ar on the same plane, such 
that four rectangular hyperbolas with parallel asymptotes pass through the 
four four-point sets 


Pas at BSA Ge 
Jaen tes Whee oes 
CG, Cr, À, Xo; 
Wied Ripley GRY Ge 


If this particular case of the main problem be solved, the latter is 
also solved, because the process passed over is quite reversible. 

4, Now let us treat in this and following articles conics with 
parallel asymptotes, if we say simply conics, taking off the limitation. 
Such two conics have only two finite intersections, real or imaginary, 
the join of which we may call the radical axis of the two conics. If 
such three conics be given, we have three radical axes by selecting two 
in turn among the three conics, passing through one and the same point, 
which we may call the radical centre of the three conics. 

Consider the system of conics 2 (with parallel asymptotes of course 
as we have remarked above) passing through two fixed points 4」, 4, 
and cut them by any other conic S (whose asymptotes are also parallel to 
those of the system A). Then the radical axis of any one of the system 
and the latter conic S meet the join A, A, of the two fixed points at 
one and the same point, JG say. 

Take another system of conics 8 (whose asymptotes are all parallel 
to those of the conics previously considered), passing through other 
two fixed points B,, B,. Then the radical axis of any one of this second 
system and the conic S meet the join B, B, at one and the same point, 
N, say. 

If the straight line IM, N, be drawn, its two intersections with the 
conic S lie on one conie of the first system A and also on the other 
conic of the second system Y. The three conics have thus one and the 
same radical axis. Let us call this straight line the radical avis of S 
with respect to À and B. 
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Let S be one member belonging to the third system of conics G, 
passing through the two fixed points G, G, and let it be changed from 
one of the system to the other. ‘Chen we get a set of radical axes of © 
with respect to À and 8, which envelops a certain curve. As to this 
curve, we can prove the following theorem: The set of radical axes of 
E with respect to A and B envelops a conic, touching the base-lines 
A, A, B,.B,, GC; of the three systems. 

The set of radical axes of € with respect to % and % is nothing 
but the set of radical axes of À with respect to 9 and © or that of B 
with respect to G and À. So the set may be called the set of radical 
axes of the three systems U, B and ©. Using this denomination, this 
theorem can be enunciated in the form: The set of radical axes of the 
three systems of conics envelops a conic touching their base-lines. The 
enveloping conic may be called the radical conic of the three systems. 

5. Let us proceed to prove this theorem. 

Referred to a rectangular coordinate system (a’, x”), conics with 
parallel asymptotes may be represented by the equation 


av? +2 ha' a! +b? +2 ga! +2f x! +c=0, 

a,h, b being constant and g,f,¢ variable. If all the conics of this system 
pass through the fixed points P=(p’,p”) and @Q=(9, 9"), two of the 
variables are determined. Let the two be g and た Then if f(a’, x”) 
stands for ax? +42 ha' x"+bax"?, the equation becomes 

fia, 2) +e CPR I EN, 

IP Ans 

SETS VANE ARTT 


or 
が (a', a) x! a!" |= —e. | 2 al! 11% 
が (p', p") pl pl pl p"! 1} 
Pr a! tI a! // 1 
dal 7 7 q 7 


where c remains variable, so that for one value of c corresponds one 
conic of the system. 
If c becomes infinite, this reduces to 


x! gl! 1 ーー 0, 
p' D 1 
の q" 1 
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which represents the base-line P@ of the system. Hence the set of the 
base-line and the line at infinity is to be regarded as a degenerate conic 
belonging to the systems. Hence it follows that the envelope of the radical 
axes of the three systems of conics À, B, C touch their base-lines A, A2, 
B, B,, G C. 


6. Let the equation to a conic S belonging to A be 
“= f(a’, 2") +2 Ba! +2ax"+7=0, 
in which 
as aan Shel bal, 


and a and # are determined by the coordinates of the base-points A, 
and A, of the system. Then since the equation to any one of the 
conics belonging to B is 


(4) lee SA) nn en le Sub ne Sg 
F (oy; b,") b,’ bl! b,’ Go! 1 
A0) ONT EN PET 
the coordinates of the radical centre of 8 and S are given by 
ett rec! TSO 
ya ees 
6/ 6/ 1 


and 


it nas ere ms ha Pot a! ye Deo Joe 7} 
f(b/, 6 の ) ur の 2 Dai Dai 


OS a hl 
) 


and are found by solving these equations as simultaneous in the form 


の = 


n 


kKy+l a ky +1" 
m’y+n!’ m'r+n" i 


where k,l, m,n are all independent of 7. 

By quite the same way the coordinates of the radical centre of & 
and S are found in similar forms in terms of 7. 

Now we are searching the envelope of the joins of such point-pairs 
by changing the value of 7. Evidently the point-pairs form two 
homographic ranges on the base-line B, B, of 8 and on the base-line 
GC of ©. Hence the join of the corresponding points must envelop 
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the conic, which we have proposed above to call the radical conic of the 
three systems A, B and C. 

7. Returning to the solution of the problem regarding the rect- 
angular hyperbolas in Art. 3, we trace first the radical conic of U, B, E 
and next that of A, B, D. Then these two conics have the two straight 
lines A, A, and B, B, as their common tangents. Draw the other two 
common tangents of the two radical conics. Then the required point- 
pair (X, X;) lies cn each of the common tangents. Hence we have two 
solutions for the problem. 

Now the method of construction is evident. Draw some of 
rectangular hyperbolas belonging to the four systems A, B, È, ©. 
Determine the two radical conics, each by three tangents, having A, A, 
and B,B, as two common tangents, and draw the other two common 
tangents by the well known method('). Then the problem is reduced 
to the construction of two conics, one belonging to %, and the other to 
3, intersecting on one of the two tangents, which is easily solved by 
the method of constructing the self-corresponding points of two super- 
posed projective ranges( ? ). 

8. Thus two straight lines are found from given four straight 
lines, all lying in one plane; or two point-pairs are found from given 
four point-pairs, all lying in one plane. This fact is quite similar to 
the existence of two straight lines intersecting four straight lines given 
in space. Indeed using this theorem in Space-geometry Prof. T. Kubo- 
ta has proved by stereographical projection the existence of four coaxal 
circles passing through given four point-pairs respectively, and he has 
given a note containing the proposal to construct the four circles by 
operations in the plane only, when the arrangement of manuscripts and 
other materials for volume 13 of this Journal is going on(*). Just at 
that time, I have been studying some properties of circle-systems and 
have begun to solve a more general problem than Prof. Kubota’s one, 
as mentioned in Art. 1 in this paper. When I have informed him some 
of the results obtained by me, he has been induced and has succeeded 
to solve his own problem and my extended problem. His solution is 
quite the same as that which I have mentioned in Art. 7 in this paper, 


(= ) Cremona, Projective Geometry. 1893, p. 190. 

(2) Since the asymptotes in Arts. 4-6 may be imaginary, we can solve Prof. 
Kubota’s problem for circles by a similar method. 

(5) Prof. Kubota’s solution has been published in Japanese thereafter in this 
Journal, vol, 13, p. 248, while his problem is found in vol. 18, p. 162. 
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but his demonstration has still remained stereographical, though very 
elegant. So continuing my own process of attack, I have arrived at 
the same solution as his, by using considerations in Plane Geometry 
only, though somewhere analytical(*). However it must be informed to 
the reader that my work has been completed by bis favour of having 
shown his solution, though it is quite similar to the method by which I 
have ever proved Mr. Kakeya’s theorem in this Journal vol. 2, p. 213, 
as is shown in the next article(? ). 

9, By using the well known theorem that there are two straight 
lines intersecting four straight lines given in space, of which Prof. T. 
Kubota has also taken advantage to prove his theorem for coaxal 
circles above mentioned, Mr. S. Kakeya has proved the theorem that 
there are in general two point-pairs A, X,; イズ パッ for given four 
point-pairs 


MA Ag; bieb Cai Gs ED; 
such that 
KARA, BL, CC: Ka Di Da 
and 
ee NR I DAD. 


Denote the four systems of parallel straight lines passing through 
the four point-pairs by À, BV, E and D respectively. Take a fixed pair 
of parallel lines S belonging to %. ‘Then all the joins of the points of 
intersection of any pair of parallel lines belonging to 3 with S pass 
through a fixed point on B, B,. Similar for the system €. If the join 
of these two fixed points on B,B, and GO be drawn, the points of 
intersection of the join with S are the common points. of one of 8, one 
of E, and S. When we change S in A, we get the envelope of such 
joins, that is a conic touching A,A,,B,B,,GC,. So to show the 
remaining part of the proof should be now more than enough. 

In quite the same manner as Mr. Kakeya has deduced a double- 
six theorem from his theorem, we can deduce some double-six theorems 
from our theorems obtained in this paper. 


(1) The analytical parts may be reproduced by synthetical treatment without 
difficulty. 

(2) I have proposed a construction-problem arising from Mr, Kakeya’s theorem 
in Japanese in this Journal vol. 3, p. 127. 
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By using Mr. Kakeya’s theorem, we can prove the following 
theorem: There are in general two point-pairs X,, Xx; Ar, パッ for given 
four point-pairs 


AZ Dive: Cole の の 
such that 
MA, Ay MB, Ao Baj ORG AD, A Di 
are antiparallel with respect to a given straight line and 
N Ay, Ay' A5 A' Bi, Ag Baj AC, Ax CG; ASD, XY D; 


are also antiparallel with respect to the same straight line, and we can 
construct the two point-pairs, by taking the symmetrical points of the 
second points of the given four point-pairs with respect to the given 
straight line. | 

10. We have seen in article 8 that the conics, the construction of 
which was the main object of this note, were replaced by the rectangular 
hyperbolas with parallel asymptotes. ‘The same idea can be used to get 
a very simple and practical method of construction of the conic defined by 
given five points. 

Let P, Q, A, B, C be the given five points, and D be the fifth point 
on the conic passing through the five points. Draw any two mutually 
perpendicular straight lines AX and AY through the point A, and 
project the points B, C, and の from the points P and © on these 
straight lines respectively. Denote the projections by 


DE faye UL, 2 «Bae D". 


Then the three points which have these three point-pairs as the feet of 
their rectangular coordinates with respect to the two straight lines must 
lie on a rectangular hyperbola passing through the point A and having 


the two straight lines as its asymptotes. However it may be, we must 
have 


の 人 の 4 に 6220 
and therefore 
ea DL の) 天 prie Coe BER} 


Hence パパ" must pass through the point of intersection of B’B” and 
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C’ C". Hence the construction: draw B’ B” and C’ C”, and draw any 
straight line D’ D" passing through their point of intersection ; then the 
point of intersection of PD’ and QD" is the required point D. 

A similar method may be used very advantageously for the con- 
struction of the fourth common point of the two conics, of which one 
passes through the five points P, Q, È, A, B, and the other through the 
five points P, Y, È, C, D. 


December 1917. 


Uber die Schwerpunkte der konvexen geschlossenen 
Kurven und Flachen, 


von 


TADAHIKO KUBOTA in Sendai. 


Im Folgenden behandle ich das nachstehende Problem und dessen 
Analogon im Raume: Was ist die notwendige und hinreichende Beding- 
ung dafür, dass der Schwerpunkt einer konvexen geschlossenen Kurve 
mit den der konvexen Parallelkurven zusammenfällt? Zuerst stellen wir 
uns die Frage: Was ist der geometrische Ort der Schwerpunkte der konvexen 
Parallelkurven einer gegebenen konvexen geschlossenen Kurve?(') 

Es seien 

w=a(s), y=y(s)(*) 
die Definitionsgleichungen der gegebenen konvexen geschlossenen Kurve, 
wobei der Parameter s die Kurvenlänge im positiven Umlaufe bedeutet. 
Bezcichnet man die ganze Kurvenlänge mit ZL, so gelten die Relationen : 


x (s+L)=z (s), y (s+L)=Y (8), 
es: L)=e (3), asus), 
27(8 二 の) ニタ (9)。 y"(s+Ljy=y"(s). 

Ferner bezeichne man die Richtungskosinus der Tangente mit 


da dy 


yp ea 


ds ds 








dj ーー 5 


und die der nach aussen gerichteten Normale mit 


dy da 


’ C— 一 


ds ds 











(1) Konstruiert man auf allen Seiten eines konvexen Polygons die ähnlich und 
ähnlich-gelegenen Dreiecke nach aussen, so ist der Schwerpunkte der neuen Eckepunkte 
mit dem der Eckepunkte des ursprünglichen Polygons koinzident. (Eine Verallgemeiner- 
ung des Satzes 352 in F.G.M., Exercises de Geometrie, 1912). Als ich diesen Satz ferner 
auf die konvexe geschlossene Fläche zu verallgemeinern versuchte, wurde ich zur obigen 
Erforschung veranlasst, 

(2) Wir setzen voraus, dass alle vorkommenden Funktionen zweimal stetig differen- 


zierbar sind. 
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Dann kann man die Parameterdarstellung der Parallelkurve wie folgt 
setzen : 

E=2(s) +ha(s), 

7=y(s)+he;(s), 
wobei h eine gewisse Konstante und &, 7 laufende Koordinaten bedeuten. 


Differenziert man die beiden Gleichungen nach s, so erhält man 
nach der Frenet-Serretschen Formel 


de _ da |, da =a(1 +4) 


ds ds ds Th 
dy _ dy Lh de, =a(1+ h ) 
ds ds ds 


wobei r(s) den Krümmungsradius der Kurve im Kurvenpunkte s bedeutet. 
Bezeichnet man nun die Kurvenlänge der konvexen Parallelkurve mit 














7 + 


8, sodass s und § zueinander entsprechen, so ergibt sich die Relation: 


(PE), an Ent. 
ds ds ds 7 ds r 


Folglich bekommt man für die Koordinaten (/,m) der Schwerpunkte der 
konvexen Parallelkurve den folgenden Ausdruck : 


t= [(e+he,(1+—) ds: (14 ds 
り te / dé 
= ( few 4 hfeds + hfs + な は ds) + ( [as + nf de ) 
7 (fe 7 た 
Y SIA ds 
n= ( [yas +h feuds + nffas+ (Ras) =( fas + nf ) 
7 7 7 


wobei die Integration auf die ganze Kurve zu erstrecken ist. Wenn 

















man nun einen Vektor parallel zur Normale des Kurvenpunktes s aus 
dem Koordinatenanfangspunkte zieht, so trifft dieser Vektor den Einheits- 
kreis mit dem Zentrum (0,0) im Punkte mit den Koordinaten e($), ¢,(s). 
Also wird der Schwerpunkt des Einheitskreises durch 


il Gi(8) ds 1 fas ds 


2x ] rs) © 274 r(s) 


gegeben. Da der Schwerpunkt dieses Einheitskreises natürlicherweise der 








Anfangspunkt ist, so gelten die Relationen : 


6 6 
fidano, a PE 


7° y 


und ausserdem haben wir 
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fou [-4s=0, fots=0, ds u 
ds r 


da die gegebene Kurve nach der Voraussetzung konvex und geschlossen ist. 
Folglich 








=| feasen ds} +(L H2rh), 
a 


m= { faao+ (Las ~+(L-+ 27h). 
n 


Somit bekommt man folgendes Resultat. 

Die Schwerpunkte der konvexen Parallelkurven einer konvexen geschloss- 
enen Kurve liegen auf einer Geraden. 

Die Schwerpunkte der konvexen geschlossenen Kurven sind dann und nur 
dann mit dem Schwerpunkte der Originalkurve koinzident, wenn die Relationen 


ef ds, テテ 人 は 
L 


tee ds, : fie sind aber die Koordinaten des 


, 2x ji xr 


gelten. 


Die Grössen 








27 
sogenannten Krümmungsschwerpunktes (*) der gegebenen konvexen ge- 
schlossenen Kurve. Folglich bekommt man den folgenden Satz : 

Die Schwerpunkte der konvexen Parallelkurven einer gegebenen konvexen 
geschlossenen Kurve sind dann und nur dann mit dem Schwerpunkte der 
Originalkurve koinzident, wenn der Schwerpunkt der gegebenen Kurve mit 
dem Krümmungsschwerpunkte der Kurve zusammenfällt. Wenn irgend eine 
konvexe Parallelkurve einer konvexen geschlossenen Kurve denselben Schwer- 
punkt wie die Originalkurve besitzt, so haben alle Parallelkurven denselben 
Schwerpunkt. 

Es entsteht also eine Frage: welcher Bedingung muss die zweimal 
stetig differenzierbare Stützgeradenfunktion (9) der konvexen geschlos- 
senen Kurve unterworfen sein, damit der Schwerpunkt mit dem Krümm- 
ungsschwerpunkte zusammenfällt, wobei の den durch die Normale sowie 
die z-Achse enthaltenen Winkel bedeutet. p(P) sei in die folgende 
Fouriersche Reihe entwickelbar : 


p(0) = + Dar cos k0 + b, sin ん の ). 
k=l 





(1) J. Steiner, Von dem Kriimmungsschwerpunkte ebener Kurven, Crelle J. 21 
1838). 


| と SCHWERPUNKTE DER KURVEN U. FLACHEN 93 


Dann haben wir aus 
«= p(4) cos 9ー ゲ (の ) sin 6, 
y=p(0) sin 9+p'(0) cos 4 


die nachstehenden Relationen : 


=2 


っ 


waa + cos の DI È |@+ 1) cos (n—1)6—(n—1) cos (n + 191 


+ bu (n+1) sin (n—1)0—(n—1) sin (n+ nf | 


y=bit> sin 0 + >) le | — (n—1) sin (n+1)P—(n+1) sin (n—1)8} 


à bn 1) cos (n+1)0+(n+1) cos (n— 19} | 


Daraus erhalt man unmittelbar 
i) 27 I 27 
a al ydô=b, 
27 0 27 0 
folglich sind a,, 6, die Koordinaten des Steinerschen Krümmungsschwer- 
punktes der Kurve. 
Wenn man von vornherein den Steinerschen Krümmungsch werpunkt 
als Koordinatenanfangspunkt annimmt, so erhält man 
dial N) 
Dann 


2— COS ED lei@+ 1) cos (% 一 1)9ー(% —1) cos (n+ 18) 


«= ca 2 


+ bp} (n-+1) sin (n—1)6—-(n—1) sm (n+ 18 | 
do il < EN i si a Aa Î 
y= sein d+ la (n—1) sin (n-+1)9— (n +1) sin (n—19) 


+ bn} (n—1) cos (n+ 1)9+ (n+1) cos(n— Do} 


Nun 


ds 
ena DIO 
30 pP(0)+p"(0) 





Ao <7 2 2 SI 
poe n?—1)a, cos nd + (n?— 1)6, sin né |. 
ale (v= )b sin nf 
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Die Bedingung dafür, dass der Schwerpunkt der Kurve mit dem Krüm- 
mungsschwerpunkt zusammenfällt, ist 


fra n f yds=0, 


2 n 
d.h. Î a(p+pl")dô =0, | y(p+p)dô=0. 
0 0 
Daraus erhält man als gewünschte Bedingung 
Dio +2)(n— 1)(a, dn41+0n Onx1) =0, 


っ 
DI (m+ 2-10 な ュー da) =0. 
n=2 

Schliesslich gelangen wir zu dem Satze: 

Die notwendige und hinreichende Bedingung dafür, dass die Schwer- 
punkte der konvexen Parallelkurven einer gegebenen konveren Kurve mit 
dem Schwerpunkte der ursprünglichen Kurve zusammenfallen, besteht darin, 
dass, wenn die Stützgeradenfunktion p(0) der C" Klasse mit dem Krüm- 
mungsschwerpunkt als Anfangspunkt in die Fouriersche Reihe 


p(0) = “ + PHO: cos nd +b, sin nf) 


we n=2 


entwickelbar ist, die Relationen 


Din +2)(n- 1)(a, aus +0» dans) =0, 


n=2 


2 
= 
3 (n+ 2)(n—1) ay Ony1— Gna dn) =0 
n=2 
gelten. 
Für die Kurven konstanter Breite mit zweimal stetig differenzierbarer 
Stützgeradenfunktion ist die obige Bedingung erfüllt, da 


a0, da =0. (n= ly Ay ores ). 


Somit bekommen wir als unmittelbare Folge unseres Hauptsatzes : 

Alle konvexen Parallelkurven einer Kurve konstanter Breite mit der 
Stützgeradenfunktion der C" Klasse haben denselben Schwerpunkt. 

Bei der Kurve konstanter Breite ist der Schwerpunkt mit dem Krüm- 
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mungsschwerpunkt der Kurve koinzident. Der letzte Satz wurde schon von 
Herrn E. Meissner (!) bewiesen. 

Nun betrachten wir die analoge Aufgabe im Raume. Es sei eine 
konvexe geschlossene Fläche vorgelegt und seien 

== urn) Yaa yu, vi 2—=2lu,v) 

die Definitionsgleichungen der Fläche und X(u,e), Yu, v), グ ( v) seien 
die Richtungskosinus der nach aussen ‚gerichteten Normale im Flächen- 
punkte (u,v). So sind 

s=xlu,v) +hAX(u,v), 7=ylWu,v)+hY(u,v), €=2(u, v)+hZ(u,v) 
die Definitionsgleichungen der konvexen Parallelfliche der gegebenen 
Fläche, wobei ん eine gewisse Konstante bedeutet. Bezeichnet man den 
elementaren Flächeninhalt der gegebenen Fläche mit dS und den entspre- 
chenden Flächeninhalt der Parallelfläche mit dS, so werden die Koordinaten 
(l, m, n) des Schwerpunktes der Parallelfläche durch die nachstehenden 


= {i fe +708 : {i ds, 
m =| fur Y)ds : [fe 
n= [Jerre ji ds, 


wobei die Integration auf die ganze Fläche zu erstrecken ist. Für die 


N e 
Gleichungen gegeben : 


Koordinaten des Schwerpunktes der Originalflache bekommt man 


/ foas: il fas J f ydS: f [2s | f fs Î fes. 


Bezeichnet man den Flicheninhalt der sphärischen Abbildung der Norm- 
alen, welcher dem Flächeninhalt dS oder dS entspricht, mit de, so ergeben 
sich die Relationen nach Gauss(*) 
INI IU: dS=(R, +h)(R,-+ h)do, 

wobei £,, R, die beiden Hauptkrummungsradien im Flichenpunkte (uw, v) 
und Rı+h, R,+h die der Parallelfliche bedenten. Daraus erhält man 
wie beim vorigen Probleme 

(1) Meissner, Uber die Anwendung von Fourier-Reihen auf einige Aufgaben der 
Geometrie und Kinematik, Vierteljahrsschrift der Naturforschenden Gesellschaft in Ziirich 54, 
1909. Diese Schrift ist mir leider nicht zugiinglich. Ich habe durch Schillingsche Arbeit 
kennen gelernt, dass dieser Satz schon von Meissner bewiesen wurde. F. Schilling, Die 


Theorie u. Konstruktion der Kurve konstanter Breite, Zeitschrift für Math. u. Physik, 1914. 
(2) Gauss, Disquisitiones Generales circa Superficies Curvas, Werke 4. 
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i= [ fe Hr) +i ht が 7 : / (R,+h)(R,+h)do, 
m= / [Wr rien ++ de / (R,+h)\(R,+h)do, 


= n=[ fer +1)(R.+h)do : fl (R+1)(R.+h)do. 


Da aber X, Y, Z als die Koordinaten der spharischen Abbildung 
der Flächennormale im Punkte (u,v) auf der Einheitskugel mit dem 
Zentrum (0,0, 0) betrachtet werden können, so sind 


el Xdo, È if Ydo, I | [Ze 
Az An Ar JJ 


die Koordinaten des Schwerpunktes der Einheitskugel. Also bekommt 
man die Relationen 


Mc 月 Pe=0 月 2=o 
ME 


Folglich gelangt man zu den folgenden Relationen : 


= | f fer R, do+ nf x | XR, R,+2(B,+ Re)}do Si ref f + X(Rı+ Ra) fac 
È | J Il R, R, do+ nf fi + R,)do + Art}, 
m= ff R, e+ YR, R. +R +R)Me + LA A+ が [| 
[fr R, da-+ hf [CR + Raydo + dat, 


=| [fe R, de +f {122 Fut AR,+ Bde HR] {2+ 4 R,+ R)}do| 


[fr Rido+h{ ((R+ Ro + Aal}, 


il fh, À; de=dem Flächeninhalte der gegebenen Fläche. 








und 


wobei 
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Wenn Ah sich stetig ändert, so beschreibt der Punkt (/, m,n) einen 
Kegelschnitt. Daraus folgt der Satz : 

Die Schwerpunkte der konvexen Parallelflüchen einer gegebenen konvexen 
geschlossenen Fläche liegen auf einem Kegelschnitte. 

Wenn irgend zwei verschiedene konvexe Parallelflächen einer kon- 
vexen geschlossenen Fläche denselben Schwerpunkt wie die Originalfläche 
besitzen, so haben wir notwendigerweise 


ffzR, R do _(([XR, R.+«(R,+R.)]do _ Sfle-HX(Rı+R,)]d 


PE A 


SSL, が 。 do ffCR + R)do Ar . 
SSyR, R, do ご MM vn R.+y(R + R.) de _ SS[y+ Y(R,+ が) Ido 
SSR. が 。 do SFR + R)do AT 

ff2R, R, do _JS[ZR, R,+2(R +R) do n SS[z+Z(2,+ BR) ]do 
fii be da SCA + R.)de AT 


Folglich haben alle konvexen Parallelflächen denselben Schwerpunkt. 
Somit bekommen wir den Satz: 

Wenn irgend zwei verschiedene konvexe Parallelflächen einer konvexen 
geschlossenen Fläche denselben Schwerpunkt wie die Originalfläche haben, so 
besitzen alle konvexen Parallelflächen denselben Schwerpunkt. 


Sendai, den 14ten Februar, 1918. 


Theory of the Point-Line Connex (1, 1) in Space, し 
by 
KINNOSUKE OGURA, Osaka. 


Clebsch(!) established the theory of the point-line connex in a 
plane. For example, if &,, 3,3 be the homogeneous point coordinates 
and %,, U2, u, the homogeneous line coordinates, then 


(a, Uy +b; Uy + €, Us) @ + (A: Uy + 63%; + ©, Uy) 22 + (43 + Os Ug + 033) d3=0, 


Uy Li + Uo Lo + Ur, —O 


defines a principal coincidence (1,1) in the plane. The principal coinci- 
dence (1,1) leads us to a quadratic duality of the points and lines in 
the plane; and also to a system of W-curves which are nothing but 
the curves of the coincidence. 

The theory of the point-plane connex in space has been developed in 
similar ways(*); «n the contrary, that of the point-line connex in space, 
as far as I am aware, is remained almost untouched(*). So in this 
paper I propose to make a study of the point-line connex (1, 1) in space. 

Chapter I deals with the single principal point-line coincidence 
(1,1) in space. This coincidence has a close connection with the 
principal point-line coincidence (1,1) in a plane, and with the reciprocal 
of Steiner’s roman surface. 

The point corresponding to a line is, in general, determined unique- 
ly. Some properties of the aggregate of the lines which make the 
corresponding points indeterminate, together with a contact transforma- 








(1) Clebsch, Math. Ann, 6 (1873), p. 203; Clebsch-Lindemann, Vorlesungen 
über Geometrie, I (1876), p. 924; Fouret, Bull. de la Soc. Math. France, 2 (1874), p. 72. 

(2) Fouret, Comptes Rend. Paris, 80 (1875), p. 167; R. Krause, Math. Ann., 14 
(1879), p. 294; Lazzeri, Mem. Accad. Lincei, (4) 4 (1887), p. 259; Autonne, Sur les 
formes mixtes (1905). 

(3) For the suggestions, see Clebsch, Uber eine Fundamentalaufgabe der In- 
variantentheorie, Math. Ann., 5 (1872). p. 427; Klein, Einleitung in die höhere Geo- 
metrie, I, 2. Aud. (1907), p. 253; p. 253; and especially Ogura, A geometrical study of 
the mechanics of a particle, this Journal, 13 (1918), p. 172. 
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tion, will be discussed in Chapter II. In this place we have several 
points of contact with the investigations of Kummer (for the line con- 
gruence (2,3)), R. Krause (for the point-plane connex (2,1)), Prof. 
Reye (for the linear system of o" quadrics) and especially Prof. Voss 
(for the point-plane system)(* ). 

Chapter III deals with the simultaneous principal point-line coinci- 
dences (1,1) in space. We can establish a (1,1) correspondence between 
the lines of a certain cubic complex I’ and the points of space. At the 
end some examples of special varieties of this correspondence are mentioned ; 
especially the example I ($27) gives a natural extension of the princi- 
pal coincidence (1,1) in a plane. 

In the paper following to this, I expect to treat the curves of 
simultaneous principal coincidences and some problems of differential- 
geometric side. 


SPU ei AN 
The principal point-line coincidence (1,1) in space. 


1, Let %,,%,%,% be the homogeneous point coordinates and 
Pier Pos » Pars Pus Par, Pas the homogeneous line (radial) coordinates. Then 
the bilinear equation 
(1) Pit +P22,+ P3%3+ Piti=0, 
where 
P, =a, Pio + の 5 Das + Azı P31 + Ay Pa + Ay Pa + Ay Pz, 
P,= by Pis + by: Pat bs Pa + by Dart by Pa + by Ps» 
P;= Cie Pro + C23 Pas + Cu Pa + Ca Pa + Ce Pa + 043 Pas» 
P,=dy Pie + dy, Pat ds, Pat du Pa + di Pat das Ps; 
all a, 6, c,d being constants, defines a point-line connex of the first order 
and the first class. | 
The totality of all the elements of the connex (1) which satisfy 
the condition of incidence 
( 2 ) — Pas V2 + Pa U3 + Pas Vi = 0, 
( 3) Pas — Pa La + Pa Li 0, 


(1) See also R. Sturm, Über höhere riiumliche Nullsysteme, Math. Ann., 28 (1887), 
p. 277. 
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do — Psr + Pa Vo + pi2%,=0, 

(5) — Pas Li — P31 Lo — Pie V3 =0 
will be called the principal point-line coincidence of the first order and the 
first class. 

We will denote the space by +’, when the line (7) is given, and 
by 2, when the point (x) is given. 


. The space ~,. 


2, When a line (p) is given, equation (1) denotes a plane which 
will be called E,. The point corresponding to (p) in the principal 
coincidence is determined as the intersection of the given line (p) and 
the plane E,. 

Since there exists the identity 

Pia Pas + Pas Pa + Pai Pa=0, 
the determinant 
0 一 Zs Pa Pa 
Ps 0 —Pa Pa 
Dan Di 0 Pio 
一 5 一 700r に コル 0 
is of rank 2; hence we obtain from (1), (2), (3) the point corresponding 
to (p): 


pa — P,pa + Ps Pa +Pıpa =, 

(6) E Dis — P; Pu + Py Pa =), 
p%3= —P, Py +P, px +P, ps =», 5 
P= — P, Pa — Py psi Ps py =q,, 


p being the proportional factor. 

The totality of all points corresponding to all lines in the space &,, 
forms the (ordinary) space in general. (Compare with § 7). 

3. If a given line (p) belong to the figure (the singular figure in 
the space 2,) defined by 


(7) bi:=$2=$3= i=, 
the corresponding point becomes indeterminate. These equations (7) ex- 


press the condition that the line (p) should be contained in the plane 
SOS 
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But it is seen that the following identities exist : 


— px»; Pi — Ps P2= Pr 93, 
Pe Pi et Po = 2 di ・ 
We have, then, two cases: 


(i) pia +0, $3=0, d,=0 for the whole intersection (d,:) or the 
partial intersection [®,,:] of the two complexes $,=0 and $,=0; 


(ii) pa=0 for (do). 


In the former the corresponding point is indeterminate when the line 
(p) belongs to (¢,,2) or [ ゆ の, 。] respectively. In the latter, in order that 
the corresponding point should be indeterminate, we must have 


Pia=0, $3=0, d,=0. 
But by the identities 


Pa Ps cpl bes) py = di ; 
Paz Ps + Pas Dy = Ps 2 ’ 


two cases arise: 
(i) ps0, $,=0, &=0 for (;,4) or [dz], 
(ii) Paz =0 for (hs, 4) x 


Thus we obtain the theorem: I. The singular figure consists of 
(di, 2) or [P,,2], が (の 」 。) or [4,2] be not contained in the complex p,=0. 
(This may be replaced by (b;,,) or [5,4], if (3,4) or [3,4] be not con- 
tained in the complex py=0); II. The singular figure is the linear con- 
gruence pia=pu=0, if (dy, 2) be contained in py=0 and ($34) in pu=0. 

Now we can prove the theorem: In general(' ), the singular figure 
is a congruence of the second order and third class. 

Firstly the number of lines of the singular figure which lie in any 
given plane is 3. To prove this, we may take «,=0 as a given plane 
without any loss of generality(?). The lines of the singular figure in 
the plane x,=0 are given by 


pr=p,=p3=p=0, 


(1) Throughout this paper the word in genera? is used in the sense that no special 
connections exist among the constants a,b,c,d (and a/,b’,c’,d/ in $ 18). 

(2) In general any property of the principal coincidence is independent of the 
choice of the tetrahedron of reference. 


32 KINNOSUKE OGURA : 
è 


where we put 
Pa== Pa = Pa 0, 
Pr93U1, Ps=U2, Pur Us, 

that is, 

(Oz; Uy + Az, Un + yg Uz __ 6。。 Uy + d31 Ug + bys Us 

Uy Li Uy 

_ Cr Ut Ca Ur + Co U3 
= TE A ; 
Since %,,,,u; are the line coordinates in the plane 2,=0, the above 


system of equations gives three lines. 

Secondly the number of lines the singular figure which pass through 
any given point is 2. To prove this, we may take (0,0,0,1) as a 
given point without any loss of generality. The lines of the singalar 
figure passing through the point (0,0,0,1) are given by 1 


pi=P,=d=p=0, 
where we put 
Pu=Px=pr=9, 
Pas Pet as, Par 5 
that is, 
dy Li + dy %, + dis %=0, 
(an + yo C+ Agg Ws) 名 + (by, a + bys %; + Vs 6) Xz 
+ (Cu Li + 04 Lo + Cay Vz) XZ=O, 


which gives two lines. (Compare with § 7.) 


The space < こ 。. 


4, When a point (x) is given, the a 


corresponding lines of the 
principal coincidence form a flat pencil having that point as the vertex. If 


we put 
(8 ) Asp Cie a+ 5% Lo + Ci La + dix T4 (è, heel 2: 3,4; ih), 


and 
Ue — A195 Lo + Au 5 + Ay %, 
(9) Uo eek — Ay, Ts + Ay %4, 
U3= — Ag, % + Ay %; + Ag %, 


U,= — Ag %— Ay %— As %3 ’ 
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the base E, of the flat peneil is given by 


Yr» Y25 Ya, Ys being the current point coordinates. This can be shown by 
substituting 
Pr Ci Ya Ys Vr 

in equation (1). | 

5. If the line (p) corresponding to a point (x) lie in a plane £, 
the point (x) must be contained in that plane. Let (x) be any given 
point in a plane E. Then there is, at least, one line (p) corresponding 
to that point (x) and lying in the plane E; (p) is the intersection of 
the two planes E and E,. Hence we have co° lines (p) corresponding 
to all points (x) of E and lying in E. 

Now we can prove that the set of (x,p) in the plane E is nothing 
but a principal point-line coincidence (1,1) in this plane. For, in the 
general case we may take 


y=0 
as the plane £ without any loss of generality. Then «,=0, and hence 


Pa = Pa — Pas = 0, 
Pas Pı=Ur, Pi2=Us3, 


U ,%,, Uz being the line coordinates in the plane. Consequently (1) and 
(2)-(5) are reduced into 


(033 uU + G31 Uz + Che Us) Ct (6。。 Ut Da U + dig Us) Lo 
| + (G23 Uy + 031 Unt 012 Us) 3=0, 


Uy Li + Up L2 + Us c3=0, 


from which the theorem follows. 

It follows from this result that all the lines, corresponding to points 
in 2, and passing through any fixed point, form a bundle. Therefore 
we arrive at the theorem : | 

The totality of all lines corresponding to all points in the space 2, 
forms, in general, the (ordinary) line space. 

For the condition that the totality should form a complex, see $ 7 
below. 

6. Consider the envelope of the plane E,: 


(10) U, + Un y+ Us y3+ Us yi. =0, 
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(1, Y2 Ys, Ys being the current point coordinates), when the point (x) 
describes the plane £: | 


(11) Ay Ti Ae C2 + Az U3 + di u=0, (A; const.). 
If we put 
(12) a=U (01, %2,%2, %), (i=1, 2,3, 4), 


the point (2) describes a Steiner (roman) surface Sg when (x) describes 
the plane E('). Then, since (10) becomes 
2 Yt 22 Yes Ys + Ys=O, 
the plane E, envelopes the reciprocal Sg of the Steiner surface Sg with 
respect to 
yitytytyi=O. 

If we introduce the plane coordinates v,, の) の) %, the surface S, can be 
written parametrically( *): | 
(13) りー DEL Las La, 20) (eae LS, vel, 

Ay di + do 2 + Az 034+ Ay u=0, 


which may be considered as the plane equations of the plane E,. 

Since the intersection of the two planes £ and £, is the line (p) 
corresponding to (x) and lying in Æ, we have, by aid of § 5, the 
theorem : 

Consider a principal coincidence (1,1) in a plane, for example, in the 
plane x,=0 defined by 

(Cog Uy + Gas Uz + Ayy Us) di + (os Uy + 031 Un +02 Us) Xe 
+ (C3 Uy + 631 Ua + Ci Us) %3=0, 
Uz Li + Uz D + Us T3 = 0; 


and take the plane 


PT =(— yy Lo + An V3) Vy +(— 52% + 0313) Lo + (— Cie Do + Cu U3) T3, 
P Va = (= os La + yn.) di + ( — Ogg Ds + Dia D) do + (— Cds + Co) 3 y 

(13’) PU = (— Qu Li + os Lz) D + ( — yy Li + Dos Do) Da + ( — Cy Ly + Cy3 Lo) X, 
Og — (An Li + Ag Vy + Aus Ls) Pi — (Ou Ly + Oyy Lo + yg Ws) Da 


ore (en Ly + Cao Lo + Cas %。 ) Ca, 





(1) Reye, Geometrie der Lage, III, 3. Aufl. (1892), p. 147. 
(2) This surface is often called the Cayley surface. See Pascal, Repertorium 
der höheren Mathematik, II, 1. Aufl. (1902), p. 279. 
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01, U2, 03,0, being the plane coordinates and ag, bu, Cu,  arbitrary con- 
stants. Then the intersection of this plane and x,=0 is nothing but the 
line (n) corresponding to the giving point (x). When (x) describes the 
plane a,=0, the plane (13') envelopes the surface: Am-o)・ 


A special case. 


7. In order that the totality of all the lines corresponding to all the 
points in 2, should form a complex, all the lines (p), lying in any plane 
and corresponding to all the points in that plane, must envelope a 
single curve; this case occurs, by the first theorem in § 5, when and 
only when all the above lines (p) form a pencil(’); so that the com- 
plex must be linear. 

When the totality of all the lines corresponding to all the points 
in 2, is a linear complex 


Dy = À py+B ss + C'py + D pa + E pat Fpg=0, 
the point (x) and the plane Æ, must form the null system 
(—A a+ Ca; +D 24) Yi + (A u —b %4-F%) V2 
+(— Ca +Ba,.+Fa,) Y—(D +E wv, + Fas) y=0; 


whence 
U, =( — A + 0%+Dx,) の, 
U,=(4 * — PB x,+E x) Uy, 
U,=(—C2,+Be, + Fa,) U, 
D De Rn LI, 


U, being a linear form of 2, 2, ©, %4; that is, each of the four quadrics 
U,=0 breaks up into two planes, one being common to all quadrics. 
For example, if we take 


=a, 
then 
nl ay —= 0, RAN Adg=—6, 
e Veio 00, DU: 
ar U N re cg ニーム =0; 
A=a+dy, B=b+dx, O=c4+dn, 


(1) Clebsch-Lindemann, loc. cit., pp. 999, 1001. 
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D=d,, E=d,, F=d,; 


so that the connex (1) is given by 


k px, ta Ps 一 C py, 
g= ん Pa a Pa 7 b P 43 9 
Pr=k pr +6 Pa: —b py ’ 


アー の Py + da Pas + dz Pa + du Pa + die Pa + das Pas « 
Since 
Pi=pPa Po, の 三 の ぁ の, Ps=Pa os $=, 
the point corresponding to the line (p) is given by 
par=Pai の の I Pad 0 Ve 0; 


that is, the point of intersection of (p) and the plane x,=0. When the 
line (p) is contained in the plane x,=0 or belongs to the complex 
d,=0, the corresponding point becomes indeterminate; so that the 
singular figure consists of the linear complex &,=0 and the improper con- 
gruence Py = Puy = Pas = 0. 

The totality of all the points corresponding to all the lines (excluding 
the singular figure) in the space &,, forms the plane x,=0. 


CHAPTER | Il. 


Relation between the two spaces 2, and っ 。. 


A contact transformation. 


8. It can be easily proved that 
(#8 yı U (0) tye D (x) +73 U3 (x) +y Us (x) =0 


defines a contact transformation between the two spaces (x) and (y) : 


Space (x) Space (y) 
a point (2), a plane たん, 
a quadric L,, a point (y), 


Y 


a plane E, Sz, 
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where J, (or J,) denotes the equation (1) in which 2; (or y,) (î=1,2,3, 4) 
are fixed(~ ). 

If we regard y;, y,%3, Ys as parameters the equation (1) denotes the 
set of ° quadrics. The vertices of the cones included in this set are 
given. by 


On, 6 dx, を 
(14) 
pe CA =0, xy CU) =0; 
OX; On, 


and the locus of the vertices is the Jacobian: 


au, 9 2th 2U, 
(15) egal CES AN ra gni Ar 
OU, OU, QU, OU, 
dcr Ore ois 
A Che LEE Usui oi DE 
COM TU OT ee: 
QU, OU, OU; OU; 
| Gl ata OT QT 












































Equations (14) may be written 
Sai fi (y=9, +x fu (y)=0, 


(16) a N 5 7 
Safi (4)=0, Lai fu (y)=0, 
where 
(17) Ju (M=faly)= PU) DU (9). 


Eliminating 2, %,, の) %, from (16) we have the symmetroid A: 


Sa (4) Foy) Fs) Fay) 

(18) A(y)= Fi) fa(y) FW) fa(y) i 
Fay) fly) Sosy) Fu(4) 
Fay) Fey) fly) fay) 


The point (y) on the symmetroid is associated to the point (x) on the 
Jacobian. | 


(1) I, is, of course, identical with Ez. 
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Now the four quadrics 
U,(x)=0, U(æ)=0, U;(«)=0, U(x)=0 


have 5 points in common (the elementary points of the principal coinci- 
dence). For, since we have the identity 


Ci U, (a) + x2 U; (2) + %; Us (x) + 24 U,(w)=0, 


the common points of U,=0, U,=0, U,=0 lie either in the plane x,=0 
(U,+0), or in the quadrie U,=0 (x,+0), or on the conic 2,=0, U,=0. 
But if we put @,=0, then U,=0, U,=0, U;=0 take the forms 


V2 T3 U3 vy Uy T2 


[Asi las =0 "a [Axa] =0 [As]. =0 [Ass] =0 i [Agg] =0 * [Asi Jr =0 





respectively ; so that these three conics have 3 points in common, that 
is, the points of intersection of the first two conics excluding the point 
x,=0, [Ajs|as=0 =0. Also it is seen that these common points do not lie 
on the conic x,=0, U,=0. But since U=0, U,=0,'U;=0 intersect at 
8 points, the four quadrics U,=0, U,=0, U;=0, U,=0 have 5 points in 
common. 

Therefore it follows that the Jacobian J has the 5 elementary points 
as nodes, and also 20 lines; the symmetroid A has 15 nodes(* ). 

9, Now we prove the theorem: The elementary points are nodes 
of the symmetroid A. 

Firstly, the elementary points lie on the symmetroid A. For, since 
we have by direct calculations the following identities : 


te tes nya o 
ya) = — Us(y), XY fu Y= — Us(y); 
for the elementary points 


U, (y) = U,(y) = U3(y) = U,(y) =0, 


(19) 


it must be 


Jan Sio Sas Ju WSutyfat yhstysts fr fis Sis 
Sa Far Sos Fa |= di Ylatylatylatyıfa So Ss fa |=0 
Ja Fx Ss Fs 4 Ylaıtyılatylatyfs Ja Ss Pa 
Ja Se Sas Su YSatySetyfs+tufa fe Is Fu 





(1) Jessop, Quartic surfaces with singular points (1916), p. 173. 
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Next, the elementary points (%,%:,%3,%) are nodes of the sym- 
metroid. For, from (17) 


Of 
gees Fe Sis fu i? ; 


OY 0 fe fs fu -——— 0 0 0 
Aa 1 2 

ーーー fa fs Ja |=| 一 の > fa Sos Ja | ニー — Ag Soo Sos i 
OU Yi 


a fa dia] Sos Sos F 34 Usi Sez Je Fa 
ーーー Sa fs Sos 
OY, Ay Ja Dì 43 Ja dy Je Ja f 44 


ern fi 





OY; 
a Ju. ire Jos eg 
2%: Je Is Ju |? 
Ja fa fu 
similarly 


Of 
fa Oy, Sis Fu ñ fa Sas ed 
— ・ 12 


Ve | fa FR > if ーー ーー 9 
Si 21 Sa Ss Ja 2 が 
9 の Fa iy 43 Di 44 


lo) 
OY, 


GE RE Or 
OY 








Consequently we obtain 











DÀ 5 Sn fo Sis fis 6 fu fa fis fu 
am = DI Ja Je Sos Ja ou Ja So fos Sa |=0. 
Ja Ja Sos Soa Ju So Is Ja 
Ja Je Ss Fu Ju fa Ss Su 
Similarly 


OA fy, 


DA 0 ON 
Oÿ2 £ OYs : OY, 


=07 











from which follows the theorem. 
It is seen from (16) that there exists one-to-one correspondence 
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between associate points on J and A. Here we prove that the 5 ee- 
mentary points are self-associate. For, we have from (16) 


Sis Siz Sis Su Sir Sis 


Oo | Ja: Ja Sos | Ja Ja I 
Fa Foz Ja Ja Js Jos 


The elementary points give from (19) that 


Jia Fe Fis 1 Fr Ye + fs 9 + fa Ya Fe Fis 1 —Yıfı ha Ss 
Sos OE 





Ys fa Yotfos Ya Sos Ya Jar Ss BER — Yi fo Fr: Ja 3 

Fa Ju Ss Je Yat Ses Ys thos Ys Ja Sas —I far Ss Ss 
so that 

ルー 人 の: の 4・ 
Similarly 
UCaid4a=Y2:Y4y Tl, — 3 Ya. 

10. If we substitute the plane coordinates v, in place of the point 

coordinates y, or %;, then 


(17) y U; (2)+% Us (x) + y3 Us (8) +4 U (x) =0 
becomes 

Ga. v, U (x) + v2 Uz (x) +03 U3 (2) + U, (2) =0 
or 

(IIT) y U, (v) +42 U2 (v) + ys Us (0) +y Ui (v) =9, 


which represents a (particular) point-plane connex (2,1) or (1,2) re- 
spectively. Hence the projective theorems concerning the contact transforma- 
tion (I) can be deduced from those concerning the point-plane connex (2, 1) 
(II) or (1,2) (III) by polar reciprocation. The following are some 
typical examples(* ) : 


(1) The following table shows the comparison of some terminologies and notations 
of the text, Reye (loc. cit.) and Krause (loc. cit). 


Steiner Its bi sx i È 
cu reciprocal | Jacobian | reciprocal | Symmetroid) reciproeal 
8 5 ÿ JD ARA Se 
|e eee : = 
ae ve spa Kerniliche SE ie ä 
m ji È i = DeRONAROS 
Kerns Determinanten- 
Re i er BE iche Fläche 


A 


mie, oe ee 
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Contact transformation 


(1) 


When the point (x) de- 
scribes a plane (x), the plane 
I, envelopes Sy. 


When the point (x) de- 
scribes a line, the plane Iz 
envelopes a quadric cone. 


When the quadric I, en- 


velopes a plane (u), the 


point (y) describes Sy. 


The point (y), for which 
I, becomes a cone, de- 
scribes A; and the vertex 
(x) of the cone describes J. 
(x) and (y), are associated. 


When the plane (x) pass- 
es through a point (x) on 
the quadric 1,, Su passes 
through the associate point 
of (x). 


Point-plane connex (2,1) 
(II) 


When the point (x) de- 
scribes a plane (%), the point 
IL, describes Sy. 


When the point (x) de- 
seribes a line, the point IL 
describes a conic. 


When the quadrie II, en- 
velopes a plane (u), the 


plane (v) envelopes Sy; 


The plane (v), for which 
Il, becomes a cone, enve- 
lopes A; and the vertex (x) 
of the cone describes J. 
(x) and (v) are associated. 


When the plane (uw) pass- 
es through a point (x) on 
the quadric II, S, touches 
the associate plane of (x). 
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Point-plane connex (1,2) 
(III) 
When the plane (v) p 
es through a point (x), the 
plane III, envelopes Sx( 1). 


ass- 


When the plane (v) pass- 
es through a line, the plane 
III, envelopes a quadric cone. 


When the quadric Illy 
passes through a point (x), 
the point (y) describes Sz. 


The point (v), for which 
III, becomes a conic, de- 
scribes A ; and the plane (v) 
of the conic envelopes J. 
(v) and (y) are associated. 


When the point (x) lies 
in a tangent plane (uw) of 
the quadric III), S。 passes 
through the associate point 
of (u). 


The asymptotic lines of a certain point-plane system. 


11. We have 


een in § 4 all lines corresponding to a given point 


(x) form the pencil tenn (€) as the vertex and the plane E,: 


(10) 
as the base. 


(20) 


ys U, (2) +42 Us (a) + ys Us (x) + ys Us (x) =0 


Since there exists the identity 


x, U, (x) +2, U, (a) + xs U; (a) +2, U, (x) =0, 


the point (x) and the plane E, form the point-plane system (of the second 


order) of Prof. Voss(?). 


Take any point (Aw+y6) on the line joining any two points (x) 


and (2). 


Then the plane E}x+w takes the form 


2% U; (A0+ p5)= Sy, [2 U(x) +42 U; (a|5)+ 2 U, (6)], 


ct) 


Sy is identical with S,, when (x) is the pole of (u). 


(2) Voss, Theorie der rationalen algebraischen Punkt-Ebenen-Systeme, Math. Ann., 


23 (1884), p. 360. 
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where 


na OU,(®) OU, (€) 

ae VA i pa È 7 
Serg fala 

In order that this plane should pass through the point (x), it is neces- 
sary and sufficient that 


(21) iva [x SL + 22 UE) 0. 
i k Dia 
since 
(20) St Ut) =UÙ. 


Differentiating (20) with respect to 2, 


OU, (x) O U, (x) O U;(x) 0 U(x) 
1 pit i, AL ATI I A EE fae ee dr 
tt 0% À OX APTE ° da, x (2) 
so that (21) becomes 
ALE, U,(2)—p Tx; U(€)=0. 

Therefore the necessary and sufficient condition that the plane corres- 
ponding to every point of the line joining (x) and (2) pass through the 
point (x) is that (x) and (£) should satisfy the relations 


(22) ざる U, (x)=0 
and 
(23) Dit U, (ci . 


When the condition is fulfilled, the above plane contains the line joining (x) 
and (2). 

If the point (x) be taken as fixed, (22) denotes the tangent plane 
at (x) to the quadric (23); hence the line joining (x) and (2) is a 
generating line of the quadric (23). 

The generating lines passing through (x) are nothing but the 
asymptotic lines at (x) of the point-plane system. 

12. Prof. Voss(*) proved that the totality of the asymptotic lines 
of the point-plane system (of the second order) forms a congruence © of 
the second order and the third class. On the other hand, we have seen 
that the singular figure in the space 2, 


あゆ > 王 ゆ 。 三 ゆ , 三 0 


(1) Voss, loc. cit, p. 381. 
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is a congruence (2,2). Here we can prove the theorem : 

The singular figure in the space 2, is nothing but the congruence €. 

For, the flat pencil formed by all the lines (p) corresponding to 
each point (x) of an asymptotic line contains the asymptotic line ($ 11); 
so that an asymptotic line corresponds to every point of it. But since 
this property is characteristic for the asymptotic line, our theorem has 
been proved. 

In order to prove this analytically, we will find the line equations 
of the congruence © consisting of the lines joining (x) and (5) which 
satisfy (22) and (23). By the identities 


3 U;(w)=2 U(x) + U; (2) 
=| a St Sa he | 


V4 


xi Bs O 2. 


> 


lo) T; Li Uv; On, 


(22) becomes 


> | 
SA o, Uk lo) T; 
where 
Pr = Ti = —6, Uk è 


Similarly we have from (23) 


oe aU.) ) 
25 TEEN) 
oa Spal 2 DE, 


Multiply (24) and (25) by & and —a, respectively and add. Then 
remembering the definitions of U; ($ 4), we arrive at the equation 


O0 


In similar ways we can obtain 


d,= 0, p3=0, d,=0. 


13. If the quadric (23) for a fixed point (x) becomes a cone, the 
two generating lines passing through the point (x) coincide, that is, the 
two asymptotic lines at (x) coincide; hence (x) must lie on the focal 
surface (in the sense of Kummer) of the congruence €. Since the 
converse is also true, the focal surface of the congruence € is nothing 
but the symmetroid for the linear system of o' quadrics 
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x, U, (€) +2, U, (8) +2; U (6) +, U,(2)=0, 


Wy, 2,3, ©, being considered as the homogeneous parameters. Thus we 
obtain the theorem : 

The focal surface of the singular figure in the space 2, is the sym- 
metroid 

(18’) A(t)= 0, 

It is apparent that some of the properties of the symmetroid, obtained 
in $$ 8-9, are natural consequences of the general theory of Kummer(”) 
for the congruence (2, 3). 

Now let (x) and (€) be any two given points on an asymptotic line 
(p). ‘The theory of congruence teaches us that the asymptotic line (p) is 
a double tangent of the symmetroid (18’). Here we will give a direct 


proof of this by determining the points of contact. The pencil of 
quadrics 


(26) Sa + p§,) Uy) =0 
corresponding to the range of points (Ax +5) on the asymptotic line (p) 


has the asymptotic line (p) and a fixed space cubic in common; for the 
two quadrics 


2%, U(y)=0 and 2%, U(y)=0 
have the line (p) in common and consequently a space cubic also in 
common. The values of 4: which make the quadrie (26) a cone are 
given by 
FM + en Amg + in Amt un Amt prs 
(97) Amy + Py Ama + Mg Amg + m Amg + fen = 
Amg + en Mao + PN} Ainss + LNs: Asa + Rz | 
Amy + eng AM + 7045 Amys + LN 47444 + pry, 
where we have put 
2 x; U; (y)= =m Yi Yn» (Mix M), 
25; U; (y) ニク 7 Yi Ya» (Mr Rp). 


It is well known that in this case the equation (27) has two pairs of 
double roots (?). If any of these values 2: be given to (Av+y6), the 





(1) Kummer, Uber die algebraischen Strahlensysteme, Abh. Akad. Berlin, (1866), 
p. 1. See Voss, loc. cit.; Jessop, Treatise on the line complex (1903), p. 276. 


(2) See, for example, Clebsch-Lindemann, Vorlesungen über Geometrie, 127 
(1891), p. 221. 
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corresponding points lie on the symmetroid. Consequently the asymptotic 
line has the double contact with the symmetroid, and the points of 
contact are determined by solving the equation (27), the square of a 
certain quadratic equation. 

14. Let (x) be a point on the symmetroid and (5) be the vertex of 
the cone corresponding to (x) ($ 13), that is, the associate to (x), on the 
Jacobian 


(15) JS EU: 
Since the line joining (x) and (£) is the generating line passing through 
(x), it is an asymptotic line. Hence the line passing through any point 
(x) on the symmetroid and its associate (£) on the Jacobian belongs to the 
singular figure in 2,. 

To prove this analytically, consider the condition that (x) and (£) 
should be associated, i.e. 


(14°) Sx, UE) _o NE OU) _9 yy QU) 9 », , QUE) 
Œ = 





17 FE fy 0 


= う 
MEET 2 73 7 


SI 
or 
(16) Ze: fu(®)=0, So fafe)=0; ZE, le) Fre, 
Multiplying four equations (14’) by &, 52, & , & respectively and adding, 
we have 


(23) | 22 U;(€)=0. 
Similarly multiplying four equations (16°) by 2, a, %, % respectively 
and adding, 


(22) JE, U(a)=0. 


Consequently the line joining (x) and (£) is an asymptotic line. 


The principal lines of a certain linear system 
of © quadrics. 
15. It is well known that if (£) be a point on the Jacobian 
TE)=0, 
its polar planes with respect to the four quadrics 
U(y)=0, Ux(y)=0, U(y)=0, U(y)=0 


meet in a point (x) on the Jacobian, and (£) and (x) are called conju- 
gate points on the Jacobian. 
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Now the condition that (x) and (€) should be conjugate is given by 


NOTE QUE SUSE RE 
(28) a LE) =0, Bu Se, 28) no, sa Ue) =0, 


Si Si Si 
which may be written 


xe, Ue) Do, 36, i 


Vi 


8 OU(x) 

29 DE ii A A zZ): 
(29) On; or, の 
Multiplying four equations (28) by &, &, &, & respectively and adding, 
we obtain 


(23) Sx, U(€)=0. 


Similarly multiplying four equations (29) by à, x, ©, a, respectively 
and adding, 


(22) SE, U(x) =0. 


Hence the line joining any pair of conjugate points on the Jacobian 
belongs to the singular figure in %,. 

Such a line was called by Prof. Reye(’) the principal line (Haupt- 
strahlen) of the linear system of oo” quadrics 


À U, +A, U,+As Us + À; Ug=0; 


À; being parameters. Thus in our case the asymptolic lines of Voss are 
equivalent to the principal lines of Reye. 

16. Let the point (z) describe the range 

pat; + Ei ’ 
whose base is the asymptotic line (p) joining two conjugate points (x) 
and (<) on the Jacobian. Then the plane E, forms the axial pencil 
having the asymptotic lines as its axis, and the plane coordinates w, of 
E, are given by 
ow, =? U(x) + US). 


Consequently a plane (w) corresponds to the two points (z’), (2”) such 
that | 


(1) Reye, loc. cit, p. 144. Prof. Reye proved that if (x) and (£) be any pair 
of conjugate points and if we put 
(127) pa =Ui (x), (i=1, 2,3, 4), 
oi = Ui (8), 
then the congruence consisting of the lines which join the corresponding pairs of (z) and 
(¢) has the reciprocal of the symmetroid (2 10) as the focal surface. 
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2", Im + US; 
| pe, im, —pE;. 
Therefore when the plane E, describes the axial pencil, the pair of points 
(2°), (2) forms an involution whose double points are the conjugates (x), (6) 
on the Jacobian. 

If the asymptotic lines at (2’) be (p), (p’) and those at (27) be (p), 
(p"), then these three asymptotic lines (p), (p), (p”) lie on the plane 
E. (which is the same as £.,). Conversely, there are three asymptotic 
lines, (p), (2°), (p”) say, in any given plane (83); if any two, for 
example (p’), (’’), of these lines intersect the third line (p) at (2), (2) 
respectively, the given plane will correspond to both (z’) and (2). Hence 
in order that (p') and (p') may coincide, it is necessary and sufficient that 
(2') or (27) should lie on the Jacobian. 

17. Let A be the point of the symmetroid associate to any given 
point J of the Jacobian, and let J, be the point of the Jacobian 
conjugate to J. Then JA and JJ, are different lines in general. 

Now we consider the line JA. This line touches the symmetroid 
at A and another point A, and passes through the point J associate to 
A. The two other intersections J’, J’, of this line and the Jacobian 
are conjugate to each other. 

Next we come to the other line J/. Let this line intersect the 
Jacobian at other two points J,” J,’ and touch the symmetroid at two 
points A,” A/! Then J; J” are associates of A,” A! 


CHAPTER III. 
Simultaneous principal coincidences (1, 1). 
A (1,1) correspondence between the lines of the cubic 
complex 7 and the points of space. 


The space 2,. 


18. Now we proceed to consider the set of the elements common to 

the two principal coincidences defined by 
(30) P, %,+ P, %+P; Cat Pi u=0, 
Pia+Pha+ Pitt Pl, %4=0, 


where 
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( Die Fee A anes Pis + a; Pas + d'u Pa + d'a DAT の 4> Pat ds P43 » 
P,=b',, Put の 。。 Pas + Vs, Psat b's, Pa + D'y2 Par + bis Pas » 
P'3= 0" Pit C'a3 Pas + C'a Pa + Ca Pa + Cs Pat C'as Ps > 
Tod Pizt d'y Pas + d'a Pa + d'u Pa + d'y Pas + Ws Pas 
under the condition of incidence (2)-(5). 

When a line (p) is given, there can not exist, in general, any point 
corresponding to the given line. In order that the corresponding point 
may exist, (30) and any two of (2)-(5), for example (2) and (3), should 
be consistent for the same value of x,. Hence the required condition is 

ER By tke Be 
A PO ant I 
0 —py Pa 23 ca 
Pa 0 —Pa Ps 
Using the identity 
Pio Pas + Pas Pa + Pa Pa = 0 


and dividing by the factor p4, the above equation becomes 

















(SI aie dal + Das doi + D QUE | 
MY EURE P Pı 
P, P, は P, Ps 
+ Pa P/ P/ + Pa PJ P/ + ps P/ P/ =0, 




















which may be written 
l'= PY! $,4+ P! $2.4 Pi d:+P/ di 
=(P, $y +Prb/ + Ps dy + Pi の =0(') 
Therefore we have the theorem: Jn order that there may exist the point 
corresponding to a line (p), it is necessary and sufficient that the given line. 
must belong to the cubic complex T° 
This may be seen otherwise as follows: If the point (x) correspond- 
ing to a given line (p) exist, the two planes £, and L’,: 
He Py %+ Pa %+P; %+P, u=0, 
ie a +R" C+ Ps 2+ P,! =) 
must have the point (x) in common with (p); in other words, the 
intersection (p’) of the two planes E, and E’, must intersect (p). 


(32) 


(1) For the definitions of ¢/; , see (35) below. 
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But the axial coordinates (7,/) and radial coordinates (px) of the line 
(p’) have the expressions : 
































/ / P,P, / / P, Ps / P, Py 
PT, =0Pa = p! p/ » Pig =0GPa = Pr p/ » PT =0Pe = Pp! pi ; 
1 L°2 2 Ls ef 
(33) 
BaR PÈRES Perr. 
PTs =0py = ye 3 PM! =OPs = ee » PMs =0py = E ) 
お Per, Bor: 


p,@ being proportional factors. Hence the condition. for the intersection 
of (p) and (p’) 

Pıa Pa + Das Pa’ + Dai Pa + Pa Pa + Du psi + Pas Pio an) 
becomes 


del): 


19. When a line (p) belongs to the cubic complex /} the point 
(x) corresponding to (p) is the point of intersection of (p) and (p’). 
Hence 
va = Pia Ps + Pa Psa + Pa Pas) 
Ye, = — Dos Ps + Par Pas’, 
ves = — Dos Pag + Das Pas, 
VXy=Psr Pas — Pas Pol; 


whence by (33) we have 






































P, P, P, P, PERM 
Ve = Pi2 P/ PY + Ps P/ P/ + Pa P/ P/ =f,, 
の à RB A Se Pi hi F 
DT) = P23 三 5 
ida 
| PER) BER, er 
VI; = Pas PS P/ + Ps P/ P/ = 13) 
P, P, P, P, ae 
Vs — Pas P/ Py + Pas P/ PJ Br 














Similarly we can derive other three systems of equivalent expressions : 


P; P; 
Pi Pi 


è. # © e 0 è dè PIT es Se sr pad... dales 


ん な 


Pen 
va =Pa Pa 














(34) 
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l P, P; P, P, ae | 
(34) ae P; fl pe det リク a 

, |P, P, P, P, 

Mg, on 4; = m 
(3 470 i ILA; P, VE PI 











dés San ep 0e 1,8 060% en dee 


If the line (p) be not contained in the plane £,, the point (x) 
corresponding to (p) is given by 


pt = — P,pı+ P3 Pa + Pi Pa = Pi» 

6) heal ANO ー ア 5 Pas + Pi Py = D, 
0T3= — Pi py + Po pos + Pi py =, 
px,= — Py Pa — Ps Dao — P3 Pis =¢,. 

Similarly if the line (p) be not contained in the plane EH’, , we have 

pn —P! pot Ps! py + Pi pus oy, 

(35) Put Dp, — Py Pas + Py pp = hy’, 
p't3= — Pi! pa + Po! Ps +P ps =), 
o'e,= — Pl pa —P} pe— PS Ps ZUNE 


If (p) be contained neither in E, nor in E’,, (6) and (35) are 
equivalent to each other, which is self-evident geometrically. To prove 
this analytically, take the determinant 


Fauna rari 
CM と る 
0 一 の 5 Py Px | 
Ps 0 —Pa Py 


Since /' vanishes, by the well known theorem concerning the minors, we 


— pa, l= 


have 


di Op 4 
20. Now the point corresponding to a given line (p) becomes 
indeterminate when and only when (p) satisfies 
(36) アー0, R=E=Fh=F=0; 
or ん ーー リン ーー アル ルー し が 
or [=0, E"=E"=F'=F'=0; 
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or (Ep Be PE ai es PER (), 
The totality of all these lines will be called the fundamental figure F, in 
the space X, . 
Since we have the identities 
F,=P' di Pd, ガー ニア の あー アプ, di, 
Fi, =P, pi — Ps の, , ul ò, — Pi dj, 
the fundamental figure is given by 
I=0, pi=p,=d=,=0, di = $,'= 9, =d=0. 
But by the identities 
テア $,+P,! 6,+P3! 63+ Pi $y 
= —(P, pi +P, pr + Ps の + P, Pi), 
we arrive at the theorem: 
The fundamental figure F, may be defined by 
(37) ゆあ ニー ゆ 。 ニ ゆー0, dp =p=d = =0; 
so that it consists of all the lines which are common to the two singular 
Figures of the two given principal coincidences (30). 
Any line of the cubic complex /’ which does not belong to F, 
corresponds to one point; any line of the fundamental figure to a range 
of points, the base being the given line. The totality T, of all the points 


corresponding to all lines (p) of the cubic complex l' forms, in general, the 
whole space. 


The space 2... 


21. When any point (x) is given, the corresponding line (p) is, in 
general, determined uniquely. This line is the intersection of the twe 
planes E, and E/: 

(37) Es YU+yU+y3U+yU,=0, A 

Es: ynU'+yU +yU' + ys Ul =9, 
where we have put 
U’= — Ay %+ Ay! + Ay’ %, 
U) = Ass % — Ay w+ Ai 4 ) 
U = — Ay’ ti + Ags! Xe + At, 
Of = — A, "tr, — Ay! %,— Ag! の 


(38) 


h 
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(39) edi x, + da Lo + u Cat di の 4 , (2, k= i; 2, 3, 4 5 (Ri 


Hence we obtain 

















の js — ur =, の soi = as , a= > da 三 み 。 
oo] ul A DIRT ES 
AA AIRONE Are). 

PPa D, | si PRET U; U, = Yi ’ = U;' IT, 43% 














The totality 7, of all the lines corresponding to all points in 2, is 
obtained by eliminating à, 2,, %3, 2, from equations (30), (2), (3); so 
that 7, consists of the cubic complex T° 

22. ‘The line (p) corresponding to the point (x) becomes indeter- 
minate, when and only when the two planes £, and £,’ coincide. The 
totality of these points will be called the fundamental figure F, in the 
space 2,. 

Now the three quartic surfaces ¢,=¢%,.=¢,,=0 have a curve of 
degree 12, K”, in common. For, the whole intersection Æ15 of. 

RINO RES HEN 
U Us ENTE, 


consists of the quartic curve U,;=(, ,/=0 and K*; and for K” we 














have 
RATE 
U’ cz Lui 


But since we have the identities 





my fi 1] /, ae 7 
UP 42 一 の 2 の 4 = Uo ; 


(1) In order to prove that this intersection is in general a curve of degree 16, it is 
sufficient to show that the intersection has 16 points in the plane x,=0. If we put, for 
example, 


er = = = = I 7 
4,,=b,,=¢,,=d,,=0, Gey =Ù,; rn 


=D, 
ee =0, 


で POR 
dy 

Se aes 122. FASE > RAR i 
A, g=b,,=0,2=04,43=0, a,,’=b,,’=c,,’=d,, 


we have the 16 points: 
a 


a 


A ars 
,=0, ta 0; =D, x, _[4,s] _ [Aas] 


[4。。] [429] 
wv A « A / >= A A ! 
PA 2e ENS Ste 


Vi LA12] [A23/]=[A20] [4127] 

[4 oa’ ] sd [A12/]%2 + 1A; 1’ Ts 
[423] [A,2]%2+(431]®3 
[4。。/] _[A, AN no LA, »/ Ra +lAsı’ 3 (5 points); 
[423] Aus] [Axa]}t2+[Ag1}0a 


[Aix], [Ax] standing for [Ax]r 1=0» [Aix’]z,=0 respectively. 


(3 points) ; 


U 
wo 
Vi 


æ, =0, 





(3 points); 
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VPI, 
Usd — 293 HUY 3 
for the curve KA” it must be either 


a,=0, (one of ir, Un, Vu, at least, i: not Zero); 
or Pr=$x= Px, =D, (% 主 0) 3 
or eo P= $23 = Px, =0. 


Now the intersection of ¢,=0 and x,=0 consists of the line x,=0 
and the plane cubic K° 


Vy U2 Us 
(41) [As |x, =0 [ Au |x, ==) [ Ay |x, =D =) 
[Ay Je,=0 [Aw']o,=0 [Ax']e,=o 


Similarly the intersection of %,=0 and «,=0 consists of #,=0 and A; 
also that of %,=0 and 2,=0 consists of «;=0 and K*. Hence K® 
breaks up into だ ? in the plane 7,=0 and another curve K°; and it is 
easily seen that K° does not belong to ¢%,=¢3=¢,=0. Therefore for 
K° we must have 

P= Y= y = ; 
in other words, the six quartic surfaces 

(42) Ji2=0, の ぉ =0, の 』 キ 0, Du =0, Yy=0, di =0 
have K° (the fundamental figure F,) in common. Consequently we arrive 
at the theorem : 

The fundamental figure F, of space I, is the space curve of degree 9. 
Any point of the fundamental figure corresponds to a flat pencil whose 
vertex is the given point. 

23. In $22 we have seen that any point (x) of the cubic (41) in 
the plane 2,=0 corresponds to a definite line (p) in that plane; and the 
converse is also true. 

More generally we can prove the theorem: n order that the line 
(p) corresponding to a point (x) may be contained in any fixed plane E, it 
is necessary and sufficient that the point (x) should lie on a certain cubic 
curve in that plane E. 

For, by a suitable choice of collineation, the two principal coincidences 


(1,1) in the plane £, which are derived from (30) and (2)-(5) (see $ 5), 
take the forms 
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Uy! Ly! + Uy +. =0, 

Un! Ar tu A,+uy A,=0, 

wy! Ay’ +U,! Ay+uy A3 =0, 
where 2’, &/, «y and uw’, w’, us’ are the point and line coordinates in 


> 


the plane E respectively; and A,, 4; are linear forms of x, x’, a. 
Eliminating u’, u,, u from these equations we have 
の 2 Ty 
(43) Ae Ay AO, 
Ay eases 


from which the theorem follows. 

When the point (a) describes the cubic (43), the corresponding line 
envelopes the curve of the third class, the reciprocal of (43), with respect to 
the conic 


One-to-one correspondence between the lines of the 
cubic complex / and the points of space. 


24, It follows from $ 19 and $ 21 that a (1,1) correspondence has 
been established between the lines (p) of the cubic complex / and the points 
(2) of space by aid of the formule (34) and (40). 

This correspondence is involutory in general. For, let (p) be the line 
corresponding to any given point (x) and let (x) be the point corres- 
ponding to the line (p). Then 


PD a= Oe Da ay li 
and 

pi) pe EECT 
Hence for any two constants À, we have 

>'P.(Ax,+pax;/)=0, ZP/(Ax,+pa;/)=0; 
so that all the points of the line (p) which joins (x) and (+') correspond 
to the same line (p), which is not the case in general. Hence (+) and 
(x’) must coincide. Similarly, if (x) be the point corresponding to any 
given line (p) and (p’) the line corresponding to the point (+), then 
(p’) coincides with (p). 
The essential property of this correspondence is that the line corres- 

ponding to a given point passes through that point and the point corres- 
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ponding to a given line lies in that line. Prof. Noether’s representa- 
tions for the linear complex(*) and for the quadratic complex(?), and 
that of Prof. Weiler for the tetrahedral complex(*) do not possess this 
property. ; 

25. Now we exclude the figure common to F, and #,, and then 
denote by 2) the line space and by 2,’ the point space. 

Let x, y,2 be the rectangular coordinates in 2°, and let 

DUT, D Ta=Y, の 25 三 る P%=1. 

A curve drawn from any origin, so that at every point (x) on it its 
tangent is the line (p) corresponding to that point (x), is called a curve 
of the simultaneous principal coincidences. By (40) these curves are 
determined as the integral curves of the system of differential equations 


dix a dy 1 d 2 
USI U, Us | U; U, U, U; 
U,’ U, | om U,' U ji 











so that they constitute a congruence of curves. 

In general, there is one and only one integral curve which passes 
through a given point in 2, ; and there is one and only one integral curve 
which touches a given line of I’ in 3. 

Suppose that a line is an integral curve. Since the line corresponds 
to all the points on it, it must belong to the fundamental figure #7 in 
2. The analytical condition that an integral curve should be a line is 
that the relations 


MAN EA RR 





























CO ER mor ml: On Fe 
X Vie グ 
should satisfy for every point of that curve, where we have put 
e ee ee Se ey LOS 
Was Tura SA Sa 
=。 / | U; Bn U, U; | 
Ur U; OF Ur の UY 














(1) See Jessop, Line complex, p. 187. 
Jessop, loc. cit., p. 179. 
Weiler, Zeitschr. f. Math. u. Physik, 22 (1877), p. 261. 
(4) Goursat, Vorlesungen über d. part. Diff.-Gleichungen 1. Ordnung (1893) p. 41. 
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If the above relations (45) be satisfied identically, the integral curves 
form a line congruence. This congruence is the totality 7,’ of lines 
corresponding to all points in 2,’, and at the same time it is nothing 
but the fundamental figure F/ in À. 

Similarly, in 2,’ the point of contact of any tangent to any curve 
of the simultaneous principal coincidences is the point corresponding to 
that tangent. Jf each of these curves reduce to a point, the set of such 
points is the totality 7’ of points corresponding to all the lines in 2 
and at the same time it is nothing but the fundamental figure F,/ in 


DA 
ni . 


- 26. If certain special connections exist between the constants 
a, b,c,d; a',6',c',d' in (30), the complex / is modified in character. 
Especially 7 may take the form 


r= (Py Pas + Das Pa + Pa Px)P Le 


where P, is a linear form of pa. (For an example, see $ 30.) In this 
case the cubic complex vanishes, and consequéntly to any given line in 
space corresponds a point and to any given point in space corresponds 
a line. 

For the convenience of readers, a brief summary of some special 
varieties will be given in the following : 


I. Correspondence 


(i) Involutory. (General case $ 24; Ex. 1 below.) 
(ii) Non-involutory. (Ex. 2; Ex. 3; Ex. 4.) 

Lia 7 が 
We exclude all the points corresponding to Æ, Then 
(i) oo” points. (General case § 20; Ex. 1.) 
(ii) ©” points. (Ex. 4.) 
(ii) (oo. points. (Ex. 2; Ex. 3.) 

IT 7 が 


We exclude all the lines corresponding to F,. Then 
(i) oo% lines. (General case $21; Ex. 1.) 
(ii) oo” lines... (Dx. 2; Ex...3 5; Ex. {4.) 

LV F 


p 

(i) Ruled surfice. (General case $ 20.) 
(ii) Proper congruence. (Ex. 2; Ex. 3.) 
(iii) Improper congruence. (Ex. 1; Ex. 4.) 


THEORY OF THE POINT-LINE CONNEX (1,1) IN SPACE, I. 57 


V. F, 
) 0° pointe. (General case $22; Ex. 2.) 
nba pone sx 15 XEON Ex, 4.) 
VI. il 
(i) / vanishes, (Ex. 4.) 
(ii) / breaks up into two or three complexes. (Ex. 1; Ex. 3.) 
(iii) / does not break. (General case; Ex. 2.) 


Some special varieties. 
EXAMPLE I('). 
ICI), TE i’, Ti , IVG}, Vii), VITGr)] 
27. If we take 
Pi =a(pe—ps); Pr =0(ps— pu), P,=C(pu-pe)  Pi=0; 
| アーg(62 ぁ 一 の s), P'=V(ep3—apy), P/=capy—bpw), Pi=0, 
a,b, c are arlitrary constants, then the cubic complex / becomes 
(@(b—C) Dy +0 c-a)pyw+c(a—b)py}(abp, Pas + bepapa + CAPs Dar) =O, 
which breaks up into the linear complex L: 
(46) L= a(b—¢) py +blc—a)pg + c(a—b)p,=0 
and the tetrahedral complex 7: 


(47) T= abpypy, + bepypu + capa py 三 0. 
Also we have 
Pre= —(A—b) ama), ニー(6 一 Rd, bs, = (lc A), 
-_— 1 41 fé — っ a ーーーー J 
の = att, Py, — 6 24s Dis = CT, Dos 
where 


by =2x,[a(b—c)x, + が (e 一 の + c(a—b)x5]: 
so that the fundamental figure F, consists of the two planes given by ¢)=0 
and the four vertices of the tetrahedron of reference A,A,A;A,: 
mer 7 le 0 cn ln een 0, "ment 
If a point (x) be not contained in %,=0, the line (p) corresponding to 


that point is given by 


(48) PP = — (a— 6b), Ppn= — (d- 00, PP =— (e — A) ast, 


PPa = AL 4, の 2 = OW, PP 43 = Cal. 


(1) For the dynamical meaning of this example, see Ogura, loc. cit.. 
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This line belongs to the tetrahedral complex 7, but not to the linear 
complex L; for 

L= p ゆ の 主 0. 
Hence が we exclude the common factor 4, (being absorbed into the 
proportional factor 0), it is sufficient to consider the tetrahedral complex 
T only. 


Next since 


di = 22rs( Pa — Pas) + CPa( Pa — PR); 

Pa = CPas( Pa — Pa) + APio( Par — Pas), 

Ps = an( Pa Psr) st 6 の s( $i ra Pa), 

oF = (b ara A)Py Pa a (e = b) P49 Pss a. (a = C) 43 Pa ; 

Pr =5'px(apa — CPs) + CPa(apn — dpr), 

Pa! = CPa(0 par — Apu) + LPO Pur — cps), 

Ds =a"ps (Cp — dpa) + Pal Pis Apa), 

Pa = (6 —ajabpy py + (e—b)bepaPps+ (a — c)caparpu, 
the point corresponding to a line (p) belonging to the tetrahedral 
complex 7’ is given by 

(49) An=beprpy. 22, =Capypy, Ats=abpynpy, Auy=alc—b)PaPs; 
which may be written 

(49) Va, =bepsypy, = Cap Py, Az =abPpz Dig, Au =b(a —C) 3 Pu; 

or 

(49”) A/a, =bepypy, dti CA Pia Daz, ん ws = AbD ey, A u = C(6 —A) py Dap. 
It follows that the fundamental figure F, in 2, consists of all the lines 
passing through every vertex of the tetrahedron of reference A,A,A;A, 
and of ail lines contained in every face of the tetrahedron. 

Thus we have established a (1, 1) correspondence between the lines of 
the tetrahedral complex T and the points of space. This correspondence is 
involutory : for, let (p) be the line corresponding to a given point (x), and 
(y) be the point corresponding to the line (p). Then 

Y= PX, RY. = fx, 4 = Rz, yy = PX, 
where 
p=abe(c—b)x,030,p7°. 
Similarly if (2) be the point corresponding to a given line (p), and (9) 
be the line corresponding to the point (a), then we can see that 


PIin=TPiky ソル ーー a’be(e — 6) ps3 Par Pad >, 
by aid of the equations 
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Zs2s 十 sn + Papa =0, 0 の js72s 十 66 の ss2n + CAPy Dur = 0. 

Now in order to interpret the meaning of this correspondence, take 

the rectangular coordinates ©, y, 2 and put 
の ーー の : ストール / の Ys 三 る , Ota= 1. 

Consider a congruence of W-curves (the curves of simultaneous 

principal coincidences) defined by 
ie ZED AA 

where  denotes the parameter and A, B, C are arbitrary constants. It 
is well known that there is always one and only one curve of the 


system which passes through a given point (excluding the varieties of 
the tetrahedron of reference A,A,A;A,). Since 


the tangent (p) to the W-curve at the point (x) is 

ppia=(b—-a)xy, pps=(c—b)yz, ppa=(a—e)zx, 

Ppu=@%, PP» = by, PPas = C2 ; 

which is nothing but the line corresponding to the given point (+). 
Next, it is well known that there is always one and only one W- 


curve of the system which touches a given line of the tetrahedral 
complex 7 (excluding the fundamental figure Æ,). But since the 


(48) 


correspondence is involutory, the point corresponding to the given line (p) 
is the point of contact of this line and the W-curve. 

These results hold good even when the coordinates @,, 2, &;, x, are 
taken in general, if we adopt the system of W-curves 


i Gui di Co Li Cela, mea Cheat, 
where 
a, —a,=a, の ーー の A, — A,=6, 
and G, ©, GC, C are constants. 

The totality 7, of all the points corresponding to all the lines in the 
tetrahedral complex 7 (excluding the fundamental figure F,) consists of 
point space, and the totality 7, of all the lines corresponding to all 
the points in space (excluding the fundamental figure /,) consists of the 
tetrahedral complex 7(°). 

(1) All the tangents, passing through a given point, to all the W-curves of the 
system form a quadric cone; and the locus of points of contact is a space cubic passing 


through the given point. All the tangents lying in a given plane, to all the curves of the 
system, envelopes a conic; and the locus of points of contact is a line touching the cubic. 
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Thus we have had a quadratic duality of the points in space and 
the lines in the tetrahedral complex, and a system of space W-curves as 
the curves of the simultaneous principal coincidences. ‘This example 
may be looked upon as the natural extension of the principal coin- 
cidence (1, 1) in a plane. (See the introduction of this paper.) 


EXAMPLE II. 


(Iii), JG), IIIG), IV), Vii), VI(iti)] 


28. If we put 


Pai — P4235 P, =P 42) Pi = P23) E 
face = 0, La =Px3; def: = P313 ta = Pos 


then the cubic com plex J’ becomes 
Pie Pa Pis + Ph Pas — Pr Pia + Pas Pa Par — Pi 2Pw Pa Pa =0, 
which is nothing but the totality of all lines cutting the space cubic 
(50) pui Diele Du=%, piau 


9 being the parameter( ! ). 
Since equations (6) and (35) become 


va, == — Py Pr + Pas Pa = 20°, 

ルー ゆ > ニー の 2s 一 5 =AP, 

vag=d3= 2.5Za 十 の ss =H, 

リ の =(① わ モデ Pa Pas — Piz — Das D43= À ; 
and 

ジー = — Paie + pat PirPa バダ 

vy! = Pr) = — P31 P23 + Pro Ps = 2, 

im =D = x3 + Pro Ps = NO", 

ya, = pi = — P23 Par Pa Pas = „6. 
respectively, the point corresponding to a given line (p) in 7 coincides 
with the point of intersection of the line with the space cubic (50) (?). 
Hence the fundamental figure Æ, consists of all the chords of the cubic, 
which form a congruence of the first order and the third class(*); the 
totality 7, of all the points corresponding to all lines of / consists of 
the space cubic (50). 


(1) Clebsch-Lindemann, loc. cit, II, 1, p. 244; Wood, The twisted cubic 
(1913), p. 17. 

(2) Wood, loc. cit., pp. 17-18. 

(?) Reye, Geometrie der Lage, II, 4. Aufl. (1907), p. 162. 


ee ーー 
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Next the line (p) corresponding to a point (x) in X, is 
Pa = Yu = (its m の (dt — 2") oi (uit i の 5 ) 
Pu De = (tx 2 Xs )( の Ita 一 の > ), 
( 51) LPs = Hee ma), i 
Pi = 9125 一 (tits — v2 ibe 
Paz — の 。。 三 一 (tits = で x, (UU «Dr Ds); 
Pa 三 の = (its に の 5 )( の 2 22 TT); 
so that the fundamental figure F, : 
0103 — =0, U Lits = 0, Data — Ty =O 
is the cubic (50). 

Now we prove the theorem: The line (p) corresponding to (x) is the 
unique chord of the cubic through the given point (x). Since this chord 
passes through the two points 6,, 6, which satisfy the quadratic equation 

(0% — 2) — (airs — 003)0+ (ax, — #7) =0(*), 
the line coordinates (74) of this chord are 

VPi2 = の の "(の ー め ), Pos = 0,0,(0, — の ), 

VPs = — 01001 —0),  »Py=[A,0,—(6, + 02) (81 — 62), 

Pa = — (6 — 0), VPas= — (61 — 02), 
where : 

6, ee ee ’ 0, hat 3 

x0, — U3 Loy — Vs 

-so that this chord coincides with the line (51). 

The totality 7, of all the lines corresponding to all the points in 2, 
consists of the congruence of chords of the cubic (50). 

In this case 7} coincides with £, and 7, with 7. (See $25.) 


ExAMPLE III. 
(I(ii), IN(iii), IM(ii), TV(ii), V(ii), VI(ii)] 
29, If we take 


P, =Ppr; P,= Pis P;= 0, P, =0, 
P/=0, Py =0, Py = Pas P/=Pps, 
we have 
L'E pyPa Ds Dai Da — Py). 
The complex /'=0 consists of (i) all lines cutting the line A,A, 
(3=x,=0), (ii) all lines cutting 4,4, (u=%,=0) and (iii) all lines 


(2) Wood, foc: cit, p. 11. 
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cutting the line which joins the two points P(1,-1,0,0) and @(0, 0, 1,-1). 


Since 
i di =— Dia > = Mi の 。 = Pr Pa 一 Pa), di ーー Pa Pa * Pr) 3 
py! = Dax Pa + Pa), Py = Pss( — Pa + Du), ds = Dis, di ーー Dies 
the fundamental figure Æ, is the linear congruence 


Pu=9, Ps=0. | 
Any given line (p) of the complex (excluding F,) corresponds to 
the point of intersection of this line and one of the lines AA, 4:44, 
PQ. The totality 7°, of the points corresponding to all the lines (exclud- 
ing F,) consists of the lines A,A,, 434; and PQ. 
Next since 
fi2=0, Dog = — (2 +%)(t3 + tits, Pa = (1 + 22) (Hs + 24) MM, 
Saat) +2), Pal + (+) as =0, 
the fundamental figure F, consists of the two planes A,A,Q, 434,P and 
the two lines A,A,, A;A; Any given point (x) corresponds to the line 
cutting A,A,, 434, and passing through that given point. The totality 
T, of the lines corresponding to all the points (excluding F,) consists of 
the linear congruence 
li Ps=0. 
In this examp'e 7, coincides with 7, (the two lines A,A,, A344) 
and 7, with F, (lines of the linear congruence excluding the two flat 


pencils の (414。) and P(A;A,) ). (See 825.) 


EXAMPLE IV. 
[I(ii), Ii), IM (ii), IV(iii), Vii), VIG] 


30. If we take 


Pe APyr 一 CD = Pe — C'Pass 
P,=— APs +0P;s, yf == — d'Pa si の の 43) 
P;= Cpy—bpy ’ ia 3= Cpya—O'py ’ 
アー dpgtepy.tfps, = d'pu+e pa +S"Ps; 


then 


L’=[(ae’ —a'e) py + (ba! —b!a) py + (cb! — c'D)pss]( Par Pas + Pas Du + Pa Pa); 
so that the cubic complex I’ vanishes. Therefore we may take any line 
in space. 

As we have seen in § 7, 
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Pi = PaPo > = Zs の 。, ds = js の, Py ui 
do =0P,2+0bpz3 + Cp + dpa + Cpa +f pas} 
dj = Par’; Py = DP. ps = Paso» di SAW} 
f =a)». + d'a tcp + d'Pa + € Dis + ps ; 
whence the fundamental figure 7) consists of the linear congruence 
Do (| 
and 
Pa = Psa Pas = 0, 
which is the totality of all the lines contained in the plane #,=0. 
Any given line (p) corresponds to the point 


PU Pa P%2—= Pas) の — Pas, pa=0, 
which is nothing but the point of intersection of (p) and the plane &,=0. 
The totality 7, of the points corresponding to all the lines in space (ex- 
cluding F,) form the plane ,=0. 
Next we have 


U =&( — QX, +-0%3 + dt), 
=a. Ge as, — bx, +ex,), 
Us =a,(—cxv, +bx, + fas), 
U, =2,(—da, —ex, —fe JE 
Keil — + cd +d'x), 


so that the fundamental figure F, consists of the double plane 
ee == 
and the two directrices of the linear congruence 


Di Po =: 

Any given point corresponds to the line which belongs to the linear 
congruence and passes through the given point. The totality 7, of the 
lines corresponding to all the points in space (excluding F,) is the linear 
congruence. 

In this example F;/ coincides with 77’ (the linear congruence), and 
E with 7, (the plane ,=0). 


Theorems on Convergent Integrals, 
by 
TETSUZO KOJIMA, Sendai. 


Throughout the present paper, let «(@) be a bounded and integrable 
function in the interval ava, x, being arbitrary, and a (x,y) a 
function defined in the domain a<x, aSy=z, in such a way that 
1° it is integrable in y for each 2, a =y =; 2° for a given arbitrary 
number g(> a) there STA a number / such that, for all a =A 
the function a (x, y) is uniformly continuous in ya =y =9. We shall 


study in the following lines the necessary and sufficient condition that 
x 
lim J a (x, y) u (y) dy 
Tra の a 


exists, whenever 1° lim w (a) exists; 2° u(x) is bounded in a2; 3° 


アー の 


u(x) is monotonic and lim u (x) exists. 


T> n 


I 


Theorem I. The necessary and sufficient conditions that 
4 x 
lim f a (x, y) u (y) dy 
T> N a 


exists(*), whenever lim (a) exists, are that: 
アー テ の 


1. lim J “a (x, y) dy exists, 
il. lim a(w,y) evists, y=a, 
iii. [le@ mia <m™, 


where M is a positive constant. 
When these conditions are fulfilled, we have 


(1) Throughout this paper the words “the limit exists” mean that the limit exists 
and is finite. 


ft 
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lim / ‘ae, y) u(y) dy=lim u(x) il ‘ale, y) dy+ Î “b(y){u(y)—lim u(x) }dy, 
アー テ > の a アー テ の a a > の 
where | 
Uy)=lim a(z, y). 
ター テ N 


As the theorem can be proved in a similar manner as in Mr. 
Silverman’s paper, “On the notion of summability for the limit of a 
function of continuous variable,” Trans. Amer. Math. Soc., 17, 1916, 
provided that the following lemmas 1,2 (a) and 3 be taken into con- 
sideration, we shall omit the proof. 

Lemma 1. If lim a(x,y) exists, then b (y)=lim a(x, y) is continuous 

L> の T— D 


in y in the interval aSy=q, q being arbitrary and the limit is ap- 
proached uniformly with respect to y in the same interval. 

Let 7 be a value of y in the interval a=y=q. Since a(a, y) is 
continuous in y uniformly with respect to x, we have 


| a(@, 4) — ac, y) | = Te 17-4] < の =" 


where e is a given arbitrary small positive constant, and 0 depends 
only upon e and A. From this inequality together with 


| a(x, 7) —0(7)| < a ? > が 


which results from hypothesis, it follows that 





G① le@g) <> la-gl<è Eh, 
where Ah, is the greater of À and h’; hence we have 
(2) OMIS, 17-v1<à 


so that the function 6(y) is continuous in y in the interval a = y=0Q. 
From the inequalities (1) and (2), we have 
(3) |a, y)—b(y)| < €, Vedi S 0, TZ lu. 

Thus, to any point 7 in the interval a =y=g, there corresponds a 
sub-interval for which the relation (8) holds; therefore, by Borel- 
Lebesgue’s theorem, the interval a = y = q may be covered by a finite 
number of the sub-intervals; accordingly we know that there exists a 
number £ such that the relation 


| a(x, y)—0(y)| <¢ 
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holds for any x > & and for any y in the interval a =y 2g, namely 


lim a(x, y)=b(y) uniformly in 4, a=y=4¢. 
ツー テ の 


Lemma 2- If lim a(x, y) exists, and / “lala, y)|dy< M, M being 


a positive constant, then 


(a) Î È | b(y) |dy converges, 
and 
(6) 1 の 19 主 le の | 


By Lemma 1, the function 4 (y) is continuous, so that |b (y)| is in- 
tegrable in any finite interval. Write 


a (x, y)—b (y)=c (x, y), 


and let A be a number arbitrarily chosen, then 


f a(x, y) | dy =f a(x, y) | dy = fi b(y) +e(x, y) | dy 


X x: 
= | o@)idy— find > X. 


Since by Lemma 1 c(x,y) approaches to zero uniformly for y, 
a=y=X, when x tends to infinity, we have for a given arbitrary 
positive quantity ¢ 


€ 
x, ISLES Bits ED 
le(a,yl< 2 メー の x > 


Hence we have 





4) [la@nidv> f 1, à > Max. (や: 


accordingly 
= € 
five. 
so that 
J 16 (y) | dy 


converges. If we put 
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12 の 1@= タ 
then there exists a number X such that the inequality 
X 
[ \e@lay > 3-4 


is satisfied, and for this number X the inequality (4) holds for any x 
greater than a fixed number, accordingly we have 


if |a (x, y)|dy > ガーs 
for any x greater than a fixed number, so that 


Tim | le⑯ 9) dy 2B. 


ツー テ の 


Lemma 3. If a function f(x) is bounded and integrable, a = x = b, 
then we can define a function (x), which is integrable, changes its sign 
only a finite number of times in the interval, and satisfies the inequality 


Î ‘If (@)—¢ (a) | dx < 6, 


where e is a gwen arbitrary small positive quantity. 
As f(x) is integrable, we can determine n+1 points a%=a, 2%, %,--- 
+, Cnr) ©n=0 in (a, b), satisfying the inequality 
n 
> (tit; _1) D, < ¢, 
tol 
where の , denotes the fluctuation of f(x) in the closed sub-interval 
(%;_1, %). Define a function ¢ (x) such that 


o(z) =f (LE) » V-1 ae Sd Li, = if 2, rar 2 n—], 


Then, g(x) changes its sign at most (n—1) times, and is integrable, 
accordingly |f(@)— 2 (x)| is integrable. If we denote the upper limit of 
| f(w)—¢ (x) | in (is ©) by G,, then from our definition, we have 


n 
4 PRE 
Ve (ti; —%_1) Gi gy 
DES 
hence 


[7 の -e の 1 < è 
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For the sake of brevity, we shall call such a function ¢ (+) as defined in 
the lemma an associate function of f(x) with respect to e in the interval 


(a, b). 


II. 


Theorem IT. The necessary and sufficient conditions that 
lim Î a(x, y) u(y) dy 
zn) a 


exists, whenever u(a) is bounded in the interval (a, ©), are that: 


+ lim a(z,y) exists, yZa, 
の ーー タテ の 
i. lim ‘| | ge y) | dy exists, and = il 15) | dy, 
ダー タテ の a a 


where 
b(y)=lim a (a, y). 
When the conditions are fulfilled, we have 


lim if “ala, y) uly) dy= | “O(y) u(y) dy. 


CL 


Before proving this theorem we shall insert the following 
Lemma 4. If the function a(x, y) satisfies conditions i and ii in 


Theorem II, then 
lim | “| e(a, y) | dy=0, 
>) a 
where 
ce, y) =a (a, y) —0 (y). 
As, by Lemma 2 (a), J i b(y)|dy converges, we have for suffi- 


ciently large quantity X 





[la < ET 
: 8 


where e is a given arbitrary small positive quantity, and by condition 
li, 


1 の 9 の 19 < My, à >x 
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<f° bg) | dy+ | 100) a+ 2 ; 





X 
<f | b(g) | dy+ a x > Max. (XX). 


On the other hand, 
x Xx x 
[lee の 19=/ latest [late 9) | dy. 
a a X 
Since by Lemma 1 lim a(x, y)=b(y) uniformly in ya=y=X, 
we have 
X T e 
/ lee の 19 >| lt, > x 


Therefore 
xX e ギ a 
| NAGI ore >| | a(x, y) | dy ali | d(y) | dy 


ef | a(x, y) |dy——, «> Max. (< ぅ X, X)), 
aS 
thence 
[ le@ ala <-> Max. (NN); 
xX 


‘accordin gly 


fi ee, の jays | a(x, y) | %+| | (y) | dy 


3 € 
ay 


And, as lim c(x, y)=0 uniformly in y, a= yS X, 
T—> の 


< 








4 € 
[Ienia<—, #>%; 


hence, we have 
[ie@aldy<s > Max (X), 


so that 


lim fi c (a, y) | dy=0. 
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Now we proceed to the proof of Theorem II. 
Proof for sufficiency. 
If we denote the upper limit of | u(w)| in (a, ©) by U, then 


| “e(a, y) u(y) dy | < U Il Jota, y) | dy. 


Since by Lemma 4, 








lim fl cz, y) | dy=0, 


lim | "el, y) u(y) dy=0, 
L—> 2] a 
and by Lemma 1, 
| b(y) u(y) dy 


converges, we have 


„lim frate y) uy) dy=lim | [ Oy) u(y) dy + [ ‘ee, y) u(y) al 
= [ by) uly) dy. 


Proof for necessity. 


As (x) here considered contains all the functions considered in. 
Theorem I, the conditions 


Jim (の Y= dy), -y = a, 
[es <a 

are necessary. 

Therefore, by Lemma 2 (a) Il 」 5(y)|dy converges. 

Write 

jim J “| a(a, y) | dy=A 
and | 
Jo lay=s, 


then, assuming that 
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At, 
we. have by Lemma 2 (6) 
| Ab: 


Denote A—B by 57, then 7 > 0, and 


x と = こう の b 
In f 1e (9) |dy=lim À law | dy flat, | dy} 
ター> OYJ 1 dr Oe a a 


> A—B 
ie 
Fix a number x, such that the inequality 
vy 
/ | a(n, 9) | dy > 37 
の 
holds. Denote an associate function of @(x,,y) with respect to 7 in the 
interval (5, 21) by @ (a, y), and determine u (x) such that 


Mie een) sora) 





Then 
fici) < の 
so that 
fi a(x, y) | dy > 27, 
and | 
| fee の em a | = [ae an D du <7 
namely 
| farm ut a fat av | <r. 
Therefore 


/ ù a(x, y) uly) dy > 7. 
b 
By Lemma 1, we have 
. Vi Uy 
lim f "| ae, 9) | dy= Î Oy) 1 du <7, 
ec Le b 


so that 
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Va 5 
[ | a(x, y) | dy < TATA 
bd 
Fix (> X,) such that 


T2 
if la, y) | dy > 47 
holds. Denote an associate function of a(x,, y) with respect to 7 in the 
interval (x,, %:) by «(x y), and determine «(x) such that 

|u(x)|=1, sgn u(x)=—sgen ala, y), x <e = 


Then we have 


Ea «a, y) | dy > 37 





vy 
and 
da a の 2 = 
[ {a(X2, y) —A(X2, y)} u(y) dy | = J | (x2, y) ay y) | dy <7; 
vy Vi 
1. e. 
Da Tra 
| [ A(X, y) (y) dy+ [ | a(2,, 9) | dy | <7 
xi Di 
hence 
Lo 
l. A(X2, y) UY) dy< —2r, 
so that 
Lo Vi の ) 
a (X, y) uly) dy< il (2X2, y) u(y) dy— il "aa, y) u(y) dy 
b b di 
<y-27 
<— 7. 
Further, fix A, and +, (>X,) such that 
Ve 
[Mae diac > 
and 


I! "aa, y) | dy>47 
i 


‘2 
hold respectively, and denote an associate function of a(a, y) with respect 
to 7 in the interval (a, #3) by G(s, y), and determine u(x) such that 
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| (2) |] 三 1 sgnu(t)=sgn a(m, y), あべ の =, 


then we have similarly as above 


"alas, y) uly) dy>y. 


b 


Proceeding in this way we can define a sequence of numbers {2,} 


for which lim w,=«, and a bounded function u(x), such that 
I>R 


vom +1 
Î (Lam +19 y) u(y) dy 7 


and 


Cam 
J Alm; y) u(y) dy< ミラ ん 


hold for every integer m. 


On the other hand, as the number of the discontinuous points of 
the function u(x) is finite, u(x) is integrable in any finite interval, and 
we have | 


prece. x d 
lim J a(x, y) u(y) dy> J b(y)u(y)dy+r, 


lim [a 9) dy< [ Oy) uly) dy—7, 


rI—> kv a 


so that 
lim Î "a, y) u(y) dy 


does not exist. 
Therefore it must be 


| | 6) | dy= lim Il ‘| a(x, y) | dy. 
But, since by Lemma 2 (の 


Î “| b(y) dy Sim (|a, y) | dy; 


T—> rd a 


x 
lim Î | a(æ, y) | dy must exist and 
L—> の a 


lim | Late, 9) | dy=f | 60 | dy 
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III. 


Theorem III. The necessary and sufficient conditions that 
lim / “a(x, y) u(y) dy 


exists, whenever u(x) is monotonic and lim u(x) exists, are that : 
ダー テ の 


1. lim a(x, y) exists, y=Za, 
T> RL 

ee . sa . 

il. lim | a(x,y)dy exists, 
ダー の a 


iii. <M, aS:=x, 





J “a(x, u) dy 





where M is a positive quantity independent of = and z. 
When the conditions are fulfilled, we have 


lim f "al, y) u(y) dy=lim u(x) Il ‘alex, y) dy + Î "b(y)tu(y)— lim u(x)} dy, 
where 
b(y)=lim a(x, y). 


Proof for sufficiency. 
Similarly as in the proof of Lemma 2 (a), we can show that 


| | by) dy 
Write 


is limited. 





lim u(v) =! 
t—> XL 


and 
u (v)—l=w (x), 
then w (+) is monotonic, and 
(7) lim w (x)=0. 
ター> の 


Hence, by a theorem on integral ( * ), 


| “b(y) (y) dy 


(1) See Bromwich, Theory of infinite series, p. 430. 
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converges. 


Now 


/ “a(x, y) uly) dy=l / ul, y) dy + il "ala, y) w(y) dy 


a 


ci | a(a, y) dy+ J b(y) w(y) dy+ J c(æ, y) w(y) dy, 











where 
ce, y)=a(a, y) —O(y) ; 
and 
[ ® dy | = IEC dy | +| [ow dy 
SME 
Since by 
e r 
(7) | ee) | Sor? t> À, 


it follows 





fn | < ela SS 


DTA, 


also by Lemma 1, we have 


X 
[ene ay|<e, Ba 


a 





Therefore 
lim f "ee, の w(y) dy=0, 
so that 
„im J “az, y) uly) dy 
exists, and we have 
lim il "ale, y) u(y) dy=L lim il “a(x, y) dy + [ 6 の win) dy 
ER pa @ 


=lim u(x) J "ala, y) dy+ | “O(y) w(y) dy. 


(1) See Bromwich, loc. cit. p. 426. 
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Proof for necessity. | 
(a) Let u(x) be a monotonic function, and put 
lim u(@)=!, u(x)—l=uw(x) ; 
ター テ の 


then w(a) is also a monotonic function converging to zero. 
Since 


lim | “ala, y)u(y) dy and lim Il “ala, y) w(y) dy 


exist, 


lim IRC y) dy 


must exist. 
Thus the condition i is necessary. 


(b) Let (x) be a monotonic decreasing function, and define a 
function u(x), such that 


a(z)=1+u(2), aSeXy, 
“= u(x), v>y, 
then w(x) is also a monotonic decreasing function. 


Write 
aa) | “a (x, s) Z(s) ds— J “a (x, 8) u(s) ds= | a (x, s) ds, 


then 
lim f (x, y) 
must exist. 
Denote 
x r)—f (a, 
LORIE I) by の (る 
then 


lim $ (2,7) = EN a (a, y) 
r—>0 の Y 


From the assumption regarding to the uniform continuity of a(x, y), it 
is easily shown that の (?,7) approaches uniformly to a(a,y) for all 
x=h, when r tends to zero, hence the limit of g(z,r) for >», 
が — 0 exists, so that 


lim a(x, y)=lim lim g(a, r) 
ター テ の r_>a7->0 
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exists. Thus the condition ii is necessary. 


(c) Write 





[er dy | SR ER) ANA RES EE 


Assume that S(x,z) be not limited, and denote the upper limit of S(x, 2) 
with respect to z for each x by G(x) and the first point in which 
S(x, 2) takes(*) the value of G(x) by Z, then by assumption 


lim G(x)=o, 
and by (6) and Lemma 1, 


lim Z,=%. 


T—> の 


Let a be a number greater than 3, and write 
2 の 19=8 の ⑨ 
Fix x, such that 
Gala’; 
then by (6) and Lemma 1, we have 


Zx 
[ à | a(a, y) | dy<P(ez,) +a, 2>X. 
Next fix x, which is greater than X, and satisfies the inequality 
G (a) > +a'+a?+(a?+a) 2 (zx,). 
la, fix A, and %(>X,) for which 
fr a(x, y)|dy<f (zx,)+a, v>A, 
and 
G (x3) >a’ +at+a’+(a’+ a) B(2x,) 


hold respectively, and so on. 
Thus we have the following two sequences of numbers 


and 
2% X, X3, el 


(1) As the function S(x,2) is continuous in 2 for each x. 
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satisfying the relations 


lim =, 
i—> の 


MATTO tel, 2, 3, …... ; 
ZXi-1 
| | a(x, 9) | dy<B(zin)ta, 2>X 
and 
G(«,) >a" + at ++ (ai +a) B (20;-1). 


Define a function u(#), such that 





w(⑳ ニ ーー, aXa<m, 
a 


1 ; 
U er , zu = < 20, , VI 3, ...... @ 


Since 


i a(x, y) u(y) dy=f ‘ala, y) u(y) wif a(x, y) dy 


LIE 1 


| +f ae, 9) uy) dy 
| 2%; 1 
= LiG@)-f "at, 3) | dl 
ee le の 9ー EE) 


LICEI 
I) (Ir) Gna) +a} 


x, 
| a(x, y) u(y) dy 








IV 





2 = fa al + a4 (a! +a) B(2m-)} 
(+) cn) +) 
a a 
Fr 
so that 
li xi A 
u i (ts y) u(y) dy | =e 
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On the other hand, from our definition u(x) is integrable and decreas- 
ing (*), and 
lim w(z)=0. 


ター ラテ の 
Thus the assumption regarding to S(, 2) leads us to a contradiction, 
hence the condition ili is necessary. 


IV. 


In Theorem I or III, if we confine the function u(x) only to what 
converges to zero, when x tends to infinity, then the conditions i and iii are 
necessary and sufficient. Also we have 


Theorem IV. If 
lim J “a(a, y) u(y) dy 


exists, whenever lim u(a)=a, where a is a fixed number different from 
Lo N 


zero, then 
lim il _e( る 9 w(y) dy 


always exists whenever lim u(x)  evists. 
ター タテ の 


Quite a similar theorem holds good for the case where u(z) is a 
monotonic function. 


Feb. 10, 1918. 


(1) By a slight modification, we can easily define a steadily decreasing function for 
the same purpose. 


On the Mean Centre of Points on an Algebraic Curve, 
by 
KırTızı YANAGIHARA, Sendai. 


The object of this note is, in the first place, to arrange a brief list 
of papers relating to the theorems of Chasles and their allied subjects, 
and in the second, to add to them some analogues as the applications of 
Liouville’s theorem on elimination by which he proved the theorem of 
Chasles. 


uM 


Lhe so-called theorem of Chasles is: 

If the complete system of tangents (tangent planes) parallel to a given 
straight line (plane) be drawn to an algebraic curve (surface), the mean 
centre of the points of contact is independent of the direction of the given 
line (plane)(* ). 

Chasles proved this first by a modified Newton’s theorem on the 
diameter of curves(”), and afterwards analytically(° ). 

In 1841, Liouville elegantly proved, in his “ Mémoire sur quel- 
ques propositions générales de géométrie et sur la théorie de l’élimina- 
tion dans les équations algébriques ’?(4), the following important theorem 
(referred to this theorem by the symbol J, later on.) 

Theorem. If we put two polynomials in 2, y 


a), N (a, y)=0 
in the form 


M (2, Y)= Go € + yy 2 "yet my" 


+ Ay, et hes gm? y +...... Lom ee 


(1) Sur la transformation parabolique des relations métriques des figures. Quetelet, 
Correspondence mathematique et physique, tome VI., 1830, p. 10. 

(2) Salmon: Higher Plane curves, 3rd ed., 2 137. 

(3) Chasles: Géométrie supérieure, 1st ed., pp. 358-360. 

(4) Liouville’s Journal, 1st series, vol. VI, p. 359. See also Serret’s Cours 
d’Algèbre, 6th ed., vol. I, chapter V. 
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De 

=x" fu) +a" f, (u)+ a"? fut Fon eh) 
N (a, y) = boe +b, 2 y+ + bu, の 

+ by, 2H Ds D y+ + ban の 

Ro, 

=a" F()+e FR (u)tar? E()+-. =O) (02) 


where va=y, then the sum of the roots of the resultant to which the 
elimination of y from (1) and (2) leads is expressed by the formula 


Sea — y BE (A+ (a) (3) 
F (a) 


where f(a)=0, Bf (A)+f(A)=0, 


the summation on the right hand side extending over all the roots of 
the eqution f(a)=0. 

He has also proved an analogous result for the case of three poly- 
nomials in three variables, and then as their application, proved the 
theorems due to Chasles. 

Of Liouville’s result (3), it should be observed that 2x depends 
exclusively upon the first two terms of both (1) and (2). From this 
fact he deduced the following theorem (万 ) : 

The mean centre of the points of intersection of M(x,y)=0 and 
N(x, y)=0 remains fixed, if N(x,y)=0 vary keeping all its asmpytotes 
unchanged. 

In this memoir will also be found some results due to Duhamel, 
of which we will cite one below. 

If we draw a complete system of parallel tangents to an algebraic 
curve, the sum of the radii of curvature at the points of contact is 
always zero, whatever may be the direction of the tangents, the radii 
of curvature being distinguished as positive or negative according as the 
point of contact is downwardly convex or upwardly convex toward the 
tangent. 

In 1887, G. Humbert published a paper “Sur le théorème 
d’Abel et quelques-unes de ses applications géométriques” in which he 
proved a theorem, as the fundamental one, for the sum of the variations 
of an arbitrarily given Abelian integral appertaining to a given algebraic 
curve f(2,y)=0, along the arcs described by the points of intersection 
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of f=0 with a variable algebraic curve belonging to a pencil(). 

In the same year, succeeding to the previous paper, he published 
another one “Sur quelques propriétés des courbes” in which he ex- 
pounded an elementary method, and deduced various results( * ). 

Among them is found mentioned the following theorem as a par- 
ticular case of Liouville’s theorem (ん). 

The mean centre of points of intersection of f=0 with a circle 
having a fixed point as centre is independent of the magnitude of its 
radius, from which he then, by remembering the fact that the mean 
centre of an algebraic curve f=0 with another algebraic curve g=0 is 
unchanged, if we replace 9=0 by all its asymptotes, deduced the follow- 
ing theorem. É 

The mean centre of points of intersection of f=0 with a circle is 
that of the projections of the centre of the circle upon the asymptotes 
or F=0. | 

In 1887, another paper “Sur un théorème de Chasles” written 
by Weill also made its appearance a little before the last paper of 
Humbert, in the same volume of the journal(?). In this, Weill 
proved in a refreshing manner the theorem of Chasles for the plane 
curve. 

In 1890, H. M. Taylor published a paper “On the centre of an 
algebraic curve ”(*) in which he proved, by defining the centre of a 
a curve as the mean centre of the points of contact of parallel tangents, 
the following results. 

All curves which have the same foci have the same centre. 

The centre of a curve is the mean centre of the foci. 

All parallel curves have the same foci. 

In the same year 1890, Fouret gave a proof, in his “ Démonstra- 
toin et applications d’un théorème de Liouville sur Telimination(? ), 
to the following theorem which can be looked upon as an extension of 
Liouville’s result (1). 

In the resultant 





Ag Ti + Aa 2 + Ati +. =0, 
(1) Liouville’s Journal, 4th Series, Vol. 3. 
(2) Nouv. Ann. de Math,, 3rd series, Vol. VI, p. 526. 
21 
(4) Quarterly Journal of Math., Vol. 24, p. 55. 
(5) Nouv. Ann. de Math. 3rd series,, vol. IX, p. 258. 


= デニーーーーー 


i woe Se! 


Vie 


— 
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= Mie Mz. Ma ++ Ma; 
to which the elimination of A—1 variables from 


Uno Tt Un Up T°". PL), 
pal, 2.3. DE 
leads, the coefficients A, exclusively depend upon those in 
Unor Upi) Upg" Une 3 pH, 2 3……… ‚A, 
Uys being a homogenous polynomial of degree m,—s in 1,1," AE 
and among many other interesting results, will be found the following : 

If an algebraic curve having no parabolic branch vary, keeping its 
asymptotes fixed, the mean centre of the points, the normals at which 
are concurrent, is a fixed point. 

In 1906, Laurent, in his “Sur une théoréme de Chasles et 
d’Abel”C('), extended the theorem of Chasles on surface to that in n- 
dimensional space, and showed that this theorem is a special case of 
Abel’s theorem. 

In 1915, by applying Liouville’s results (3), A. Pleskot tried 
to find a class of algebraic curves having the property that the mean 
centre of the.points of contact of the tangents drawn from an arbitrary 
point remains fixed, and showed that if the equation of the curve 
È (x, y)=0 can be put in the form 


Va, (6 y) + Visa (x, Y) + Pod; (a, Y) RAS ; = 0, ( 5 ) 


V; being a homogeneous polynomial of degree % in る の and if the 
roots of 


erhal, a)=0 


be all distinct, then d (x, y)=0 is a required one( *). 


16『 


As already mentioned, Liouville’s result (8) shows us at once 
that x depends only upon the first two terms in (1) and (2). Hence 
we get, as immediate consequences, the following theorems. 

1. Let C be the mean centre of points of an algebraic curve f(x, y)=0, 
at which the length of the tangent is t, then the position of C' is independent 
DAS 


(1) Nouv. Ann. de Math., 4th series, vol, VI, p. 266. 
(2) Monatshefte für Math. u. Phys., Vol. 26, p. 135. 
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For, since we have 
ti=y/1+y/%/y' 
we get 
RR 
Eliminating y from this and 
el, 
we get 
7 (Se thr) te =9, 
in which the degrees of ゲ ( だ 圭 が ) and だ differ by two. 
2. Next let C be the mean centre of points of f(x,y)=0, at which 
the normals have the length n, then the position of C is independent 
of n. 


For, since we have 
n=yV1l+y", 
we get 
a Oo We 
yo =(n—y)/y. 
Eliminating y from this and 
/ cai 
Jory TU} 
we get 
nf pe 2 a ree 
7 (fe +h/)—w fy =0. 


By a similar way, we can prove analogous theorems for the sub- 
tangent, the sub-normal, the segment on any fixed straight line inter- 
cepted by the tangent and normal at the same point, and the area 
enclosed by any fixed straight line, and the tangent and normal at the 
same point. | 

3. Let C be the mean centre of points, real or imaginary, on an 
algebraic curve f (x, y)=0, having p as the radius of curvature, then the 
position of C' is independent of the radius p. 

For, since we have 


CS 


~ 


(Erf)? | 
VE ar 2 en Jeu tiv Jo 


i 


Im 


we get 
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(Sethi) — 0 (Pen fé = 2Sufefv+Sm fe) =0. 
4, If the osculating circle to a curve cut a circle 
AGILE an 
at an angle の we have 
2or cos 6=7" + 0°? —d’, 


d being the distance between the centres of these two circles. Then we 
have 


2 2 IN: 5) 9 お 0 
op a a ver 0=7r + (7 7 ーー vaio) as a gity È 
7/ yl”? 7/ J y! ? 


whence we get 
A+2r° B+7* C*=0, 
where 


A=[(fe thy) — Le (Je fe) 2 CR — i fy (Ja +7) y CPP, 

BE CS thy) AS (Br) CE (Je +) y CF], 
—2C* cos’ 0 (je ty), 

CIPE Saab 


Hence we get the following 

Theorem. Let C be the mean centre of points of f(x,y)=0, the 
osculating circles at which cut a circle with radius r at an angle の whose 
centre is a fixed point, then the position of C is independent of both r 
and 6. 

5, If the centre of the osculating circle be denoted by I, the 
condition that the osculating circle should touch the three sides of any 
triangle inscribed in a circle with radius >» whose centre is the origin 
of coordinates is 


Or 270, 


that is, 





3 
i) [2 \ 2 / 1 PAR? 2 1 12\3 
(+ ty) (a tv) ue a +H) x 
の 4 4 
Whence we get 


M-—-2r N+riC*=0, 
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where 
METE ty (Sa +9) CS + SS (Joe) CET, 
N=2C (ZH) + CEE hy fe th) YO + Sedo (y fe) = 2 C ST, 
CS forty —2 feu da) y tty Se 


Hence we get the following 

Theorem. Let C be the mean centre of points of f(x, y)=0, the 
osculating circles at which touch the three sides of any triangle inscribed in 
a circle with radius r whoes centre is a fixed point, then the position of C 
is independent of r. 

Similarly we will have the following 

Theorem. Let C be the mean centre of points of f(x, y)=0, the 
osculating circle which is circumscribed about any triangle circumscrib- 
ing about a circle with radius 7, whose centre is a fixed point, then the 
position of C is independent of r. 

6. Hitherto we have constantly made use of Liouville’s theorem. 
on elimination, in what follows, however, Fouret’s extension will play 
the fundamental röle. à 

Let (X, Y)=0 be an algebraic curve belonging to a system of 
curves having all its asymptotes, real or imaginary, in common, and if 
the normal to ¢=0 at (A, Y) touch f=0 at (@,y), then we get 


is (x, y)=0, 








b (x, Y)=0, (1) 
(=) SP -(y- 1) 28 =0, (2) 


bio Or 
ap RU Gey) eS 
a) a ae By 


Thus we have four relations connecting four numbers 2, y, X, Y, and 


the variable element in (1) and (2) does not appear in the two highest 


homogeneous parts. Hence by Fouret’s extension of Liouville’s theo- 
rem, the mean centre of points (x, y), as well as that of points (X, Y), 
is invariable in whatever manner may @=O vary. 

This theorem, however, fails if the highest homogeneous part of 
p=0 is symmetrical with respect to N, Y. 

7. If a central conic 6=0 osculate an algebraic curve f(x, y)=0: 
at (x,y), and the centre of $=0 lie on another algebraic curve U=0, 
we get 


è due e fn e Zn 


Sa ms 


hl 
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2 3 £ 4 
fe=0, ーー0 Efo, She, dio, 
AT 


) ーーーーー ニニ 


‘6 » 2 MST 
da? dx? da! 








2 73 
の (x, y)=0, Di. AGI T 20 AZ 
2 


da? da” DE 
048 26480 
da oß 


Ha 5)=0; 


We have thus 13 relations connecting 13 numbers a, y, y, y", y! 
y®, a, B and five arbitrary constants in $=0. Hence, if U(a, 8)=0 
vary keeping all its asymptotes fixed, by Fouret’s extension of Liou- 
villes theorem, the mean centre of the centres of the osculating conic 
®=0, as well as that of the ıpoint of f=0, at which $=0 osculates 
f=0, remains fixed. 

8. Let C be the mean centre of points of f=0, at which the latus 
rectum of the osculating parabola Pri 0 is p, then the position of Ci 
independent of p. 


For, if $=0 osculates f=0 at si y), we get 








Lite y)=0, dii E Pas ne =0, dI =0 











«da da? da 
(Gna CU AL RER RE 0 ET 
da da? da? 


The radius of curvature / of a point (a, 8) of (a, 8)=0 is given 
by 


2 だ (1 の (1) 
Hence, if (a, 8) be its vertex, we must have 
3 p' BEE 


together with 


facia’, O RIMA Ae REN) 


da do? do? 











We have thus 14 relations connecting 14 numbers xz, y, の の ラ 7 っ 


a, 8, 3’, 8’, B’’ and four arbitrary constants in d=0, and p* or p°/4 
appears only in (1), and the degree of (1+/%”)’ exceeds that of f’” by 4. 
Hence the theorem is proved. | 
The foregoing proof shows at the same time that the mean centre 
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of points at which the parabola osculates f=0 is also independent of the 
magnitude of the latus rectum p. 

9. We will next try to extend the theorem in 1 which can be 
stated as follows. 

If on the tangent at P of f(x, y)=0, we take two points M and N 
so that 

De N; 
and the locus of M and N be denoted by (あの, then the mean centre 
of the common points of (.f,t) and any given straight line / is inde- 
pendent of &. 

We will now show that the straight line 7 can be replaced by an 
algebraic curve $ (4, Y)=0. 

Let the tangent at P of f(x,y)=0 cut の =O in の の, QU. : 
and translate the vectors PQ, PQ’, の の うー into: OL, 07, Of : 
O being the origine of coordinates. 

If now the coordinates of ©, 7’ be denoted by (X, Y) and ‘a, f) 


respectively, then we have 


PCA, Y)=0, f(x,y)=0, 














Rear. IRPAST 
X—2 - アー? - =); 
a) 2 + (7-7) 

7: ッ ーー che 5 Of 

dx dy 


a+ B=(X-af+(Y-y). 


If we eliminate x, y, X, Y from these five equations, we get / (a, B)=0 


which is algebraic in a, 3 as the equation to the locus of Q, Q’, QU... : 
Now, for the points of intersection of $(X, Y)=0 with (f,t), we 
have 
パー ッ 十 {cos 6, Y=y+t nis 6, 
so that 


LA Se +t cos 6, SY= Sy+td sin 6, 


6 being the angle made by the positive direction of a-axis and the 
vector PQ. 
Professors Kakeya and Kubota have noticed that SX and YY 
are constant, since (f,é) has all its asymptotes in common with f=0. 
Then it is sufficient to show that / ざ cos の and ば sin の are in- 
dependent of t. 
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To this end, we consider the intersection of F(a, 8)=0 and the 
circle a? +=. The sums of the coordinates are evidently 


tS’ cos 6, tS sin 6. 


But, as Humbert mentioned in his paper referred to in § 1, these 
two quantities are independent of ¢ Hence Xx and Sy are also in- 
dependent of t. 

This method of proof has been suggested by a proof, by which 
Prof. Hayashi showed that in the theorem in § 3, the mean centre of 
the centres of curvature is also independent of (consult his paper in 
this Journal, vol. 14, p. 98). 


On the Mean Centre of the Contact Points of Tangent 
Planes to an Algebraic Surface, 


by 
Kwan SHIBATA, Sendai. 


Mr. A. Pleskot has got a certain sufficient condition under which 
the mean centre of the contact points of tangents to a plane algebraic 
curve drawn through a given point on its plane is independent of the 
position of that point(*). His investigation seems to have been suggested 
by the well-known theorem due to Chasles(*): If tangents having 
the same direction be drawn to a plane algebraic curve, the mean centre 
of their contact points is independent of the direction. 

In what follows, I will try to solve the two analogous problems in 
space: When tangent planes forming an axial pencil are drawn to an 
algebraic surface, what conditions are sufficient in order that the mean 
centre of their contact points does not depend on 

(1) the position of the axis of the pencil, but depending on its 
direction only, or 

(ii) the direction of the axis of the pencil, but depending on its 
position only ? 

1, I will begin with case (i). 

Let an algebraic surface of degree n, referred to a rectangular 
Cartesian coordinate system, be 


Di uss) =e 0. 
Then the contact points of the tangent planes forming an axial pencil 


whose axis passes through the point (€,7,¢) and has the direction (p, q, 7): 
are the intersections of the following three surfaces 








Bel; 
os な が OS 
EE LAURE | 
の dx Be, dz 5 


(7) A. Pleskot Uber das Zentrum der mittleren Abstände der Berührungspunkte- 
an algebraischen Kurven, Monatshefte für Math. u. Physik, Bd. 26 (1915), S. 135. 
(2) Chasles, Apercu historique des méthodes en géométrie, p. 624. 
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Os 


と fp os 
GLi Eure 


which can be writien in the forms 





=0, 


る AGIRE 
72 一 1 
(1) "Sg. (2,9,2)=0, 


n-1 

’ 

っ の (x,y, 2)=0, 
i=0 

rh de ch 1 4 ssions of @,v,z of degrees n—i 
where f,, €;, 4; are homogeneous expressions of ,y,z of degrees n—i, 
n—i—1, n—i—1 respectively, and which can be again transformed into 


い rss Ur 0) = 009) 
=0 
al 
(2) Doll (uy 0 =0) 


n-1 
UO 
i=0 
where 


Qi=(n—2) of, (u, a (pla) 1 
(3) Ou v 


Ji= (n—1)E Ff, (u, Eur) EEE HH Ne 
44 Ù 


if we put w,v for y/x, 2/0 respectively. Eliminating y,z from (1) we 
bave an equation in x, of degree n(n—1)’, whose roots are the x-co- 
ordinates of the contact points. Hence the x-coordinate of their mean 
centre is the sum of the roots of this equation divided by n(n—1), 
that we need only to consider the cocfficient, with the sign changed, of 
the second term divided by that of the first term, supposing that the 
terms of the equation are arranged in the order of descending powers 
of x. Thus, if we denote the quotient by 2°, 


(4) Fan 3 {er ite} (PAU 


Ou. 





(1) Throughout this paper, I use for brevity the symbol x (u,v) for the quotient of 
a homogeneous expression x (x, ¥,2) divided by the highest power of x in which then 
y/x, 2/e are replaced by u,v respectively. 

(2) J. Liouville, Mémoire sur quelques propositions générales. de géométrie et 
sur la théorie de l’élimination dans les équations algébriques. Liouville Jour. t. 6 (1841), 
345. 
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the summation being extended over the solutions (4,8) of the set of 
equations 


ai の (の v)=0, 
1.€. 
(fu II 
(5) Free DUR em Ol. 
| ri) Ou +B du ees 





while (a’, 3’) are the solutions of the set of equations 
OS: twee Sep 
== We ag + Ji= 
da 93 B Ji 
OPUS 
——a+ +9,=0, 
da op 37 th 


i.e. 





Ca a+ た ダキ カー 0, 
(6) 














da op 
FAST y OF 9 Oh 9 + Shas CAS. 
ea 1 È MEET por = ee vida: 28 | に 0(*). 


Evidently a and 3 as well as « and 8° depend on p,q,r and not on 
HAS 
On account of (3), (5) and (6), equality (4) becomes 


GEM i; 
A-—+ Bf, ES 
da pei eo の 

where 


A=(53—)( pa—q)—(a—7) (p3—7), 




























B=pp—r, 
7. 
P= a IN 7 十 Of; 
dad dae 
の + ® f B! + Ohi 
ace 8° ap: 03 ” 
pus: ih n Baliani Xda for the a 
(47) ere and hereafter, such a symbol as Dai dB stands for the value 0 But Out 


(i, le=0, 1.2) for U=a, V=B. 
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Hence, if Xx is independent of the position of P(§7C¢), then since it 
must have the same value as that at the origin of coordinates 


Scr Te 


Hence if, by equating the corresponding terms on both sides, we 
assume that 





D Lupe ke e: a 
of ee Mori fe 
eae Pp del 
og =e 
and accordingly by (7) 
BA 
of TED 


da 0983 


then 2x has always the same value independent of (¢,7,¢). This con- 
dition may be written 
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E PA ti R a3 Jı = hi 

(8) 9; of ; =0. 

da 93 
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(a, 8) 2 (4, 8) 9 (a, の 


Next transform (1) into 


n 
ay fi (,%)=0, 
t= 


n-1 
Dan, 


i= 


n-1 


ay bi (ui, %1)=9, 
i= 
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where | e/y=u, 2/y=%v; 


and proceed as before, then we have 


APS Re 222.0 RIRE 
y 2: DA ee Bit da t/P(1, By), 


where (4,, 8) is a solution of the set of equations 
iw, 0)=0; EU, v)=0, 


and (a,’, A’) is that of the set 





of / Of CRE —( 
‘DI の SE Pi エイ カー ツリ 
CIA E 
Da Oy “i OB, Pi + 2 


and arrive at 


PINO TI 


DD Ji 
da, Op, 














as a sufficient condition for independency of 2'y from (6,7, €), Pi, Qi, Ai 
being the expressions got by replacing 4, @ for a, 8 in P, OR 
respectively. But it can be easily shown that this condition is equivalent 
to that for 22, by paying attention to relations 


Suv) =u-@ fu, v), 
uu AN Bee, 


A similar reasoning is applicable to Sz. 


So we have | | 

Theorem I. If the equation to an algebraic surface satisfy condition ) 
(8) for any solution of the set of equations (5), the mean centre of the 
contact points of tangent planes to the surface, passing through a straight 
line having given direction cosines, is independent of the position of the 
straight line: or in other words, the mean centres of the contact points are 
the same for all axial pencils of tangent planes to the surface, if the axes 
of the pencils be parallel to one another. 

2. Now let us proceed to case (ii). 

As before, we have 


Moma. 
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(A, 2) being a solution of the set of equations 
ud, の (u, v) = 
Le. 
| TU, 
(3) | Eu) LE + (一 ie = = 


and (4’, y") that of the set of equations 


LA; pe csi +f,=0, 


OA 

の の Od 

ini =0, 
OA i Op EP R 


dI 
(£2—7) S+(Eu—C) T-U=0. 


If Sz is independent of the direction (9,9, r), then 2% must have 
the same value as that for (p=0, g=0) or (p=0, r=0). So 


gta ラー アト ムー 
L 
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(10) Spee US pee e PA SAS 
Of of A 
OÀ on 


Hence we have, for a sufficient condition for the independency of 2x from 


(07), 


eee UNE 
Of Of WU 
OA Ou 


whence, in the form free from 4’, 2’, we have 


Fr 2 ER of 2 f. 
OR Fr 
(11) 





oR ©} 2z9z Oh 


a f Ou f “ar f 








SPO 
a es fi 
On Ou 


air) 2 +) ISS) 





O(A, 1) (4, め ) (2, の 


It can be easily shown that, under this condition 2, 2 are also 
independent of (p, の 7). 

So we have 

Theorem 2. If the equation to an algebraic surface satisfy condition 
(11) for any solution of the set of equations (9), the mean centre of the 
contact points of tangent planes to the surface through a straight line which 
passes through a fixed point, is independent of the direction of the straight 
line. In other words: If an axial pencil of tangent planes, with a ray 
of a line-bundle having a given vertex as the axis of the pencil, be drawn 
to an algebraic surface satisfying condition (11), the mean centre of the 
contact points is definite for the bundle. 

Remark. Take another point P’(£’,7’, €’) on the axis of the pen- 
cil considered, and let (5, 7,€), (&’, 7’, €’) go to infinity at the same time, 
the ratios £:7:€ and #:7/:£' kept as constants, then the axis of the 
pencil goes to infinity and all the tangent planes become parallel, 
p,q, r becoming indeterminate. In this special case, we see by (10) 
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This is independent of the direction of the tangent planes, and the 


following theorem also due to Chasles is proved: If a system of tan- 


gent planes parallel to a given plane be drawn to an algebraic surface, 
the mean centre of their contact points is independent of the direction 


of the given plane. 


July, 1917. 
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On the Mean Centre of the Points of intersection of Two 
Algebraic Curves, 


#6 #5 eH) 


TsuRUICHI HAYASHI, Sendai. 


1 柳原 君 ノ 調査 ニョ アニ G. Humbert H}-> Liouville 7 包括 的 
定理 ノ 系 トシ テ 次 ノ 定 理 ラ 誠 明 シタ 7 (1) 一 系 ラナ ャ ル 同 心 財 トー ッ 
2 任意 ク 代 敷 曲 線 ト ラ 交 ハラ シメ タル トキ , 各 彫 上 ノ 交 踏 = 同一 ノ 人 次 量 
アリ ト 見 テ 夫 と 等 ノ 恋 ノ 重心 ラ 求 ム メレ バ , 其 ノ Er HA? SEA 
セ ズ ー 定 ナリ . 今 此 ノ 面白 キ 定理 ノ 別 誠 明 ラ 損 ゲン トス . 
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(1) Nouvelles Annales de Math. (3) 6, 1887. p. 535. (本 誌 第 14 &# 80 頁 = 於 ケ 
NEE, 論文 参照 ). 
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Uber die Konstruktionsaufgaben dritten und 
vierten Grades, 


von 
TADAHIKO KUBOTA in Sendai. 


1. Es ist vom analytischen Standpunkte eine wohlbekannte 
Tatsache (1), dass alle Konstruktionsaufgaben dritten oder vierten Grades 
nur mit Lineal und Zirkel sich auf die nachstehende Fundamentalaufgabe 
zurückführen lassen: Wenn zwei Kegelschnitte durch die auf ihnen gelegenen 
Punkiquintupeln gegeben sind, gesucht sei die vier Schnittpunkte der beiden 
Kegelschnitte zu bestimmen. Es wurde schon bewiesen, dass diese Funda- 
mentalaufgabe nur mit Lineal und Zirkel lösbar ist, wenn ein Kegelschnitt, 
der kein Kreis ist, oder eine rationale kubische Kurve oder eine rationale 
biquadratische Kurve vorgezeichnet gegeben ist (*). Doch scheint es mir 
wünschenswert, @ine systematische Methode zu haben, wie man einzelne 
Aufgaben dritten und vierten Grades auf die Fundamentalaufgabe in 
geometrischer Weise reduzieren kann. Nun lassen sich alle Aufgaben 
dritten und vierten Grades nach geringer Modifikation auf die Aufgaben 
der Bestimmung der Koinzidenzpunkte der (1,2), (2,2), oder (1,3) 
deutigen Korrespondenz der aufeinander liegenden Punktreihen reduzieren, 
wie die Aufgaben zweiten Grades sich auf die Aufgaben der Bestimmung 
der Koinzidenzpunkte der aufeinander liegenden projectiven Punktreihen 
zurückführen lassen. 

Wir beschränken uns, unbeschadet der Allgemeinheit, auf die 
Betrachtung der aufeinander liegenden Punktreihen auf einem Kreis. 

Die Bestimmung der Koinzidenzpunkte der (1,2) deutigen Korres- 
pondenz der aufeinander liegenden Punktreihen des Kreises lässt sich in 
bekannter Weise auf die Fundamentalaufgabe wie folgt reduzieren: Es 
seien B,, B, die beiden Punkte, welche dem Punkte A entsprechen. 
Beschreibt der Punkt A die Punktreihe auf dem Kreise, so beschreibt 








1 Dies wurde schon von Descartes in seiner ,, Géométrie “ angegeben. 
’ 


(2) H. Kortum, Mémoire sur quelques problems cubiques et biquadratiques, Annali | 


di mat., 1869. F. London, Die geometrischen Konstruktionen dritten und vierten Grades, 
Zeitschrift für Math. u. Phys, 1896. T. Kubota, Uber die Erweiterung des Smith- 
Kortumschen Satzes u. s w., dieses Journ., 5, 1914. 
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das entsprechende Punktepaar BD, BD, eine involutorische Punktreihe, 
sodass die Verbindungsgerade BB, durch einen und denselben Punkt 
P hindurehgeht. Dann beschreiben die Geraden OA, PB,B, zwei 
projektive Strahlenbüschel. Also erzeugt cer Schnittpunkt der Geraden 
OA, PB,B, einen Kegelschnitt, welcher durch die Punkte O, P hindurch- 
geht. Die drei anderen Sehnittpunkte des Kegelschnitts mit dem Kreise 
sind also die gesuchten Punkte. Damit ist unsere‘ Aufgabe auf die 
Fundamentalaufgabe zurückgeführt. 

Nun gehen wir zur Bestimmung der Koinzidenzpunkte der (2, 2) 
deutigen Korrespondenz auf einem Kreise über. 

Projiziert man die entsprechenden Punkte A, B bzw. aus den Punkten 
O, O' des Kreises, so erzeugt der Schnittpunkt der beiden entsprechenden 
Strahlen OA, O’B eine Kurve vierter Ordnung mit den Doppelpunkten 
O, O'. Diese Kurve hat vier weitere Punkte mit dem Kreise gemein, 
welche nichts anderes als die gesuchten Koinzidenzpunkte sind. Damit 
ist unsere Aufgabe auf die Folgende zurückgeführt. Wenn eine Kurve 
vierter Ordnung mit den reellen Doppelpunkten O, O' durch acht weitere 
Punkte gegeben und ein Kegelschnitt durch die fünf Punkte O, O', A,, As, As 
gegeben sind, gesucht sei vier andere Schnittpunkte der beiden Kurven zu 
bestimmen. 

Nimmt man einen Punkt P auf der Kurve vierter Ordnung und 
wendet die Steinersche Transformation in Bezug auf das Dreieck POO’ 
auf die Figur an, so werden die Kurve vierter Ordnung un] der 
Kegelschnitt bzw. in eine kubische Kurve und einen Kegelschnitt trans- 
formiert, welche durch die Punkte 0, の hindurchgehen. Damit ist 
unsere Aufgabe auf die Folgende reduziert: Wenn eine kubische Kurve 
durch neun Punkte O, ぴの, A, B, 1,2,3,4,5 und ein Kegelschnitt durch 
fünf Punkte O, O', P,Q, R gegeben sind, gesucht sei vier weitere Schnitt- 
punkte der beiden Kurven zu bestimmen. 

Um diese Aufgabe zu lösen benntzen wir die Chasles-Schrötersche 
Erzeugungsweise der kubischen Kurve(!). Man denke nun die fünf 
Kegelschnitte (0, O’, A, B, 1), (0, 0', A, B,2), (0, 0', A, B,3); (0, 0', A, B, 4), 
(0, の A, 万, 5) und bestimme dann den Punkt X, sodass die Projektivitàt 

(OM ASB SIA X (1,2, 3/4, 5) 
entsteht, wenn man sich die fünf Kegelschnitte bzw. auf die fünf Strahlen 
beziehen lässt. Dadurch kann man sich irgend einen Kegelschnitt des 





(1) Schröter, Die Theorie der ebenen Kurven dritter Ordnung, 1888. Chasles, 
Comptes Rendus 34. 
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Kegelschnittbüschels auf einen Strahl des Strahlenbüschels beziehen lassen. 


Dann beschreiben die beiden Schnittpunkte des Kegelschnitts sowie des 


entsprechenden Strahls die in Betracht gezogene kubische Kurve. Nun 


kann man nur mit Lineal und Zirkel die Schnittpunkte I, N; M, Ni; 


Ms, N;; M,, N,; M, N; der Kegelschnitte (0, の A, B,1), (0, 0', A, B, 2), 
(O, O', A, B,3), (0, 0', A, B,4), (0, 0', A, B,5) mit dem gegebenen 
Kegelschnitte bestimmen. Dann gehen die Verbindungsgeraden MN, 
Mg N,, D N, M N,, M, N, nach dem Steinerschen Satze durch einen 
und denselben Punkt hindurch, sodass PM, N,, PM,N,, PM;,N, PM,N,, 
PM, N, zu den Strahlen X1, X2, X3, X4, X5 projektivisch zugeordnet 
werden können. Diese beiden projektivisch aufeinander bezogenen 
Strahlenbüschel erzeugen einen Kegelschnitt. Die vier Schnittpunkte 


dieses Kegelschnitts mit dem gegebenen Kegelschnitte sind also die 


gesuchten Schnittpunkte. Damit ist unsere Aufgabe auf die Fundamental- 
aufgabe zurückgeführt. 


2. In dem Falle, wo das involutorische Punktepaar durch unsere 


(2,2) deutige Korrespondenz dem involutorischen Punktepaare entspricht, 
kann man unsere Aufgabe in bekannter Weise noch einfacher auflösen. 
Es seien A,, A,; B,, D, entsprechende Punktepaare der beiden Involutionen 
auf einem Kreise. Dann gehen die Geraden À; A, B, B, bzw. durch 
zwei feste Punkte P, Q, sodass 


PA, A, x QB, By. 


Dann erzeugt der Schnittpunkt der entsprechenden Strahlen einen 

Kegelschnitt, dessen Schnittpunkte mit dem gegebenen Kreise die gesuchten 

Punkte sind. Somit ist unsere Aufgabe auf die fundamentale Aufgabe 
reduziert. 

Im Falle, wo die (2,2) deutige Korrespondenz symmetrisch ist 

2 S 2 

umhüllt die Verbindungslinie der entsprechenden Punkte auf dem Kreise 

einen Kegelschnitt ('). Da die Tangente dieses Kegelschnitts den Kreis 

oO D D 

im entsprechenden Punktepaare schneidet, so sind die vier Berührungs- 

2 D 

punkte der vier gemeinsamen Tangenten des Kreises sowie des Kegel- 


schnitts die gesuchten Punkte. Damit ist unsere Aufgabe auf die reziproke 


Aufgabe der fundamentalen Aufgabe reduziert. 
3. Jetzt sind wir in der Lage, (1,3) deutige Korrespondenz zu 
untersuchen. Wir denken eine (1,3) deutige Korrespondenz auf einem 


(1) W. K. Clifford, On the transformation of elliptic functions, London Math. 
Soc. 7 (1875). 
Halphen, Traité des fonctions elliptiques et leurs applications, II. 





ÜBER DIE KONSTRUKTIONSAUFGABEN. 107 


Kreise, bei welcher der Punkt B dem Punkte A dreideutig entspricht. 
Projiziert man die entsprechenden Punkte A, B bzw. aus den Punkten 
O, O' des Kreises, so erzeugt der Schnittpunkt der beiden entsprechenden 
Strahlen eine Kurve vierter Ordnung mit dem Tripelpunkte の . Diese 
Kurve hat vier weitere Punkte mit dem Kreise gemein ausser 0, の, 
welche nichts anderes als die gesuchten Koinzidenzpunkte sind. Also 
reduziert sich unsere Aufgabe auf die Folgende: Wenn eine biquadratische 
Kurve mit dem Tripelpunkte O' durch acht weitere Punkte O, A; (i=1, 2, 
3,4,5,6,7) gegeben und ein Kegelschnitt durch die fünf Punkte O', O, 
b,, B,, B;, gegeben sind, gesucht sei vier weitere Schnittpunkte der beiden 
Kurven zu finden. Wendet man die Steinersche Transformation in Bezug 
auf das Dreieck 4,00’ auf die Figur an, so werden die Kurve vierter 
Ordnung sowie der Kegelschnitt bzw. in eine kubische Kurve mit dem 
Doppelpunkte O’ und in einen durch die Punkte O, O’ hindurch- 
gehenden Kegelschnitt transformiert. Damit ist unser Problem auf das 
Folgende reduziert: Wenn eine kubische Kurve mit dem Doppelpunkte O' 
durch sechs weitere Punkte gegeben und ein Kegelschnitt durch O' und vier 
weitere Punkte gegeben sind, gesucht sei vier weitere Schnittpunkte der beiden 
Kurven zu bestimmen. Man nehme einen Punkt P auf der kubischen 
Kurve und verbinde P mit einem anderen Punkte Q der Kurve durch 
die Gerade PQ, dann bestimme den dritten Schnittpunkt £ der Geraden 
PQ mit der Kurve(*). Wenn die Gerade PQ sich um dem Punkt だ 
dreht, so beschreibt das Strahlenpaar の Q, O’R einen involutorischen 
Strahlenbuschel. Bezeichnet man die Schnittpunkte des Kegelschnitts 
mit den Strahlen の の OR bzw. durch gq, 7, dann geht die Verbin- 
dungsgerade gr durch einen festen Punkt M hindurch. Also bewest 
sich die Gerade Mqr zu dem Strahl PQR projektiv. Folglich erzeugt 
der Schnittpunkt der beiden Geraden Mgr, POR einen Kegelschnitt. 
Die vier Schnittpunkte des Kegelschnitts mit dem gegebenen Kegelschnitte 
sind also die gesuchten Punkte. 

4. Die Fundamentalaufgabe kann man mit Lineal und Zirkel lösen, 
wenn die vorgezeichnet gegebene rationale kubische Kurve zirkular ist 
oder die vorgezeichnet gegebene rationale biquadratische Kurve bizirkular 
ist, viel einfacher als F. London und ich getan haben. Es sei À die 





ュ 


(1) Um À zu bestimmen wende man eine Steinersche Transformation in Bezug 
auf das Dreieck 0/ P auf die Figur an, wobei H einen Punkt der kubischen Kurve 
bedeutet. Dann werden die Kurve und die Gerade PQ bzw. in einen Kegelschnitt und 
eine Gerade transformiert. Im der transformierten Figur kann man den Transformier- 
ten von È bestimmen. 
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vorgezeichnet gegebene rationale bizirkulare Kurve vierter Ordnung mit 
dem reellen Doppelpunkt 0. 

Die Fundamentalaufgabe ist unmittelbar auf die Folgende reduziert : 
Durch zwei Systeme von Panktquadrupeln sowie durch einen gemein- 
schaftlichen Punkt sind die beiden Kegelschnitte %, © gegeben. Man soll 
drei andere Schnittpunkte bestimmen. 

Wendet man die Transformation der reziproken Radien in Bezug 
auf den Punkt O auf die Kurve N an, so erhält man einen Kegelschnitt 
%. Man denke sich nun cine Kollineation bei welcher der Kegelschnitt 
や dem Kegelschnitte や / entspricht. Es sci OY ein Kegelschnitt, welcher 
dem Kegelschnitt bei dieser KKollineatiou entspricht. Dann ent- 
sprechen vier Schnittpunkte von W, ©’ den vier Schnittpunkten von 
, 9 von denen ein Schnittpunkt schon bekannt ist. Nun seien Xj, X, 
A, die drei unbekannten Schnittpunkte von P, X. Nun nehme man 
zwei nicht-senkrechte non-parallele Geraden À, ん an; durch einen Punkt 
O der Geraden À ziehe man zwei Geradenpaare m,, m,; my/, m/ sodass 

a A の A 


ty hey. MM ee 


auch ziehe man zwei Geradenpaare n,,n,; n, n/ durch einen Punkt の 
der Geraden % sodass 


nn No の N 
fi, bash Mes 。 Muh: 
Es seien M, M, N, N; bzw. unendlich ferne Punkte der Geraden 7, m,, 
n, N, und bestimme man die an Dad ae Mi; My aes 
Ap! Xe! My’, MI (Xa, XG, Xe, Nis Ne) CG Aly A NS A MARIE 


kann man leicht einen Kegelchnit, der den beiden ER... 


) 


(URGENTE, Di X, My MY) 
und X x X N, Na), (Xi! XI Ay NY! MI) 


gleichzeitig angehören, bestimmen (*).. Dann ergibt sich leicht, dass dieser 
Kegelschnitt der durch X,’ パパ hindurchgehende Kreis ist. Diesem 
Kreis entspricht durch die Tranformation der reziproken Radien ein 
Kreis, dessen Schnittpunkte mit N vier Punkte im Endlichen sind; 
unter diesen vier Punkten sind drei inverse Punkte X7/, Xz’, X;/ enthalten 
‚und folglich sind X, X, X3 gefunden. Damit ist die Bestimmung der 
Punkte X, X, X, erledigt. Den Fall, wo eine vorgezeichnet gegebene. 
kubische Kurve zirkular ist, kann man in gleicher Weise behandeln. 
Sendai, den 25 ten Februar, 1918. 





(1) T. Kubota, aa O28. 80 





Bemerkung zur Theorie der Approximation der 
irrationalen Zahlen durch rationale Zahlen, 


von 
MATSUSABURO FUJIWARA in Sendai. 


In meiner vorigen gleichnamigen Arbeit(*) habe ich eine Metho- 
de(?) angegeben, durch welche der Hurwitzsche Satz mit seinen 
Ergänzungen in einem Schlag bewiesen wird. Ich werde hier nochmals 
dieselbe Methode zur Anwendung bringen, um den Vahlenschen Satz 
und seine Verallgemeinerung herzuleiten. 


. e . . . . P > ay" “hee 
Es sei w irgend eine irrationale Zahl und sei » ihr 2” | Naher= 
ら 


Er 





ungsbruch in der Kettenbruchentwicklung 








W= Ap + 1 20 n 
Ut A+ 
Dann ist 
l'un n-1 
RS he 
On On (Ons1 On a Qn-1) 
worin 
7 
の 。 ょ ュー Angi + 
* Wn42 
bedeutet. 


Nun setze man voraus, dass die zwei aufeinanderfolgenden Näher- 


5 LE 15 E : 
ungsbruche — und —** die Ungleichungen 


n in+l 


Lai I page 
Qn AQ,” Quai 


(1) Dieses Journal, 13, Juni 1917. Ich beniitze diese Gelegenheit einige Fehler 
dort zu berichtigen: es soll das Suffix von w,@ um 1 vermehrt werden; man liest ins- 
besondere 4n+1 anstatt an in dem Satz IV. 

(2) Diese Methode wurde auch von Herrn Prof. Humbert in seiner Arbeit, Re- 
Marques sur certaines suites d’approximations, Liouville Journ., (7) 2, Fasc. 3, 1916 ver- 
Uffentlicht ; dieses Heft ist zu mir aber erst im August 1917 gelangt. 


= (2) 


FUMO 
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erfüllen. Daraus werden wir eine wichtige Folgerung für a,,; und 
“442 ableiten. 
Aus den Relationen (1), (2) haben wir 





A= On + LE , (3) 


n» 


iZomt e, (4) 
n+1 


‘and wenn wir die Relationen 





1 
Wn41=Un41t ; 


On+2 
On+1 = + O1 
TM LT 


berücksichtigen, so bekommen wir 


Vn-1 PELI Mico: + Gnas 
de 2 
On WAI On 


の 。+ ュ + 
folglich 


er uf + nn a ( 5 ) 
A ek Pag 


Nach (4) und (5) hat man 


Lae Q Q 
A—On, (ーー >. Mu 
( 2) pol “La OD On ee 


(た Quai 3 が 2 に a n E DST L — 1, 








n+1 On+2 
-d.h. 
1 + 
ea On+2 + ’ ( 6 ) 
On+2 
E BEI Quai POE (42 1 | (070) 


nr 


Man erhält daraus weiter 


er eu 
DUREE Sn Er AT, (8) 
4ー ピ パー4 = Que = LM (9) 


ET MOT AE une 
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welche in unserer Untersuchung grundlegend ist. 
Wenn man hier die Tatsachen 


1 


N+3 





On. 2= Anz2 + > On 49» 


und 





Quai a Oni 
ーー ニー Tr On, 
Qn Qn 


in Betracht zieht, so folgert man daraus 


a ER, (10) 
bzw. 
ge (11) 


Da Gazi, 42,21 ist, schliesst man aus (10), (11) 


ARES] pn 


Also erhält man den Satz von Vahlen('): 
Mindestens einer von zwei aufeinanderfolgenden Nüherungsbrüchen irgend 
einer irrationalen Zahl の genügt der Ungleichung 
ist: 1 
2 
Qn | 2% 


Setzt man zunächst in (10), (11) 





|e- 





SIATE SI i.e. pila 
2 2 


so ergibt sich 
Daraus schliesst man, dass, wenn @,,;<2, oder a,,:<2 ist, mindestens 
eine der Ungleichungen 


1. 
Fea a St 


OF AG 
En Qi 


Eri 


n+1 


Wi 

















(1) Vahlen: Uber Niherungswerthe und Kettenbriiche, Journ. fiir Math. 115, 1895. 
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gilt. Also kann man den folgenden Satz aussagen. 
Ist an ,1=2, so ist entweder 


tS = — 
un 


2 


Don 











n 


oder 


rue Laer vp SE に > | 


ae CURE 5 
Va 1 > @n-1 Quai la 


ー1 
の こつ ーー ニー ニー 














Wenn man ausser (1) noch 


プー 
On-1 1 


voraussetzt, so erhält man ausser (8), (9) weiter 


EL 


O— ee Sa 
AQn-1 








SV A. FE FT 
io aa. (87) 
pala Pa passi = On <= メキ エピ だ ー4 9 
fia (9) 


Aus (8) und (8’) oder aus (9) und (9) ergibt sich 


グー , 


d.h. 
ts = VERTE (12) 


wo das Gleichheitszeichen ausgeschlossen ist, wenn 1 ゾ ゲ ー4 irrational ist. 
Daraus schliesst man unmittelbar, wie ich schon in der vorigen Arbeit 
gezeigt habe, den Hurwitzschen Satz und seine Ergänzungen : 

Mindestens einer von drei aufeinanderfolgenden Näherungsbrüchen irgend 
einer irrationalen Zahl の genügt der Ungleichung 


DE IL 


MINORI ZEN 


Ist an,1=2, so gilt mindestens eine von den folgenden Ungleichungen 


= 








è 





to 1 
の ーーーー| C____.,_ (v= n-—l, n, n+1); 
| Q, | Y 8 
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n 


in der Folge gibt es unendlichviele Nüherungsbrüche irgend einer mit 





n 


1478 nicht ciquivalenten irrationalen Zahl w, für welche 


Pn 


1 
i 
Qn |: 


V80, 


(カニ ーー 











gilt. 

Damit ist gezeigt, dass alle diese Sätze aus den Relationen (8) und 
(9) als unmittelbare Folge abgeleitet werden. 

Zum Schluss werden wir die oben angegebene Methode auf den Fall 
der Kettenbruchentwicklung einer komplexen irrationalen Zahl anwenden. 

Wir legen einen beliebigen Zahlkörper AK zu Grund und betrachten 
irgend eine Kettenbruchentwicklung einer irrationalen Zahl w in K, 
worin die folgenden Bedingungen erfüllt sind: 

(DT II DIRI 

(2) es existiert eine positive Zahl k(>1), von der Art | oe | 生ん 
wo Pa; Qn und Go, dy, の の die ganze Zahlen im Körper K bedeuten. 

Wie vorhin setze man voraus, dass 























Pf pa n == 1 È Lù Det pg OU be aes 1 
Al Qn|° Quai 
wenn man 
Pet 1 
の 一 = - 
Q, 0, 9, 
setzt, so ergibt sich 
ld, lea CE pe 
R v 








= ter), On =(— 1) (0004 =“ ) 


woraus bekommt man sofort 


((-D'%- (e Bu Onan) = i 


n+2 





d.h. 


(-1jrH!= On+2 __ 1 


う 
der On +2 On 


und ferner 
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ーーーーーーーーーーーーーーーー ーー ご —_ rr ———————_\t-t21È 
— . 


MA (kK-1)|0,,2] 
In der Folge 





| On +2 | 計 (4+ P+ 4A ):2, 
k—1 
und aus | @,,: [= 


AOC EC 2 
bS(2+, /r+ 4A ):2, delie As. LA 











k—1 me 1+k(k—1) i 
= Les k? (k + 1) os * . e 
Also: Ist =, dann genügt mindestens einer der zwei 
1+k(k—1) . 


aufeinanderfolgenden Näherungsbrüche irgend einer komplexen vrrationalen 
Zahl w der Ungleichung 


Fa 1 











U <<, (A<A). 
Qn | Alan!“ 
Wenn man von der Voraussetzung 
da 1 | Parı 1 
a a et Dee agente o 
On A | On|? t Ins À | Var |? 











ausgeht, so kann man den eben bewiesenen Satz in der folgenden Form 
ausdrücken : 


Mindestens einer von zwei aufeinanderfolgenden Näherungsbrüchen 
irgend einer komplexen irrationalen Zahl w genüyt der Ungleichung 
E ae ] 
"る 2 
On lo | P| 
Wenn wir insbesondere die Kettenbruchentwicklung im Körper 


Ki) in Betracht ziehen, welche zuerst von Herrn Prof. Hurwitz(') 
behandelt wurde, so haben wir 





LU 








VE SVEZIA 
7 2 
Also: Mindestens einer von zwei aufeinanderfolgenden Näherungs- 
brüchen ürgend einer komplexen irrationalen Zahl im Körper K (i) genügt 
der Ungleichung 


(!) A. Hurwitz: Über die Entwicklung complexer Grössen in Kettenbrüche. 
Acta Math., 11, 1887-88. 
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に - a 2 av); 
On Ay | On ie 7 
ansbesondere der Ungleichung 
de 2 
Za n < ーーーーーー 。 
| Qn | 19 





Dies kann man als eine Verallgemeinerung des Vahlenschen Satzes 


betrachten. 


Sendai, März 1918. 


The Stability of the Parachute, 
by 
S. BRoDETSKY, Bristol, England. 


1. A parachute can be defined mathematically as a body sym- 
metrical about an axis, descending under the influence of gravity and 
the resistance of the air, with the axis of symmetry vertical. If the 
parachute suffers any disturbance, the stability or instability of the 
oscillations set up will depend upon the extent and form of the “um- 
brella” experiencing the air pressure, and the disposition of the masses. 
constituting the psrachute and passenger. 

The undisturbed motion of a body falling vertically in a resisting: 
medium is discussed in any standard treatise on dynamics. ‘There is a 
certain velocity, called the terminal velocity, which represents the maximum 
speed attainable in such motion. In practice this velocity is acquired 


fairly soon, and therefore it will be sufficient to consider the stability of 


a parachute descending with the terminal velocity. 

We take the centre of gravity of the parachute and passenger 
combined as the origin of rectangular coordinates. The y axis is taken 
along the downward direction of the axis of symmetry, and two lines at 
right angles to one another in a perpendicular plane through the centre 
of gravity are taken as the axes of æ and z respectively. The axes thus 
defined are fixed in the body and move with it. 

In the undisturbed motion the y axis is vertically downwards, and 
axes of x and z are horizontal. To obtain the directions of the axes in 
space in a disturbed position of the parachute, we follow the notation 
used by Bryan in Stability in Aviation. We suppose the parachute rotated 
first about the axis of y (from z to x) through an angle の , then about 
the axis of z (from x to y) through an angle の and finally about the 
axis of © (from y to 2) through an angle g. Then the cosines of the angles 
that the new directions of the axes make with the downward vertical 
are 


sind, cos の coso, —cos Ü sin の . 


Let W be the total weight of the parachute and passenger, the 


pero 
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latter being supposed to hold on tight so that he has no independent 
oscillation; A, B, A the moments of inertia (in gravitational units) about 
the axes of x, y and z respectively. ‘The products of inertia are all 
zero by symmetry. Let W be the terminal velocity. If u, V+v, w are 
the velocities of the centre of gravity along the axes of x, y,z, and の , 9, 7 
are the angular velocities of the parachute about these axes, in the 
disturbed motion, then the equations of motion are 





一 ( du +qu—r(V+0))=Wsind—X, 
OM 























ua dv +ru—pw)=W eos 6 cos o—Y, 

SEC 

— Do +p(V+v)—qu)=— W cos d sin o—Z, 

g\ dt (1) 
A dp + A—B Br, 

VAI g 

LB dq =— M, 

Be at 

a VE N a 

g di I 


where X, Y, Z, L, M, N are the components of force and couple re- 
presenting the air resistance, reckoned positive when they tend to oppose 
the respective components of motion. 

2. To investigate the stability we suppose u, v, w, p, 9, * and also 
6 and @ to be very small, and neglect squares and products of small 
quantities. The equations of motion become 


Ey du _ Vr)= W6-X, A dp っ の 




















PAIA: g dt 
W dv Seli B dq Sr (2) 
Echt, g dt 
act dt 


In the undisturbed motion we have 
クー ン の ビ ンー ニッ ドー ルー0 re 


We therefore write 
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A=u X, +e Kt ut Kr Kr X, 
with similar expressions for Z, L, M, N; also 
Y=Y,+u Y, + u, +w Yotp ¥,+¢ Yıtr Y,. 


We suppose the air to be quiet. 

Because of the symmetry about the y axis, and therefore also about 
the wy and yz planes, it can be at once seen that all the resistance de- 
rivatives are zero except 


と ye 7 F, ん T 5 € 
oa x}, ve Tis by Jha a ba ME FA SA EV. © 


The equations of motion thus simplify into 



































We の 
Mi ae ES 
g dt の 
ん 
AR) na 
OR at 
Ji : TIT 
an du ie Wh p=— Wo-w Zu—Pp zZ 
u L g 
A dp (8) 
di Hoi = —w L,, er’, DES 
(eat hi 
SIE =-qM; 
OO 
A dr 2 Sip Neri 
UBI 
By virtue of the relations 
. h . / 
ンー を +an2 tuta O08, 0 TE — cos の sin の a と 
we can use 
dg eae dé so 
dt dt 
Hence the equations (3) can be separated as follows: 
7 
U de‘ ニー デー の Ye (3,) 
CR 
by itself; 
B dq 
Pare BB < 
ca Toma ha) (3) 


by itself; the pair of equations 
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W du WV 








r= W6-u X,—r X,, 





g dt 9 

AV ar (Bu, ») 
D Er = —u N„—r N, 

gi 


and the pair of equations 











テ 
UL dw AL WI p=—-Wo-w Ly Py | 

g dt の 

; (3755) 
AL di = —w L,—p Ly. | 

CILE 


3. The equation (3,) represents the oscillation in the vertical motion 
about the terminal velocity. Since Y, is obviously positive, it follows 
that this oscillation dies out, and is therefore stable. 

The equation (3,) represents the rotation of the parachute about the 
axis of symmetry, i.e. about the vertical practically. M, is also positive, 
owing to air friction, so that this rotation, if generated, dies out. 

The equations (3, >) give the translation and rotation in the plane 
zy; similarly the equations (3,,,) give the translation and rotation in 
the plane yz. Since these are separate pairs of equations, it follows that 
the motions in the planes wy and yz can be treated separately. Thus 
the general theory of the stability of the parachute is only a two- 
dimensional problem. 


In (3,,,) put 
du du 


CAMILA 
dt di 


do _ 
at 
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where À is the exponent in the exponential function representing the 
oscillation. Then we write 


= — —— —- 


and we get for À the two cquations 








W Lu A r= ーー —u X,—7r X,, 

4 ul | CH) 
A r = ~ -uN,_rN. 

I 


Eliminating the ratio u/r we get for À the determinantal equation 
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N, Em 
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Similarly the oscillation in the yz plane is governed by the deter- 
minantal equation 





wy —/i+Z, WER Bet, コン =0. (5%, ») 
9 g À 
in Ben) 
の 


As a check on our results we can use the fact that by sythmetry 
the equations (5, ,) and (5。 p) should be identical. This is so, since the 
rotation in the yz plane is opposite in sense to that in the xy plane, and 
therefore by symmetry 


Lo Lo==Ny = — x, L,=N,. 


We shall therefore consider only the equation (5,,,), and the stability or 
instability of the parachute will be determined by the signs of the real 
parts of the solutions for À of this equation. 

4, ‘The surface whose air-resistance is most important in the para- 
chute is umbrella-shaped and not quite but nearly flat. As a first 
approximation we may consider it flat and ignore the skin friction, Thus 


we can put \ 


X= A, =0 * 
The equation for 4 is 
WA 3 di W N, 
の 9 
Routh’s conditions for stability (Advanced Rigid Dynamics, p. 228) 
are that 


WVN, 


Au * A+ WN,=0. (6) 


AIA N IN (アー — A) 


shall all be positive. It is clear that N, is always positive, since it is 
well known by experiment that a positive velocity u gives a centre of 
pressure displaced in the positive direction of the a axis. The conditions 
for stability thus become 
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and clearly both are included in the second. 
We thus conclude that the parachute is stable if 


5 7 . 
BEN Ar (7) 
To find N, for any lamina we use the fact that air resistances are 


proportional to the squares of the rates of displacement. Hence if the 
centre of gravity is at a distance d below the lamina, we use 


rie +) 








dr/V representing the complement of the angle of attack, and r/V the 
ratio of the angular velocity to the velocity of translation. It can, how- 
ever, be shown that to the first order of small quantities the second 
argument does not appear in N. (For this proof I am indebted to 
a suggestion by Prof. Bryan.) or suppose that d is zero; then 
N=f (0, 7/V). If now V is kept the same in value but is reversed 
in sign, it is evident that N must retain its original value and its 
original sign. Thus f(0, 7/V) contains only even powers of 7/V, so 
that when 7 is small we can consider f(0, 7/V) to be constant, clearly 
zero. ‘Thus to the first order we can take 


| dr 

varo(£2), 

ア 

where D is some functional form. Neglecting squares and higher powers 
of r, and remembering that N is zero for 7 zero, we get 


WERNE (8) 


where c is a constant depending on the air density, the coefficient of air 
resistance, and the dimensions of the parachute. We have 





N deri. 
and the condition of stability is 
Oder An (9) 
Now 
ZN AR (10) 
where e is another constant like c. Hence we get for (8) the condition 
SES (11) 


€ 
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where % is the radius of gyration of the parachute about a horizontal 
axis through the centre of gravity. 

The quantity ee is a constant from which the air density and the 
coefficient of air resistance have been eliminated. Also from considera- 
tions of dimensions it follows that c/e is proportional to the radius of 
the umbrella. Call this a. ‘Then the condition is 


ad>pk, (12) 


where 0 is a constant depending only upon the fact that the umbrella 
is a circular lamina. 

From (8) and (10) it is readily deducible that if the normal pressure 
and the couple due to the air resistance for a velocity U at an angle of 
attack & are respectively 


KSU:f(o), KSU?af.(a), 


then 


p=—f Ail aS (a)! : (13) 


% ニ ーー 


2 


p being in fact a positive quantity. It is of interest that the stability 
is independent of the nature of the resisting medium, as e. g. its density. 

5. The quantity p seems to be unobtainable for a circular plate, 
owing to the lack of experimental data for a lamina of this form. For 
a square plate with rotation about a bisector of the angle between the 
diameters, © can be calculated by means of the empirical formulae 
obtained by various experimenters. Using Buchemin’s and Soreau’s 
result we have 


2 sin の sin 4 COS の 
hei A) = > nn: 
1+sin° a (1+sin* &)(cos «+2 sin の ) 
We find p=4. 
For a circular plate po is probably not very different from 4, but 
the matter needs experimental investigation. 
6. The simplest form of the condition (12) is 


I? 


pere 14 
a Le (14) 


giving a lower limit to the radius of the umbrella for given masses, etc. 
If the radius a is given and we wish to find the possible disposition 
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of the masses in the parachute so as to ensure stability, we proceed as 
follows. 

Let the umbrella and appendages have a weight W, with centre 
of gravity at depth d, below the surface of the umbrella, and let the 
weight of the passenger be W, with centre of gravity at depth d,. Let 
W, ky’ be the moment of inertia of the former about an axis through its 
centre of gravity parallel to the plane of the umbrella, and W,k, the 
moment of inertia of the latter about a parallel axis through its centre 
of gravity. Then we have 

MA 


W+W ” 
pr Walk’ + (Ad) + 中 (が (あー の 9 
W,+ 5 


Thus the condition of stability is 
m (L—m) D’+(1—ım) kı’+m ky Ba 
m D +d, p | 
where m= W, /(W:+W,) so that W,/(Wi+ W,)=1—m, and D is the 
depth of the centre of gravity of the passenger below the centre of 
gravity of the parachute itself. The condition can be written 





m(1-m) パー ir D+ (im) b’+m ki — d<0. (15) 
ks / 


Since m (l—m) is positive, the condition is that the equation 


m (1—-m) D’— DNC — D+(1-m)k’+mkf en) (16) 
? 2 


Ù 


shall have real roots and that D shall lie between these roots. 
Hence stability is possible if 


Ce Se LG) hem k€ di) (17) 
p m ( 


and it is ensured if D lies between the values 


9 1/2 
re vent ==" ((- —m)k?+m LIA 4)| ト (18) 
2(1—m) | の 0 の 


Ì 
We see that the parachute descent is safe if the passenger holds on 
at a depth lying between two limits, assumiug that the condition (17) is 
already satisfied. 


A Generalized Pascal Theorem on a Space Cubic, 


by 
A 
KINNOSUKE OGURA, Osaka. 


In this note I will give a syn'hetic proof of the following theorem 
on a space cubic, which may be considered as a generalization(* ) of the 
Pascal theorem on a conic: 

When 1, 2, 9……… ‚12 are any twelve points on a space cubic, the four 
‚points 


12,2), (0, ETATS ONE 
| (2, 3,4),.(65%,.8)7.(10,11,.12) 1; 
[13,4 5), CT Byes lea 
1{4,:5,'6), 48,9, 10), 7012, ey 


(1) 


n 


are in a plane(*). 

(1) For other generalizations concerning a space cubic, see Encyclopédie des sciences 
mathématiques, (3) 4, fasc. 1 (1914), p. 128. 

(2) Let 6; (i=1,2,----,12) be any given quantities and f;,j,x denote the binary 
cubic forms (e—0; y)(x—0; y)(x—6x y). Then the theorem is equivalent to any one of 
the following two algebraic theorems: 

I. There exist the twelve constants A, u,v,----,v!'', for which we have the identities 

Afi, 2, 3+ufs, 6, 7 +v fo, 10, 1=A’ fr, 3, 44+’ fo, 7, 8 十 fio, 11, 12 
=N f3, 4, 5+ fi, 9, 9+v’’ fu, 12, =A” fa, 5, 6+W fe, 9, 10+v/// fiz, 1, 2. 

For the case of a conic, see Laguerre, Sur la représentation des formes binaires dans 
le plan et dans l’espace, Bull. de la Soc. Philomatique, (1) 40 (1872), p. 221 [=Oeuvres, 
ap. 2771. 

IL/ There exist the four constants lei, lea, 6s, ka, for which we have the identity 

ky K (fi, 2, 33 fs, 6, 73 £9, 10, 11) +2 K (fa, 3, 43 £6, 7, 8; fio, 11, 12) 
+k3 K (fs, 4,53 fr, 8, 95 fu, 12, 1) +74 K (fa, 5, 63 fs, 9, 103 fi, 1, 2)=0, 
K(f, +, Ÿ) standing for the determinant 
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Let us suppose that 2,3,4,---... ,12 are eleven fixed points on a 
given space cubic; and consider the correspondence between the points 1 
and 1, for which the four points 
A=[(1,2,3), (5,6, 7), ( 9,10,11)], 

24 (00) 001212); 
@=1(3x4,5), (1,8, 9) (11,12, T)T, 


D=[(4, 5, 6), (8,9,10), (12, I, 2)] 


(11) 


are in a plane. 
When 1 is given, the two points A and B are fixed and lie on the 
fixed line AB(=2). Also C is on the fixed line 


m= {(3,4,5), (7,8,9)}, 
and D on the fixed line 
n= {(4, 5, 6), (8, 9, 10); ; 


and the line CD intersects the line 7. Let us take any point 1’ on the 
cubic, and let C’ be the point of intersection of m and the plane 
(11, 12, 1’), and D’ be that of n and the line cutting 7 and n and passing: 
through C’. If 1” be the third point of intersection of the cubic and 
the plane (12, D’, 2), then there exists a one-one correspondence between. 
1’ and 1”; so that there are two self-corresponding points (that is, the 
points 1, for which the four points (II) are in a plane). Denote these 
points by 1, and ],. 

Conversely, when 1, is given the three points B, C} D are deter- 
mined uniquely. Hence the plane, passing through 2, 3 and the point 
of intersection of the plane (B, C, D) and the line {(5, 6,7), (9,10, 11)}, 
cuts the cubic at the third point 1. When 1, is given, a similar result 
will be obtained. 

It follows that we have a one-two correspondence between 1 and 1; 


so that there are three or ol 


self-corresponding points (that is, the 
points 1, for which the four points (I) are in a plane). 


But we can prove that the locus of the points 1 in space, for which 





which was treated by Profs. Rosanes, Lindemann and Hayashi. (See Ogura, 
Binary forms and duality, Tôhoku Math. Journ., (1918), p. 290.) 

For the case of a conic, see Hesse, Zur Involution, Crelle’s Journal, 63 (1864), 
[=Werke, p. 515]; and Fr. Meyer, Allgemeine Formen- und Invariantentheorie, 1 (1909), 
p. 361, where Prof. Meyer proposed to solve the question”’.---Wie lautet die entsprech- 
ende Übertragung auf kubische Raumkurven ? ” 
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the four points (I) are in a plane (P), is a cubic surface. Consider the 
tetrahedron having the faces 

(P); (1,33); (11,12,1); (12, 1, 2), 
which contain 


the fixed point [(2, 3,4), (6, 7,8), (10, 11, 12)]; 


the fixed line Lane や 
the fixed jine VHS 
and the fixed line 112, 2} 


respectively. Since the three edges 
(BP), (629): CP ARS DE NC) lee 
cut the three fixed lines 
{(5, 6, 7), (9,10, 11)}; §(8, 4, 5), 7,8,9)}; {(4, 5, 6), (8, 9, 10)! 


respectively, we obtain three trilinear point ranges. Hence the three 
faces 
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form three trilinear axial pencils; whence the locus of the vertex 1 is a 
cubic surface( '). 

Therefore we have, at least, nine points 1 on the space cubic, for 
which the four points (I) are in a plane; and consequently any point 
on the cubic can be taken as the point 1. ‘Thus the theorem has been 
established. 

Lastly we remark that a similar theorem holds good for the rational 
curve in space of n dimensions : 


pa=0", posj=0" SON RE » PTrn— の Pra =l, 


@ being the parameter. 


Ikeda near Osaka, March 1918. 


(1) F. August, De superficiebus tertii ordinis, Diss. Berlin 1862: F. London, 
Zur Theorie der trilinearen Verwandtschaft dreier einstufiger Grundgebilde, Math. Ann., 
44 (1894), p. 405; R. Sturm, Die Lehre von den geometrischen Verwandtschaften, 1 
(1908), p. 324. 
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On Some Methods, Especially Töjutsu, in the 
Japanese Mathematics, 
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TsuRUICHI HAYASHI, Sendai. 


和 算 = ニ 於 ケル 諸 種 ク 術 名 = ニッキ テ っ 其 ノ 定義 クッ 掲 ゲ ラン レ 居 ラ ザ ル 
ラ 常 トス ルケ ラ 以 テ , 正 営 = 某 術 ト へ ハ 如 何 ナ シモ ノ ナ リ サト 読 明 ス ルケ ニ 順 ルケ 
困難 ラ 感 ズル 場合 多 シ . MR BIL TAR BBR THs v 
テ , FORK = eH ER MEE RF (1768) Se HT sz) Fr 
—arıa#7), 各 解 = 術 名 ラ 附 ス , KHEA- TA AC PSR 7 E 
タリ , 依 リ テ 以 テ 敷 種 ク 術 ク 如何 ナル モノ ナル カラ 知 ケ ノ BE +2 = 
BAY. MITE = MI AA 7 ne ve, 2 et a EI) 
Fea VIB JES I. 

HE? MIE PSR? ny. 

“SGHaAFARS= EB. ARAH—R.- WER ”(*). 

BNF, 正方 形 内 =, 其 ノ 一 将 角 線上 = 中 心 ク 有 ス ル 
=77 SE) 7 fal 7 7X, 其 正 方 形 ノー 邊 クノ 長 サ ラー 
R+Irxrnrs*4[0 AREY ern Er). 
| “ZB ARUFT-PNEIE-KZEALRNIZE 
ech.” 

此 答 敷 ラ 得 シ = 種々 を ノ 術 アサ. 
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(1) “ ” チ 際 モル 部 分 へ 藤田 ノ 隙 逃 ナ リ , 但 と 明 = 誤 記 ナ リト 思 ヘ ル 部 分 ム 多少 衝 見 
ラ 加 へ テ 改 訂 モ リ . 
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『 解 彫 同 前 條 .“ 

天元 一 ト へ 我 人 等 現時 用 ユル 所 ノ 未 知 敷 ラ 代表 スル à ry. + 
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で ダー2og み 十 の +). 27 ÆMEF He > Pre LÉ 4 7 7 
v)bz. 

RAR EMMNF y 7B 1(-y ヲ 取 ラズ ) SEHR) 
FRR FS BBR -2% EZ 20 +0. ZIEH BRATZ 
得 ン ) ト ス . 

生 対 雨 敷 ラ シテ 相 浴 モ シ メ , 

—c-2arta=0. 
M=XR, AGG IVY, DI VG HA / REN ENTI ERI IN 


ZT F PRL AMF YD. 





(1) 00 Warn AE) Er). 


196 AN ies 2 


LE SEE 7 Ota Pr VvHIER 2a ラ 加 へ 2a+x b ALE Ota 7 
Fev 0420042 pz. MISE ad 748, MAIS ESTER 
| —a+2ac+e=—0 | 
748. (ar =O ト っ へ 書き 表 ハ ヘナ ズ .) LIF « ヲ 得 ト イフ ナリ ・ 
定 前 式 ノ 意義 及 ど 其 ク 使用 ノ 理 由 上 記 ク 供 = テ 全 ク 不明 テ チリ. Z 
ラ 有 理 = 解 租 も ン = つ , EY-B 得 タ ル 後 式 ノ 各 項 ノ 位 ヲ 穫 シ MF 
0+y ヲ 乗 ジ ) テ (「) 
0+(@ー?)9 一 =0. 
bv, 然 ル 後 之 ト 先 キ = 得 置き タル 前 式 
ー2 22 十 09 十 ダテ 0 
トラ 邊 を 相 加 フレ 
—9 x°+(a—x) y=0 
CLZERRrA17æ/ AT NY) MAVFUArRA 
(a—x)—y=0 
トノ 間 = 加 減 決 = ョ リ テ y FiGKAvY 
(a—a)?—(—2 2°) (—1)=0 
SP F 


tO ee LA 


DEE +). 


『 文 術 . 括 術 . 
“第 dB. Hy. 乗 定 法 〇 信 言 =. HE AM Ae” 
括 術 ト ハム 學 = 他 種 クノ 術 = ニテ 得 タル 結果 ラ 簡 約 シ テ 定 法 チ シモ ノラ 
求 メ , 成 シベ ク 直 接 = 既 知 敷 ヨ リ 未 知 敷 ラ 得 シノ 術 ナ リ . 前 諸 条 ニョ リ 
7 AR = i 7 > 
e=a(V 2-1) 
hw = 
VY 2=1.4142 
(1) BRIER a OA SR R= FAR array Te 


ニレ ラ 家 へ サザ リ シ モ ノ ト 見 =. MA? B= Me FT IE KAMAE a 2 E 
5 4 (1910) X 257 KH 263 = 於 テ 説明 シタ ルコ ュ ト アリ . 
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04142 


2 HE VAI, LI USA > ESTE? EHER v RIE 7 
得 , LIT HUN + FIR 2 A749. 


“ 文 術 . RI 

“第 十 三 (fH. wah 乗 二 十 九 . #4 4itFOM— BAK. A 
問 此 術 四 位 » 

ARM 

FERIA = Bil YF >> RUE = TACERE NAS (1914-15) 188-231 
We = ES (1915) 頁 1-17 = 於 テ 詳 論 シ タリ , BI TMA » 
密接 ノ 開 係 ラ 有 ス , 其 ノ 第 209 頁 = 於 テ 見 シ ガ 如 用 V2 2x AI 
トシ テ 


SION 17、 24° 29); 58,099 


Reo a? a) 72 do 17 dl 41° 70 
73%, 即 チ 第 十 位 モノ 





99 
70 
ヲ 取 り テ V2 7 SEV MVEA MISA 7 7 IERIE WES 9) 
トス レー 
— 29 
Pa 
70 
= AE Fi a = 29 7HR> 70 ニテ 除 ス レバ 彫 径 ラ 得 さ シ トイ 
20 DE | | 
ET ©, zx RE = PSF CLL Ho = BAW 7 Hi = DS 
テ , BURR RA, See? Her 2-1 Mar HR 278$ Ars 
Mr pit, 


«Soli 統 術 

“gem GB. i SU Dir. er. AZ SM 
(BOAT. age, INR BIS LT. PE 

Rx? 1 (We svar 1RN+v--HlF&77 147 
ッ モ リ ) ト シ 之 レラ 方 面 1 尺 ョ リ 減 ジテ 974, HRAV- 81 “EH 


138 Bk dl dui 


x ノ 自 乗 ノ 2 =. RI 2 
(10 一 1)? 三 2 X12 三 79. 
CRIE (SIM. Di, PRR. az. BEBO RT - 
ie, NOREIBANRE. BOR” 
EE 7 22, vey)rv, 前 ノ 如 クシ 
(10-2) 2 9756, 
VOCINA bine 
R=. Slug. Li at. ae. BEB o ee. 
He, SUN BIBS". HAE 
EX 7 3 (8 寸 ク ツモ リサ ) ト >, 前 ノ 如 クシ 
(10-3) sea ol 


CRMNRAR tal te. CARA BS" BA. AA 
Wii. ABI A[HRAWATE. OL BU MES. 
内 併 減 法 廉 SEO. pre HSN. 1 OHO. ac Meg. BE 
方 開 之 . BI. ARI” 

(79 —56)—(56—31)= —2, 
3 (56 一 81) 一 5(79 一 56) ニ ー40 , 
2x 79—(—2)—(—40)= +200. 
TE =jJR7 +200, —40, —2 7 AJ 7 E) 100, —20, -—lry, wv 
夫々 二 次 方 程 式 ノ 係 敷 トシ 
100— 20 z—2°=0 
745. Zv7f7-MK7/Er=7+). 

armer > > IE ER ARI Erd 7 À 7. 

hit? poet = 7 RE, 正否 ラ 別 別 スル 能 ハ ぞ . > 
未 ダ 営 テ 統 術 ナ シル モノ ラ 説 明 も シュ トナ ク , RZ AN He RH 
此 席 = 挿入 スシ ニー 不適 営 テ シラ 以 テ , 附 銚 ト シテ 最後 = 委 敷 之 が 説 
明 ラ 試 ミ ント ス . 


CRAN. HA. 
“tr. A EI Ets I EZ Be. 


A SED me BEG = 7. ' 139 








BA. ASPEC 
ia PRX. Ju F Ju 5%. EF. met 
BC Dest. PE-R ME-=. 
忠一 差 . 以 除法 除 之 . RIK. MBIE, 
B=. 以 除法 除 之 . AIK. Wes, 
Rue. 以 除法 除 之 . LEE ems, 
HR KICK ASAP RRS. EEE. 合間 . 
“© RIA: 
ーー exıy 
RR n 
= NE [VE | atti | ana la 
VE | 
sa 1 HO SHOD 
1 
ss 1 Ob SERRE an 
] 
Lisa 
; 1 Fe 
= HOP» PO oe SAN 


FR. EC. 
+ 1 21) ni 


RIRE. 


AT. 


HAITI] 


ARRE. AN 
ORH 4s 


cat 


“ARG ZEMIH-A> 2 b LTR” 
BING | Se ee YY FA 0? (*), SOT = HE 


開 ス ケ ュ トラ 用 ユル 術 ナ リ . 


但 シ 無限 肖 敷 トイ ラス ハー 征 ノ 法 則 = 必 と 


テ 誘 半 シ タル 敷 列 ノ 線 和 ラ 求 ム シモ ノ ト ハ カ ギ デラ ズ . 綿 和 ヲ 求 メダ シ 


(1) タ ト ス バ 東 京 委 名 物 理 亀 含 記事 第 2 期 第 4 ZB (1908) FL 446-453, 第 5 48 (1909) 
. K 43-57, 9 (1910) E 407-414, 第 6 @C1911)E 144 一 152 7 SM x xy, 
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林 di 


7,467 mr UA, SEA C2 7 VU 7 RE kev) 7 Ds PTE 
PBvAvapervpvse, ZAK? BA? MM ( タ ト ム 極限 値 て マデ 
WA AY boy ere, WRT IRE 7412 BOR A= 7 CF fit = DI 
Etre) L127)}7RAr*7+). AM Brrr Li 解法 赤 其 ノー 














BT). 
AZ à トシ 彫 窟 ラッ r ar YAGI MWR MZ. 
2 x 997............ FE KZVi 7’ Kr r EX rar rn JE). 
PTT PERS ey peg 
99 
VAL RASO # 
a 70 LE 
POM o 2: 
BE 1 2: 
oe wee = 
dune: get か 
除法 光夫 a 
me PA. = 
X LA = 
BE 3 == 
SD 
D e . 
EE 4 nz 
四 差 7 
Pit RL + Se 
RI 
w= (CBO — (FBO —(— 34) —(2 Be) - (=) - (9 4) - (EX) 
ナリ トイ フナ リ 。 B= 
2 KE 8 LARE 
ト シア RARO 
i at 9 at II at 1.108 
a=al-a—-_—X_-—-— "cere 
8 1 8° IE. s° 128 
_ U, 1.1.8.6 ARES 1,1857 
ご LAB s° 1.2.3.45 
PLAN 


TEEN 


aaa 


1.1.3 


1_118 1 
2 123 3 





AL SED 7 16, # = BENG = MH 7. . 141 


1.234 1234508 





LT SE eo Su 
4 う 





TU = 
1} bg! SE Dean de aa i 
Vrai il it 1118 1 
Las ae he goad OY s° 


3 
DL ANA Ly 
1.9.34. # 1923465, # 


へ 先 キ = 雰 約 術 = ニ ョ ル 解 = 於 用 モタ ルビ 2 ノ 多 奉 テリ . k=>27E 
Web y ビジ 2 ノ 近 似 僅 ラ 得 シ ニス (「) 
Be 


だ 


と 2 に コル どー で =』1ー 





ALE Hale ea al ea ee ay: = 
24.68 0: 2.4.6.8.10 0° 


ii Eee! 

1720,12 (20% 123° (90%, 
MOIS SE NT. I 
CRV (025 102,34.0°° IE 





4H シ 
だ 9 


之 レ ヶ 前 記 ノ 藤田 ノ 方 法 翌 照 スシ ニ 相 合 ヘ ゲル ラ 見 シベ シ , RFU 
何 ニ シテ 上 ノ 方 法 ラ 得 シ ヵ 不 明 ナ 7. 
何 ト テン 有 翌 照 ニ ョ リ テ 


(1) fai Bik = ya FH 11 4B (1917) 真 17-37 Sr Wi ae 
BAMA CARE) [AU 7 2x < 2. 
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s=20= 524 
ゲ ジーク 
2 x 99? 
7 2x 99? = ——_ 
EN 99?— 2, x 70" 


ト セ ザル シベ カラ ザラ 以 テ ナリ ・ 所 主 除 法 チ ナル モク FRE N77 
why. FRI 2 IL? DTA >. 





Deke EF GAT 7731775, 今 此 機 會 ラ 利用 ジ 
テ 邊 を 委 敷 其 読 明 ラ 試 ミ ント ス , 典 搬 スル トコ ピロ ノ モン > EE PRR tls 
daje pHa BAR = à FR IC (1741) TIMER 7). blot 
TERESA RT ER = > 3 RIESI IEEE? PI). 

統 術 = 司 スル 條 項 ヲ , Behe, FA, SRE = Ve AR CBT 

y. PGR JE = + VENT R= v7 PERERA 7 AS > 

例 . ARG), EMPT ALT_7), SERATA. 
答 . Sex FU. 

me 

m7 1 ト セ バ 以 テ 100 ラ 減 ジ テ 茸 99 77. 
RE 1x4 ME 99x2, 相 併 モ セテ 202 79. 
paßt 272 ョ リ 少 き キュ ト 70 +). 之 グ 時 ト ズ ・ 

m7 2 ト セ バ 以 テ 100 RS THEW 77. 
RE 2x4, MER 98x2, 相 傍 も を テ 204 +7. 
所 題 敷 272 ョ リ 少 ナオ キ コ ト 68 +), 27 Ur. 

m 70 7 2 倍 シ テ , AG 68 Fike TPR 72, MA. 

内 甲 ラ 減 ジ テ 負 2, 法 ト ス 
wIyE= 74) 7 72+2 HI 36, RL. 

49 fl = 4 Ss I IMHU HER 


ax+by=c 
ac+b'y=c 
7 fer =), WAR a = 1,2 FrMi7 Mo, Zeillern y 7 MH 
ce 一 c—2a 


b 2 b 2 





FI SE M 7 = hir. 145 
IRA, 之 と 等 ラ gz 十 の 9 = 代入 スレ 
/ 
a+ (ca) 2a! + (0-24) 


zv7 e ョ リ 減 ジテ 各 残 9 ヲ る 2 トス レー 


= マー の 一 6- の , 7 p=(c' —2a’)— (20), 





2 ミー カ _ 6e 一 @' 
カー と ab’ 一 の 








PI. 

A2 fé = — 747 e FRAT rie = MERA > ED) 
rave, He) HEFT SS ER I 7. | 

R + = TA PA 7 OR BBE = 2 7 — > 7 BE CBF BRE) = = テ 解 方 
EE 7 Je 7. 

ERREURS — 

m7 3 ト セ ンマ 100 ョ リサ 減 ジ テ 難 OT ナリ. 
足 敷 併 セ テ 206, 所 題 敷 272 ョ リ 少 キュ ト 66, 甲 ト ス . 

m7 6 rer 100 ョ リ 減 ジテ 難 94 +). 
足 敷 併 セ テ 212, 所 題 敷 273 ョ リ 少 キュ ト 60, Ira. 

m 66 7 2 倍 シ テ , AG 60 Fike, fe 7223 ( 物 メ 兎 ノ 敷 ト セ 
YEO FIO TF 216, Hr. 

CGIAR IRO TA 6, BLA. 

7 = 7 EY 216-6 Ep 36, Br wrx. 

ZvI—fK=A 22%, WAL? HMTER AZ =I 7, AR er, 
2r + MG 7, ZeAlkrr y 7 

6G 一 7 の 6 一 2ra 
Be b 

IRA, Zre7 ax+by HATT» 








SEA b’ an! の 
ra tini ie 2ra Tagen ate 
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Yves の IM 7 HE) 7 57 トス レン 
/ 
30) ra) (e-ro), y=(c' —2ra!)— ——(e- 20). 
SR 3 >° 


ED (2 一 7 


カー5 
ナチ リト セル ナリ. HE 


クー ab! —a'b 
by». 
He= JE 2 gr + ER Es FY BRI A 2 7° æ 2 + 7. 
E — 


m7 7 be ov 93, HD RM 214 = > Fr 272 a) br 
キュ コト 58, 甲 ト ス . | | 

7.8 be vA 92, HI EM 216 = シテ 所 題 敷 272 ョ リ 少 ナ キ 
er b O65 7,067. | 

m7 2 倍 シ , BRA7MRES 60, fr 

OIA ine 2, Hers. 

7-74) 30, 之 = 7 rR wre yvBO7M~ 1 Ce 
BOTA ve HR 36 74. 

ュ ン ラー 般 = ニ イス っ", 前 記 ノ POLAR = 7, RX + = a, a+1 
+7, 之 = 閉 應 スル y 216 

c 一 の @ e—(a+1)a 
AE b 

TR; AVI awerby ニ 代 人 スレ 





aa + ee aa), (a+1)a+ —(c —(a+1)a), 
puy d ョ リ 減 ジテ 各 残 9 プラ EN have 
(de a0) -———(c- 0), y=(c'—(a+1)a) (eli +1)a). 


RT 





の ーー Zn 
クーS 





Mino wie BEG = MF. 145 


BI ド オ イン ナリ 。 BE 
SEG ar FEES cb! — be’ 
クー ab! — a’b 
+). a 任意 クノ 敷 ナ サリ . 
n= ii 77 
2°—7, —E+7 





7 掲 グ . 
炊 ギ = スニ 次 方 程 式 ヲ 解 クラ ュ ト ラ 要 スル 問題 = 凌 ス シモ ノラ 逃 べ 


FARA 
WER 2=1,2,8 + rf 7 AREA b AAV b 7 = KIA < + FR 
(Pr ve RIRA=73L)7—-%3)Z=5w2r y 7 fi, yyy” 
ラ 求 メ 之 レ ラ 第 二ノ 開 係 = 代入 シテ 絶 習 項 = 起 っ ル 差 ( 較 ト イフ ) 6,7, 
c( 之 ヲ 各 甲乙 本 敷 ト イフ ) ラ 求 メ , 更 = 

u=°—n, りー クー 
FAN PRES オイラ フラ) ラ 求 メ , EF 
p=u—v q=3v—-5u, r=2—p—q 
ヲ 求 ムレ 所要 クノ © -IRFEX 
r + gx + pr =0 
AEF IY. 
DI. eGR)? ) Ki 68 CRIS) = v 7 RACE) BA 

+), RIAWRI+ >». &. PITY, BI +. 

企 長 ヲ 夫 を ty トス レバ 既知 敷 ト 未知 敷 ト クノ 間 = 成 立 ス ル 開 係 へ 

ダー ターク , 
xy=69, 

= % ヲ 健 定 ス レバ 之 = 2 ラ 加 へ y FH, ZI à = 乗 ジ , Hh 
63 + 7 (EFFE) 7 157,0 F2. ( ュ ム 面積 > 差 = シ テ 眺 積 + 
Me) 

会 水 常 式 ニ ョ リ テ ı=1,23,3 +771" 

é—60, 7=55, E=48, 


2 ニー2, g=—4, z= 120 
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IF RAB 
126—4x— 27%" =0 
Er. 
一 般 = 聴 立方 程 式 
| y=f (x) 
g(x, y)=@ 


IM) E? 412 to 
E=a-g (1,f(1)), 7=0—-9(2,5(2)), S=a-9(3,Î(3)), 
u=—9(1,f(1))+¢(2,F (2), 
v= —9(2,f (2)) + 93,F (3), 
p=u—v, p=3v—bu, r=B’=p—q| 
= Y FBO KRHBR 
が 十 92 十 pa =0 
ラ 得 タル ナリ . 故 = 此 ノニ 次 方 程 式 ガ 
(2, f (x))=a 
pes a FR 740 Barer FI, ツノ 等 償 ナ シュ トノ 設 明 へ 次 ノ 
un >. 
会 
Pr = 9 (x, f(x))= Ax° + Ba +C 
rex x 74%->Y= 12353 bier 
= À + B +C, 
p=4A+2B+C, 
p=94+3B+C 
ナウ ワル EN 
ー24 ニ ニーム の 十 2 の 一 の 三 , 
—2B=59,-89+39=9, 
—2C= — 69,4 6¢,—2¢9,;=r—2a. 
ae. 
の 。 三 の 
BDF 
Az’? + Be+ C=a 
= ニ 代 入 ス Vox 


和 算 中 ノ 術 .- 等 = 統 術 = 就 テ . 147 


pa +qe+r=0 
» FW. 
嘱 除 常 式 モ = 赤 叱 ク 方 法 ニ ョ リ テ 其 ノ 委 営 チ シュ トラ 示 シ 得 べ シ . 
PISTE 


ュ ス 常 式 = 於 ケル シッ クノ 値 12.8 有 ノラ 代 ハリ ニル 2797 Fie wR 
2 WE? m2 > FIR? IRFER 7 +, 其 根 = 7 7R°7 EL? 
値 ト ス . 

RA SRS 

= ス 常 式 = 於 ケシ タッ ノ フ 値 128 27>) = aat+l,a+2 Fir 
常 弐 > 時 クノ 名 クシ テ 得 ん 所 ノニ 次 方 程 式 ラ ヲ 解 キ , 其 根 ニ < 70 1 7 


YR 7 REE? Tb >. 
R= PAM 77 > 


一 22 上 6 ニー, 
ー5s 二 82 一 3 て ニー の 
65-87 +2°=—r 
ラプ 記 憎 スペシ. 


LAN 
= 扶 リ テハ 上 ト 同 様 ニ シテ , 障 立 方 程 式 
y=f (x) 
g(x, y)=a 
FILRVb AVNER 
o(x, f («)) =a 


ガ 三 次 方 程 式 ト ナル 場合 = 用 モラ ル ヽ 術 路 ラ 得 タル モノ ナリ ・ 
p,= Ax + Be + Ce+D=a 

by 
n=4A+B+C+D, 
0,—=8A+4B+2C+D, 
g,—27A+9B+3C+D, 
0,=64A+16B+4C+D 

BRA CD FTREITL? 

Ax + Be + Cx+D=a 
= 代入 も ん 方 程 式 ヲ 解 キ タル ナリ ・ 
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SA SETE | 
第 一 太 第 二 = i FRR aT 1,28 7 KK) =e 1, 20 Ir 


R a a+l,a+2 FR FTRIHR/ BE? MIERERHERN 7 IF 
YSIMe THe pt) Ma 7 VHEAr AR a1 7077333 } 
F 所要 ノ 値 ラ 得 タ シナ リ - | 
i = WA AE 77» 
—§437—3€+o=—p, 
85 — 247 + 216 —6w= —4q, 
— 266 +577 —42¢ —llw=—r, 
942 367 +246 —6w=—s 
ラ 記 憶 ス ベ キ ナリ . 
統 術 秘 十 = 均 差 式 ト 航 ス シモ ノア リ , rn B77, LÉ = 
i 
PERS = 7 oR à ノニ ッ ノ 恨 定 敷 ラ 夫々 d', ool RS 
jiac / 412 6,7 FEI 


アー (25 E a — 2”) Loge a 


£a 


Cm 
77 PPE Æ + 2. 


例 . SR= 100 アリ , BR 300 ナリ , KENT RA. 


se, 50. 

(reuse 7 à EI HT y braver 
y=100—x 
2% + 4y=300. 


= a =8 r Ar BEN 5 —84 
a'=20 Hr AV N ERE 7—60. 
之 レ ョ リ 前 公式 適用 シテ 
æ == 50 
7. 
— fie = FLAT REX 
y=f (x) 


p(r;y)=a 
br, BY 


MIL 7 te, B= he Hr. 149 


$2=9(%f(e))=Av+ B 


pPALVON 
o/= Ae! +B | 
9, = Ax’ + B. 
enza?) 
A= を ー Pe PSE x nn 
7 = 


/ // ml // tI / 
Px es 2 + T の 。 <= の 。 ーー 


aa a — all 


ラ 解 クベ キュ ト ュ ナル アル, HAAR) =i M7 67 ヲ 用 ヒシ モ 
Der). 
AAR SMF’ RME à 7 ZI’ BERCZIIER 1A 7) 
7 deo! トシ de" + nf Revs (EB 
トイ オフ), 前 記 ノ 如 ク る みて ラ 作り す 7 従 テ 得 ん 所 ノニ 次 方 程 式 ヲ 解 ゃ 之 = 
HE vd F3E7K7K= ie ラ 加 フル モノ ナ ザ . 
均 差 式 立方 等 モ = 赤 同 様 ナ リ . 
MER=-E) 7 2, RIVE He) EREDE = MR FF 
リ . 故 = 和 算 家 へ 大 = 之 ラ 秘 下 セ シ モ ナノ ナル ベ シ . 
以上 へ 松永 良 編 ク 編 モル 統 術 縄 括 ニ ョ リ テ 記 逃 も セ を シモ ノ ナ ル ガ , JR 
He EEF (1792) 春 正 = 於 テ 統 術 秘 集 テ チル 書 ヲ 校正 モリ , JE 
本 何人 クノ 編著 テル カラ ヲ 知 ラズ . 所 解 ノ 問題 七 人 筒 = シ テ 綿 テ 利息 算 ナ リ . 
今 其 内 最 モ 入澤 ナル 第 一 題 ラ ポ サ ン . Mo Rial? € 7 3 J HET J. 
優 令 金 王 雨 貸 シ 利 ラ 初 年 金 三 二 取 ん. 残金 元利 = 利 ヲ 加 へ ( 但 シ 金 
BUFR FINN), RESET HET I, JE GEM) + 
7, 
SE. SERI HA RE RI NEE, 
TE 47 0 トス レバ ニ 次 方 程 式 
{5(1+x)—3}(1+@a)—-3=0 


IM abv +r EVE => 7 FACE + JE) DIF = > A] 7 fn 


ズ . = 112 ヲ 乗 デル トキ 注 意 ス ベ シ ト イス ハル BL = AH = TR 7 > 


150 林 dl pra 


y=$5(1-+2)—3}(1+@)-3. 


1 1 
vp polesine Bem 5 9 
ウ は ツ Xi 10 V Yı n ) 


GR > ,® yy! vy — yy"! wy _ 11 _o 11014 Saas 
ee MANN I 
Diva 1 
tt =TR7 
ーーー トス シレン Ya 
アニ ーー pavo gl. 
タラ で yl ef! WW _...... 
ddd lv 
是 レ 所 要 ノ 解 テ リト ス . 
DRE X / MY. 


BALE FE 7 2 AI 7 MS FESTER), BETCA =F) 7 I~ CA 
VEIT IM ARE ©), AEREA BIA =A 
7 11 ZA SU FREE ERI TEL RULES 

ュ っ っ 所 要 ノ 利率 ラ à トス レ … 三 次 方 程 式 

[$50(1+2)—6}(1+2)—30](1+2)—40=0 
ラ 解 ク ュ ト ュ ナル . 其 ノ 解法 ヽ 赤 前 陳 ト 同様 ナリ . th? da) 
tile FINA). 

ZIU lv A iui RUE? RF À スル 方 程 式 ノ 棋 
2 ri 7 BREE = aI 7 Ran—ff, Ji v7, B77 € 
統 術 ト イヒ シ ガ 如 シ . | 

此 一 種 ノ BEER =F > ur m’ bat EVE? AA 
FIN u bro! トラ 取 シベ キモ ノニ シテ , 三 上 義夫 君 ノ 著 The Deve- 
lopment of Mathematics in China and Japan (1913), pp. 166-167 Re 
Prof. D. E. Smith R Y= ER/+ A History of Japanese Mathema- 
tics (1914), pp. 169-170 =JAR7 HER Se VR Dv, Vr Uwe 


3 
(1) A#=- ーー コロ VEL 不明 ナリ ・ 
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保 14 46 (1729) =BorerHeaMipaArrv 7 UF). & 
2 FIERTÉ 7 BIER HEMT FL = eR DV AN 7 ben 
リ . 但 シ 藤田 クノ 校正 へ 中 根 ノ 著 = 後 ア シュ ュ ト 約 四 十 年 ナ 7 . 

Doth = Hi = wish + es HS, PME, 統 術 演 段 , 統 術 招 差 等 ノ 書 ラ ヲ 
見 シモ , 統 術 ト へ ヽ 果 シテ 基 クノ 如 キ 術 ナリ トム 和 也 定 と 難 シ , RAE RTS 
ENETFTFIVANHGCOIZE DZ 統 術 ト 同人 ノ 著 モル 統 術 秘 佑 ト = ニス 
ラ 上 記 ク 如 キ 相違 アリ , 但 余 ハ 前 者 ラ 以 テ , HEY 7 Mk / 統 術 綿 括 ラ 以 
テ 統 術 ク 本 態 t ナ サントス. 


大 正 七 年 三 月 


On Integral Inequalities between Two Systems of 
Orthogonal Functions, 


by 
KINNOSUKE OGURA, Osaka. 


Let 
AE), Aha), == > Sala), …… 
9), Pla), …… ICO RESOR 


be two different systems of orthogonal functions in the same interval 
(a =xÆ bd), such that 


CLS (AI, (e MO So 


If we put 
Fn (2) =9n(®) + $n (x), 
then 


[L= | are MP) (RE) da, 
so that 
ÉCOLES [#09 (ax. 
Similarly 
[ oO) dea 2 fon 0) Ym (0) de 
Next, since È i 


/ f m (x) J; n (x) dx = | “On (x) On (x) dx + J on (x) dn (x) dx 


+ fente) (2) dot ft 2) Pe) 
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we have 
b Se ひ b 
/ En (2) Py (a)da= — | J Om (X) Dy (2) de + Il On (€) Gm (a) de | : 
a a a 
Hence the Schwarz inequality 


b 2 の の 
| f fn) on) de | = f yi (ar. [oa 


becomes 


[ fem (2) hu @) de + f IA] 


の 0 
= 4 [ の (UY Ga IK i Pa (x) (ae) dae, 


which may be written 


b 2 
| J Om (x) Ln (2) da — Î (2) Dn () dr | 
ER | il toa en (a) ca / (o (x) d, (+) de 


= [em A) Pula) de [8 94 (9 de | 
Therefore we have the identities : 
Î "Gn (2) fm (2) da” [aMgs@a=0, 
[em (0 on (@) de [ en (0) 4a (0) de 


b b 
È f Om (2) da (€) de. / On (22) Um (2) de ZO, 


the latter belonging to the type treated by Prof. M. Fujiwara('). 
.It follows from these. inequalities, by a short calculation, that there 
exist the following integral inequalities among fn (2), fa (2), Om (®), Oni () : 


1~ fl m) pm (2) de fa) pa (2) da 


(1) Fujiwara, Ein von Brunn vermuteter Satz über konvexe Flächen und eine 
Verallgemeinerung der Schwarzschen und der Tehebyeheffschen Ungleichungen 
für bestimmte Integrale, Töhoku Math. Journal, 13 (1918), p. 228. 
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+f Su (0) Pn(0) a f fale) Gal) de ZO, 
=f Fa 2) pn (0) def ola) pa) de 
+f Sa (0) Pm (2) dr i ‘fu (2) Gn (1) da 


— [Fa ©) 0 0) def AOL NOTIZIE 


mens m n=1,2, a) 


which may be written respectively 
Fi frs En (2) de | E [naar EU DI 
1- f Tin (2) em (0) tha (2) pa CD] dr 


ara (x), Um (y) n Pm (x), Pm (y) dx dy = 0 > 
tal a) Ay) À Pat) Pn (y) | = 


(men; m, n=1, 2, 7% DE 








Ikeda near Osaka, May 1918. 


(1) This is an immediate. consequence of the Schwarz inequality: for from 


PE fn (x) di “jsfr wae fe n@)de=1 


23 OPC 
と a 


we have 





Determination of the Central Forces acting on a Particle 
whose Equations of Motion possess an Integral 
Quadratic in the Velocities, 
by 


u 


KINNOSUKE OGURA, Osaka. 


Darboux determined the conservative forces acting on a particle 
whose equations of motion possess an integral (other than the integral of 
energy) of the form 


(1) P&+0Q&%Y+RY+Si+TY+ K=const., 


where P, @, R, 8, T, K are functions of the position of the particle 
(x, y)(*). In this note I will treat the problem of similar nature for 
the central forces. 

Tet the equations of motion of a particle which is free to move 
under the central force ア 7 be 





(2) (の 7 ニー - 7(④, y): 


Van ne EES Di ea 
It is required to find the function F(x,y) in order that the differential 
equations (2) may possess an integral of the form (1), other than the 
integral of angular momentum. 
Differentiating equation (1), and substituting for % and % from (2), 




















we have 
ra rar Fo rer re 
Tan Ey 


(1) Darboux, Archieves Néerlandaises, (2) 6 (1901), p. 371; Whittaker, Treatise 
on the analytical dynamics (2. ed., 1917), p. 332. 
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F 
— [2Pri+Q(xÿ+yt)+2Ryÿ+Sx+ Ty ]=0. 
VE +4 
Equating to zero the term of the third degree in x and グ , we have 
or OP 4 9G _ © du OR Ok 
=0, pet nes Ed 0, e ui 
da Oy ee, 2 Oy 2 x Oy y 


from which it is easily seen that the terms of the second degree in the 
integral (1) must have the form 
(ag +by+c) d+(-2axey—ba—b'y+c) tÿ+(ax +b'x+c) x, 
where a, b,c, 6’, c', c, are constants. 
Again equating to zero the terms of the second degree in % and % 
in (3), 
OS a4 ; | 
DEI O ye Oy 














from which we have 
S=my+p, T=—-mx+g, 


where m, p,q are constants. 


Further equating to zero the terms independent of & and % in (3), 
we have 


の = に 7 まう (た 


pxtqy=0. 


This equation shows us that if p and q be different from zero, the force 
has the constant direction ; for 


RUS ANY Re oy Be 


Em, | q 
Hence the constants p and 9 must each be zero. 
Lastly equating to zero the terms of the first degree in & and 7 


in (3), 








SK N! 
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SIT A vas | Mea 
DEE DAL ae Ee 





Oy very 


EEE " 


a 


menus 








DETERMINATION OF THE CENTRAL FORCES. 157 


Differentiating the former with respect to y, and the latter with respect 


to a, and equating the two values of thus obtained, we have 

















een 2 の F 

| an 7 very on "Oy Va +9 
F x 2% =) Ye 

dex Va +Y 9 MP Un, Va + 


and replacing P,Q, R by their values as found above, we obtain 








F 
4 peo 4 AIT b’x Top or 
(4) (¢, v2 y—b x + à 0g var 
F 
(—2cx—-c y—-bry— D og RE: 


=3 (bx—b'y). 


This partial differential equation can be integrated in the following 
way. The characteristics are determined by 


ax dy _ dlog ガリ カン ゲー ゲ 


ンー 


et 2ey—bar+ bay —2en—ay—bay+b'y 3 (2% 一 どの 
so that putting 


F — 
14 a + 7" グ 


ビー 





ここ 


and 
L=cx+2cy, M=-2ca—cy, N=bx-Pb'y, 
we get 


(5) A ER, 
Na-L Ny-M Ws 
which belongs to the type treated by Fouret(*). Consequently it 
follows that if we regard +, y,z as the rectangular point coordinates in 
space, this system represents (special) W-curves in space. 
Now since 


(1) Fouret, Comptes Rendus, Paris (1876); Wilczynski, Projective differential 
geometry of curves and ruled surfaces (1906), p. 282. 
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Ne-L Ny-M 


is a Jacobi equation, it can be integrated by the ordinary method, and 
the integral is 


UNO w-4 = const. 





=const., 
vw 


where 
| u=ar+fy—1, vB2cat+(q—A)y, w=2cx+(c+4)4; 
a=(b +20 c) た 5 P=(60' c+2b) 47°, AzVor—4cc. 
Next in virtue of the identity 
a L+B M=N, 
we obtain from (5) 


a dx+fB dy _ dz 
ax+fiy—1 2 


う 
whose integral is 

2 

ーー const. . 

u 
Therefore the general integral of (4) is 


(6) RE ta) 
uw i 


vw 
where 7 is an arbitrary function. Thus we have arrived at the 
theorem : 

The only cases of the motion of a particle, under the action of the 
central forces, which possess an integral quadratic in the velocities other 


than the integral of angular momentum, are those for which the force has 
the form 


ァ ー レ ダキ (一 ), 


VW 


where ¥ is an arbitrary funetion, and then the integral has the form 
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(ay+by+c) d+(-2axy-ba—b'yto)dy+(ax4+0 x+)j 
+m(yt—-x%)+K (x, y)=const. (1), 
IX (x, y) standing for the integral 


Il  [(Wy-M)do-(Ne-1)dy]. 
u 


Here we add some particular cases : 
I. If we put 


pee 


= C=C so G—U: 


then 


- ) > (aeVa+9); 





F=—r 7 ( 


7 


and the first integral becomes 
2 (& +4?) — | (=) r dr =const., 
2 T° 

which is nothing but the equation of energy. 


II. If we put 


di) consti, 
then 
(7) Zen, 
(Ax+By+C) 
A, B, C being arbitrary constants. 
Again, if we put 
a 
の ( く ) 三 5? , 


we have 


(8) ーー ーー ーー ーー 
(A, x°+ B, vy + Gy’)? 
A,, B,, C being arbitrary constants. 


(1) If we use the integral of angular momentum 
yx—vy=k, (le, any constant), 
the above equation may be written 


ex? +0, cyte y? +k (ba—b/ Y)+X (x, y) =const. . 
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Now remembering that (7) and (8) give the laws of force discovered 
by Darboux and Halphen in the Bertrand problem (*), we infer 
the theorem : | | 

When a particle describes a conic for any initial condition under a 
central force, the equations of motion have an integral quadratic in the 


velocities. 


Ikeda near Osaka, May 1918. 


(1) Darboux, Comptes Rendus, Paris, 84 (1877), p. 936; Halphen, ibid., p. 939; 
Appell, Traité de mécanique rationnelle, t. 1 (3. éd., 1909), p. 400. 
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A designer of machinery requires a curve having the following properties: 

(1) A closed curve touching a given circle at two diametral points and enclosing it. 

(2) The sum of the three radii from the center of this circle to the curve which 
make with each other angles of 120° is constant. 

(3) The locus of a point which lies at some constant distance from the curve on its 
inner normal must be such that it is also the locus of a point fixed on a bar of some 
simple linkage. In estimating the value of the word “simple” pivoted bars are preferred 
to slides and the total number should be as small as possible. 

Condition (3) is needed to enable a cylinder to be ground accurately to the curve. 
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An Example in Differential Geometry. 


The total curvature of the surface, whose linear element is 
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is equal to 





where py, and py are the radii of geodesic curvature of the parametric curves v=const. 
and w=const. respectively. 
Hence the surface is 
of negative curvature when m<0, 
of positive curvature when 0 <m<2, 
and of negative curvature when m>2. 
It is to be noticed that when m=1, the total curvature is just equal to the sum of the 
squares of the geodesic curvatures of the parametric curves (T. H.) 


ゃ 
A Characteristic Property of the Pseudosphere. 
The surface of revolution whose geodesie curvatures along its parallels have constant 


value is the pseudosphere ; and conversely. The radius of geodesic curvature is equal to 
the radius of total curvature (T. H.) 
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Introduction. 


ee 


The notion cf equality and inequality being one of the fundamental 
conceptions of mathematics, we find several sets of axioms concerning 
them in mathematical works. Dr. Otto Stolz, in his “ Theoretische 
Arithmetik,” states that the following conditions must always be satisfied 
whenever equality and inequality are defined. 

1. Es muss jedes Ding sich selbst gleich sein. 

2. Wenn a=b ist, so muss eben deswegen b=a sein. Desgleichen 

wenn a und 5 ungleich sind, so auch 6 und a. 

3. Je zwei Dinge des Systems müssen entweder gleich oder ungleich 

sein. 

4. Wenn a=b und d=c ist, so muss a=c sein. 

And he also states the following as the necessary conditions to be satisfied 
by the definitions of “die grössere und die kleinere Grösse ”. 

5. Wenn a>0 ist, so muss d<a sein und umgekehrt. 

6. Von je zwei ungleichen Grössen muss die eine als die grössere, 

die andere als die kleinere erklärt sein. 

7. Wenn a=b, b>c, so muss a>e sein. 

8. Wenn a>ò, b>c, so muss a>e sein. 

From these propositions he deduces other propositions concerning equality 
and inequality. 

Bertrand Russell in his “ Principles of Mathematics ” states the 
following as the indemonstrable axioms which the relational theory of 
magnitude obliges us to assume. 

a. A=B, or A is greater than B, or A is less than 5. 

b. A being given, there is always a B, which may be identical 

with A, such that オー が . 
c. If A=B, then B=A. 
d., If A=B and B=C thens4—C. 
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e. If A is greater than 5, then B is less than A. 
f. If A is greater than 6, and B is greater than C, then A is 
greater than C. 

e. If A is greater than 5, and B=C, then A is greater than C. 

h. If A=B and B is greater than C, then A is greater than C. 
From these propositions he also deduces all the other propositions. But 
neither Stolz nor Russell gives any complete proof of their mutual 
independence( * ). 

E. V. Huntington, in his “ The Continuum” and in “ Annals of 
Mathematics”, series 2, vols. 6 and 7, gives a set of assumptions con- 
cerning the relation < as follows. | 

1. If & and bare distinct elements of K, then either a<d or b<a. 

2. If a<b, then « and 6 are distinct. 

3. If a<b and b<e, then a<e. 

Here he gives the proofs of their mutual independence. But this set of 
assumptions concerns only one relation <. 

In the following paper, I have tried to construct sets of axioms 
concerning equality and inequality, which have the three fundamental 
properties required in a set of axioms, namely independence, consistency 
and sufficiency of axioms. 

In Part I, I have constructed fundamental sets of independent axioms 
which are sufficient to deduce all propositions concerning equality and 
inequality, and further to construct as many of them as possible and 
to compare their characteristic features. Also when investigating their 
properties, I have found that a very slight modification of one of the 
axioms sometimes led to a set of axioms presenting very remarkable 
properties quite different from what we shall expect. Thus I have 
been led to construct a more general set of axioms, containing the two 
main branches, one of which is the usual, while the other is quite 
strange. ‘hese are discussed in Part IT. 

Moreover it is true that the classes of things, in which all the prop 
sitions concerning equality and inequality hold, cannot necessarily ba 
brought into a one-to-one correspondence, retaining their mutual relations 
of equality and inequality. In other words, the sets of Part I are not 
categorical. ‘Therefore, in Part II, I have constructed the categorical 
sets of independent postulates concerning equality and inequality. 


(1) In his book above cited, p. 100, Stolz also mentions 6 (but 7 in substance) 
axioms concerning equality and inequality, and only adds that every axiom is indepen- 
dent of the preceding ones, but the proofs of their mutual independence are not given. 
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PAT ews 


Fundamental Sets of Independent Postulates. 


Of several sets of independent axioms obtained by the suitable com- 
bination of propositions concerning equality and inequality, we select 
two of them as representative, each of them having certain characteristics. 
After having proved that each of these sets has the three fundamental 
properties, we shall proceed to discuss generally all possible sets and 
their mutual relations. | 


SECTION 1. SETS OF INDEPENDENT POSTULATES. 
THE FIRST SET OF POSTULATES. 


We will take a class of things, the number of whose elements may 
be finite or infinite. ‘The equality or inequality of these elements to each 
other are the relations between them, defined by a set of the following 
five propositions. 

I. Any two elements of the class satisfy at least one of the three 
relations “equal to”, “ greater than” and “less than”. 

II. Any element of the class has at least one element which is equal 
to it. 

III. If A is less than B, then B is greater than A. 

IV. が A is equal to B and B is greater than C, then A is greater 

than C. 
V. If A is greater than B and B is greater than C, then A is 
greater than C. 

This set of axioms is characterised by the fact that the mutual 
relation of axioms is very delicate and even the slightest alteration of an 
axiom of the set, which may seem to be almost negligible causes an 
essential change in the properties of the set. For example, if we replace 
Axiom IL by an analogous one Il’: 

“ Any element has at least one element, to which it is equal,” 
then the new set of axioms is quite different from the original, for in a 
class of things satisfying the new set of axioms, there may be two 
elements A, B, such that they satisfy the following propositions, which 
are very different from the usual. 

1. If A is equal to 5, then B is greater than A. 

2. A is greater than itself. 
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Similarly when we replace Axiom III by an analogous one: 
“If A is greater than B, then B is less than A”, 
a similar change in the properties of the set occurs. So this set of 
axioms leads us to inquire into’ some singular sets of axioms. In Part 
II, we shall discuss these subjects in more detail. 

This set of axioms is also characterised by the variety both in the 
form and in the nature of every axiom in the set, compared with the 
second set of axioms. Namely, Axiom I asserts that any two elements 
ought to be in a certain relation to each other, and Axiom II asserts 
that for any element of the class there must exist an element having a 
definite relation to it. Axioms III, IV, V, are propositions in usual 
form, and the hypothesis of Axiom III implies only one relation while 
that of Axiom IV implies two relations of different kinds and that of 
Axiom V two relations of the same kind. But it is to be remarked that, 
in contrast with the variety of their hypothesis, their conclusions are all 
the same and are concerned with only one relation, viz. “ greater than”. 


THE SECOND SET OF POSTULATES 


I. Any two elements of the class satisfy at least one of the three 

relations “ equal to”, “greater than”, and “ less than”. 

‘ II. が A is greater than B, then B is less than A. 

III. If A is less than B, then B is greater than A. 

IV. If A is equal to B and B is equal to C, then A is equal to €, 

V. If A is greater than B and B is greater than C, then A is 

x greater than C. 

This set of axioms is more symmetrical and elegant in its form than 
the first, though they are identical in substance; and the nature of the 
mutual relations of the axioms is very different from that of the first ; 
namely if we replace Axiom V by the analogous one V’: 

“ If. A is less than B and B is less than C, then A is less than C”, 
we get a set of axioms having the same property as the original, and if 
either Axiom II or III is replaced by the other (analogous in nature 
and form) the new set is again identical with the old (there are no 
Axioms analogous to I and IV). 

From these, we may affirm that one of the characteristic properties 
of the second set of axioms is the stableness of the mutual relations 
of its axioms while that of the first set of axioms is their unstableness. 
In the last part of this section, we shall have occasion to add another 
remarkable fact explaining these characteristics of both sets. 
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Moreover, in this set, the form and nature of the axioms are not so 
different as those of the first set, for Axioms II, III are very similar 
in form and nature; and Axioms IV, V have also very regular forms, 
the three relations contained in their hypothesis and conclusions being 
all the same. But, on the other hand, it is to be noted that the con- 
clusions of the axioms of the second set include all the cases of the three 
relations, while the conclusions of the axioms of the first set include only 


one relation, viz. “ greater than.” 


In the following, we shall show that these two sets of axioms have 
the three fundamental properties required in a set of axioms. But, in 
doing so, when we have to see what propositions will follow from a set of 
axioms by logical deduction, we must be careful to insure that our deduction 
is accurate. The only way to insure this is to think of our fundamental 
propositions, not as axiomatic propositions about things, but as blank 
forms in which A, B, C,------ may donote any objects we please, and the 
relations “equal to”, “greater than”, “less than” any relations we 
please. The deductions made from such blank forms must necessarily be 
purely formal, and so will not be affected by the troublesome connotations 
which often attach themselves to any concrete interpretations of the 
symbols. ‘Therefore we shall treat the above set of axioms as a blank 
form, namely as a set of postulates rather than as axioms. For that 
reason, it will be better to write the above postulates in symbols as 


follows. 
THE FIRST SET OF POSTULATES. 


Postulate I. Any two elements A, B of the class satisfy at least one 
of the three relations ASB, ASB, ASB. 

Postulate II. Any element A has at least one element B, such that 
Be) A. 

Postulate III. If ASB, then BOA. a 

Postulate IV. If ASB and BOC, then AGC. 

Postulat V. If ASB and BSG, then AGC. 


THE SECOND SET OF POSTULATES. 
Postulate I. Any two elements A,B of the class satisfy at least 
one of the three relations ASB, ASB, ASB. 


Postulate II. If ASB, then BCA. 
Postulate III. If ASB, then BOA. 
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Postulate IV. If ASB and BEC, then ASC. 

Postulate V. If ASB and BSG, then AGC. 

From this point of view, our work becomes much more general than 
a study of the ordinary relations of equality and inequality ; it is a study 
of any system which satisfies the conditions laid down in our postulates, 
and so it constitutes an abstract theory of the three undefined relations 


©, 9, ©. 


In the study of independent postulates, it is very important to pay 
attention to the meaning of the words in which the postulates are ex- 
pressed. Misunderstanding often occurs from a vague notion of the 
postulates used. It will not therefore be out of place to explain clearly 
the meaning of our set of postulates. 

I. By our Postulate III “if. AGB, then BGA”, we mean that 
from the hypothesis AG, only one relation BOA follows, and the 
other relations BSA and B<A do not occur with BGA at the same 
time. ‘This being the natural meaning our postulate is to be understood 
accordingly throughout this paper unless specially stated otherwise. ‘That 
is to say, the postulate “if AQB, then BOA” is to be understood as 
the abbreviation of the proposition “if two elements 4, of・the class 
satisfy the relation AGB, then B, A always satisfy the relation BOA, 
but never the relations BEA and BQA”. 

But, on the other hand, as the postulate only asserts that, from the 
hypothesis AQB, the relation BGA always follows; and as, besides this 
assertion, it says nothing as to whether the other relations concur or not 
with the relation BGA; and moreover as nothing hinders the concurrence 
of these relations since our relations ©, ©, © are pure symbols and have 
no meaning in themselves, one inay suppose that the conclusion of the 
postulate may sometimes accompany the other relations BGA or BEA 
with the relation BOA (* ). 

The same may be said of Postulates IV and V. The difference of 
the above meanings, though it seems very trifling, has a considerable 
effect in the establishment of a set of independent postulates. If the 


meaning of our postulates be taken as the former, then from each of the 


first and second sets of postulates we can prove that any two elements 
A, B of the class satisfy only one of the three relations ASB, ASP, 
ASB, (the proof of this will be given in section 4). But if the meaning 


‘of our postulates be taken as the latter, then the above proposition cannot 





(1) Of course we may construct a class of things having such a property. 
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be deduced from our set of postulates, so in this case Postulate I must 
be replaced by Postulate I’ :— 

Postulate I’. Any two elements A,B of the class satisfy one, and 
only one, of the three relations AS B, ADB, ASS. 

The proof of the above will be given in section 2. But, if, in the 
first set of postulates, the conclusion of only one Postulate IV is admitted 
to be unique, then the proposition in question may be deduced from the 
first set of postulates. And also in the second set the same may be said 
when the conclusions of Postulates II and III are admitted to be unique. 
In the latter case, the uniqueness of the conclusion of only one of Pos- 
tulates II and III is insufficient for the purpose. Its proof will be given 
in section 2; and as to the deduction of the proposition in question in 
each case, it will be given in section 4. ; 

II. In the propositions concerning equality and el one often 
uses the words “it is equal to itself” or “A is equal to A” In 
this paper also such words are often used. Now, as equality and in- 
equality are the relations between two elements of a class of things 
considered, if, in that class, a certain element is repeated, or, in other 
words, if the class contains two or more elements A’s, which are distinct, 
but are interchangeable with one another throughout a given discussion 
then the proposition “ A is equal to .A” may have the ordinary meaning 
the former A and the latter A being considered as distinct. But if the 
class of things contains only one element A, how shall we interpret the 
above proposition? Here we may choose between the following two. 

Firstly, we may reject the above proposition as absolutely meaningless 
in such a class of things; and secondly, considering the image of the 
element A in our mind, or considering the element A as consisting of 
two coincident elements A and A, we may understand the above pro- 
position as the relation between these two elements. 

If we take the first interpretation, the proposition “if ASB and 
BSC, thn ASC” has a meaning when, and only when, A and C are 
distinct, while, according to the second interpretation, it has a meaning 
even when A and C are one and the same element. Throughout this 
paper, we shall take the second interpretation unless specially stated other- 
Wise. 

The interpretations of the above proposition also give a considerable 
effect to the set of independent postulates, for, if we take the first inter- 
pretation, then the proposition : 

“any two elements A, B of the class satisfy only one of the three 
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relations ASB, ASB, ASB,” 
cannot be deduced from our set of postulates, even when their meaning 
is taken as the former one stated in I (the proof of this will be given 
in section 2). Moreover when we take the first interpretation, in order 
that our set of postulates may be sufficient to deduce all the propositions 
concerning equality and inequality from it, one more postulate 
“ Postulate VI. Every element of the class is repeated at least once ’’ 
must be added. For, without this postulate we cannot prove the propo- 
sition “if AGB, then BSA” and many others from our set of pos- 
tulates (the proof of this will be given in section 2). Therefore the 
complete set of postulates in this case is as follows. 
The set (A). 
I’. Any two elements A, of the class satisfy one and only one 
of the three relations ASS, ASB, ASS. 
II. Any element A of the class has at least one element 5, such 
that they satisfy the relation BDA. 
III If ASB, then BOA. 
IV. If ASB and BSG, then ASC 
V. If ASB and BOC, then AGC. 
VI. Any element A of the class is repeated at least once. 
But, here by the addition of Postulate VI, if the uniquenss of the 
conclusion of the postulate be admitted, then the latter part of Postulate 
I’ becomes superfluous and we may therefore omit it. Nevertheless if it 
be not admitted, then the whole of Postulate I’ must be preserved and 
each postulate is independent of the other. 
Further we may replace Postulates IT and VI by Postulate II’: 
‘ Any element A of the class has at least one repeated element A 
satisfying the relation ASA.” 
Thus in this case we have the following set of postulates. 
The set (B). 
I. Any two elements A, B of the class satisfy at least one of the 
three relations AGB, AO B, ASB. 
Il’. Any element A has at least one repeated element A, such 
that they satisfy the relation ASA. 
III. If ASB, then BOA. 
IV. If AGB, and BOG then AGC. 
V. If ASB and BOG, then ASC. 
That the postulates of this set are independent and sufficient will be 
proved in sections 2 and 4. It is to be noted that Postulate II’ is not 


180 KUNIZÒ YONEYAMA : 


equivalent to Postulates II and VI since Postulate IT’ cannot be deduced 
from Postulates II and VI (the proof of this will be given in sec- 
tion 2). But, strangely enough when each of them is combined with 
the same Postulates I, III, IV, V, they form equivalent sets of postulates, 
for, the set (A) is equivalent to the set (BD), each of them being deduced 
from the other. 

Next compare the first set and the set (5), and notice that they are 
exactly the same except the difference of only one letter, namely that 
the letter B of Postulate II is replaced by the letter A of Postulate IT’. 
When the relation of an element to itself is admitted, from both of these 
sets all the propositions concerning equality and inequality can be dedu- 
ced. But when it is not admitted, a striking difference arises between 
the two. For, any class of things satisfying the set (B) always satisfies 
all the postulates of the first set, while the converse of it is not neces- 
sarily true. In other words, if we consider the class of all classes of 
things satisfying the postulates of the first set, then it contains not only 
all classes satisfying the postulates of the set (6), but also other classes 
which do not satisfy them. Among the latter classes, there are some in 
which one or more of the following five fundamental propositions concern- 
ing equality and inequality do not hold good, while all of them neces- 
sarily must do so in all classes satisfying the postulates of the set (B). 

Proposition I. If ASB, then BOA. 

Proposition IL If ASB, then BEA. 

Proposition III. If ASB and BSC, then ASC. 

Proposition IV. If ASB and BEC, then AOC. 

Proposition V. If AGB and BSG, then ASC. 

The above fact shows that these five propositions cannot be deduced from 
the first set when the relation:of an element to itself is not admitted, 
while all of these and all others are always deduced from the set (B), 
(the proof of this will be given in section 9). By this example we shall 
see how great an influence the difference of only one letter may have on a. 
set of postulates. | 

Thus when both the uniqueness of the conclusions of the postulates 
and the relation of an element to itself are admitted, the first set is a 
sufficient set of independent postulates concerning equality and inequality ; 
and when the former is admitted while the latter is not, the set (B) is 
a sufficient set of independent postulates concerning it; and when the 
latter is admitted while the former is not, or when both of them are not 
admitte!, in order to have sufficient sets of independent postulates, we 
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have only to add the condition that any two elements of the class must 
satisfy only one of the three relations to postulate I of the first set and 
the set (5) respectively. Thus, from this point of view, we have the 
four different sets of postulates, and, for convenience of ‘reference, we 
shall call them the sets of the first type, the second type, the third type 
and the fourth type respectively, and recapitulate them here in full. 
Set of the first type. 
I, Any two elements A, B of a class of things satisfy at least 
one of the three relations ASB, ASB, A&B. 
II. Any element A has at least one element B, satisfying the relation 
BOA: 
III. If ASB, then BOA. 
IV. If ASB and BOC, then AGC. 
V. If ASB and BOC, then AGC. 
Set of the second type. 
I. The same as that of the first type. 
Il’. Any element A has at least one repeated element A, satisfying 
the relation ASA. 
III, IV, V. The same as those of the first type. 
Set of the third type. 
I’. Any two elements A, B of a class of things satisfy one and 
only one of the three relations ASB, ASB, AGS. 
II, III, IV, V. The same as those of the first type. 
Set of the fourth type. 
Il’. The same as that of the third type. 
II. The same as that of the second type. 
JIT, IV, V. The same as those of the first type. 


Hitherto we have dealt with the first set of postulates only. But 
if the second set be taken and the above considerations be applied to it, 
we find here again a remarkable difference in the characters of the first 
and the second sets. Namely, when the relation of an element to itself 
is not admitted, the first set not only loses the proposition AGA, but 
also the five fundamental propositions concerning equaltiy and inequality 
as we have already seen. On the other hand, the second set loses only 
one proposition A@A as its necessary consequence, and all others are 
left unchanged. In other words, the first set is very delicate and unstable 
and changes its essential properties by a very slight modification of it while 
the second set is stable and remains almost unchanged by such modificatione 
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SECTION 2. INDEPENDENCE OF THE POSTULATES. 


The method of proving the independence of a proposition A from 
other propositions B, の …… , M, usually consists in finding a class of 
things which satisfies the propositions B, C,------ ‚M, but not A. The 
legitimacy of this method is obvious, since the existence of such a class 
of things shows that the proposition A cannot be logically deduced from 
the propositions B, C,----- , M. : Hence, in the following, we shall use 
this method and give classes of things having such a property (firstly 
number systems, and then other concrete systems of objects). 

To construct number systems having the required property, we assume 
the existence cf real numbers, and make the following conventions 
according to the common usage. When a,b denote two real numbers, 
we use the symbol “a>6” instead of saying a—b is positive, and the 
symbol “a<b” instead of saying a—d is negative, and the symbol “a=b” 
instead of saying a—d is zero. Moreover, henceforth the words “ equal 


to”, “greater than” and “less than” 


are used in a sense quite different 
from the common usage, they are used to denote any relations whatever 
provided that they satisfy a given set ot postulates, and they are used 
instead of the symbols ©, ©, ©. We begin with the proof of the 


independence for the first set of postulates. 


INDEPENDENCE OF THE POSTULATES OF THE FIRST SET. 


(A). Postulate I is independent of Postulates II, III, IV, V. 

Consider a class of numbers {A (a, 6)}, where a,b denote any real 
numbers, and suppose that every element of the class is repeated any 
number of times. Now define the relations of its elements as follows :— 
(i). If A(a,d) and B(a’, b’) denote the two elements of the class, then 
A is said to be equal to B (or, in symbol, AS)B) when, and only when, 
a=a’ and b=0’; and (ii) A is said to be greater than B (or, in symbol, 
A&B) when, and only when, a—a’>b—0’'; and (iii) A is said to be 
less than B (or, in symbol, A&B) when, and only when, a-a’<b—b'. 
Then this class of numbers satisfies Postulates II, III, IV, V, but not 
Postulate I. (For the convenience of reference we shall call this class 
of numbers the Class (%A).) 

Proof. (a). The class does not satisfy Postulate I. For, select four 
real numbers a, a’, b, 6’, so that aæa/, b+b', a—a'==b—b’ (it is clear 
that such numbers exist in our class) and with these numbers construct 
two numbers A (a,b), B (a, の) of the class, then by the above definitions 





POSTULATES CONCERNING EQUALITY AND INEQUALITY. 183 


we cannot determine whether A is equal to, or greater than, or less 
than B. Thus the class of numbers does not satisfy Postulate I. 

(b). The class satisfies Postulate II. For, every element of the 
class is repeated any number of times, so if we denote two of them by 
A, (a,b), A, (a,b), then, by definition, A, is equal to 4. 

(c). The class satisfies Postulate III. For, when A (a,b) is less 
than B (a’, 0’), we have by definition 

a— a <b—D’, 
therefore 

a’ —a>b'—6, 
which shows that B is greater than A. 

(d). The class satisfies Postulate IV. For, when A(a,b) is equal 
to B(a’,b’) and B is greater than C(a”, 0”), we have 

ace whens a’—al’>b'—b"; 


therefore 
Pd 


e 一 @ の "6 一 の 7 
which shows that A is greater than C. 

(e). ‘The class satisfies Postulate V. This may be proved in exactly 
the same manner as in (d). 

(B). Postulate II is independent of Postulates I, III, IV, V. 

Consider a class of numbers {A (a, d)}, where a denotes one of the 
integers less than 100, and 6 denotes zero; and further add to this class 
a number N(a=100, 5=1). In this aggregate {A (a,b), N }, define the 
relations of its elements as follows:— (i). If A(a,b) and B(a’, b’) denote 
two elements of the class, then A is said to be equal to B when, and 
only when, a—a’/=b+0’; and (ii) A is said to be greater than B when, 
and only when, a—a’<b+0’; and (iii) A is said to be less than B when, 
and only when, a-a'>b+0'. Then this class of numbers satisfies all the 
postulates other than Postulate II. (When every element of this class 
is repeated any number of times, we shall call this class the Class (%).) 

Proof. (a) The class satisfies Postulate I. This is evident from 
the above definitions. 

(b). The class does not satisfy Postulate IT. ‘Take N(100,1) as a 
given element A, then there is no element which is equal to A. For, 
in order that B(a’, b’) should be equal to A, the relation a’—100=0'+1 
must hold good, but, since a’=100 and d=1 or 0, it clearly does 
not. Thus A has only no other element equal to it, but also it is not 
even equal to itself. 
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Remark 1. It is to be noted that N has another element M (99, 0), — 
to which N is equal, but none which is equal to N. Moreover in this class 
N is greater than itself. 

Remark 2. In this class of numbers, any element has always an 
element to which it is equal, though a certain element has none which 
is equal to it. i 

(c). The class satisfies Postulate III. For, when A (a,b) is less 
than B(a/,b'), we have 

a—a’'sb+0', (6+ の =0, or 1, or 2), 


and accordingly 


a—a’>0, 
and so 
a' —a<Q, 
from which follows 
a’—a<b'+0. 


Thus when A is less than B, B is greater than A. 
(d). The class satisfies Postulate IV. For, when A is equal to B 
and B is greater than C(a”, 5”), we have 
a—a=b+b', 
a! —al <b +b", 
and accordingly 
a—a'<b+b" +2. (1) 
But by the definition of equality, if A denote N (100, 1), then B must 
be the number M7 (99,0); and if A denotes any number other than N, 
then B must be A itself. Therefore in any case 6’ must be zero, hence 
from (1) we have a-a”<b5+0", which shows that A is greater than C. 
(e). The class satisfies Postulate V. For, when A is greater than 
B and B is greater than C, we have 
a—ad <b+0', 
a'-a'<b' +b", 
and accordingly 
a—a'<b+b" +20. (1) 
(i). Now if A denote N(100, 1), then B must also be N, since, if not, 
we would have the relation 100—a’<1+0 (where og = 99), which is 


clearly impossible. When B denotes N, C must also be N by the same 
reason. Thus in this case we have 
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a—a’=100—100, b+b!"=1 +1, 
and accordingly 
a—a'<b+b", 


which shows that A is greater than C 
(ii). If A is any element other than N, then B may or may not 
be N. First suppose that B is N, then C must also be N. Thus in 
this case 
a—a'"=a—100, 6+6”—0+1, 
therefore 
a—a"<b+b", 


which shows that A is greater than C. Secondly suppose that D is not 
N, then 6’=0 and from (1) we have at once 


a—a'<b+b" 


showing that again A is greater than C. 

Remark. If we consider a class of all real numbers, every element 
except 1 being repeated any number of times and the element 1 not 
being repeated, and if we define equality and inequality of its elements 
in the usual manner, then this class of numbers (which we shall call the 
Class (%’)) will be sufficient to prove the independence of Postulate II 
from the other postulates, when the relation of an element to itself is 
not admitted. But as the remarkable property of the element N (100, 1) 
of the previous class (9) is often used afterwards, and morover as the 
class may be always used, no matter whether the relation of an element 
to itself is admitted or not, here we use this class as an example to prove 
the independence of Postulate II. 

(C). Postulate III is independent of Postulates I, II, IV, V. 

Consider a class of numbers {A (a,6)}, where a denotes any real 
number and 5 any positive real number; and define the relations of its 
elements as follows :— (i). If A(a,b) and B(a’,b’) denote two elements 
of the class, then A is said to be equal to B when, and only when 
a—a’'=b—D’; and (ii) A is said to be less than B when, and only when, 
a—a’<b+0b' and a—a'#+b5—b'; and (iii) A is said to be greater than B 
when, and only when, a—a =0+0'. According to these definitions, 
this class of numbers satisfies all the postulates other than Postulate III. 
(When every element of this class is repeated any number of times, we 
shall call this class of numbers the Class (€).). 
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Proof, | (a). That this class satisfies Postulates I and II js evident 
from the above ‘definitions. 
(b). The class does not satisfy Postulate III. For, when a, a’ are 
given, we may find 6 の, so that 
[a—a |<b+b', gー@ 6 一 の , 
by taking 0,0’ sufficiently great. With the four numbers thus determined, 
construct two elements A (a, 6), B(a’, b’) of the class, then since 
a-a' <b+0' a—a'+b—bd', 
A is less than 5 by definition. But, since 
|a—a’ |<b+b, 
we have 
a'-a<b'+b, a—a=b'—b, 
which shows that B is also less than A. Thus in tbis class there are 
some elements which do not satisfy Postulate III. 
(c). The class satisfies Postulate IV. For, when A is equal to B 
and B is greater than C(a”,d”), we have 


(1) a—a =b-b, 

(2) a’ —al’ = b' +b", 
By adding (1) to (2) we get the relation 

(3) a—a" =b+6", 


which shows that A is greater than C. 
(d). The class satisfies Postulate V. For, when A is greater than 
B and B is greater than C, we have 
a 一 @ +640, 
piaciono = bb", 
and accordingly 
a—a" = b+6"+ 20’; 
but by the hypothesis の is positive, therefore we have 
ua >6+.6"", 
Thus in this case A is greater than C. 
(D). Postulate IV is independent of Postulates I, II, III, V. 
Consider a class of numbers {A (a, d, c)j, a denoting a positive 
integer of the form 1+nd(d>3), and 5, c any positive proper fractions ; 


and define the relations of its elements as follows. 
If A (a, b,c) and B(a’, b’,c’) denote two elements of the ae then 
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A is said to be equal to B when, and only when, one of the, following 
relations holds ; 


1. a—a’+b—b'’=c—c’. / 
I RO er ER Ed: 
18. a=a’, b+)’, 6-bd'>e-c, c-'+0. 


4. a=a, 6 キキ の 5 の 6 一 ダマ ce 一 の , c—c £0. 
The remaining cases are divided into the following two : 
5. a_a'+b-b'>e-c’, aa’. 
6. a=a’, 6 手 の , b—b'<c—c, c-c'<0. 
(7. a— a +b—b'<c-=c', aka. 
(8. a=a', b+b, b-b’>c—-d, c—¢>0. 
In the case II, A is said to be greater than 5, and in the case III, A 
is said to be less than B. Then this class of numbers satisfies all the 


DI, 


DIL 


postulates other than Postulate IV. (When every element of this class 
is repeated any number of times, we shall call this class the Class (D).) 

Proof. (a). The class satisfies Postulate I. For, any two elements 
A, B satisfy one, and only one, of the three relations : 


(a). a—-a'+b5—b'=c—c'. 
(b). a-a+b-V>c—c. 
(c) g@ 一 の オオ 6 一 ご e 一 @. 
Now each of the relations (b) and (c) may be divided into the following 
three cases: 
(b,) asta’, a-a'+b-b'>e-d. 
(b。) a=a’, b=)’, a-—a'+b--b'>c-d. 
(b。) a=a’,-b=0', a-a'+b—b'>e—-d'. 
(a) aa’, a-a'+b—b'<c-d'. 
(ce) a=a’, b+b', a-a'+b-—b'<c—d'. 
(c.) a=a’, b=b, a-a'+b-—b'<c—d'. 
and further the relations (b。) and (c,) may be subdivided into the two 
cases : 
(b.) a=a’, 6 手 の , c-c'>0, gー の 十 6 一 ゲ >e 一 @". 
ie a=a, bb’, c-c'p0, a-—a +b—-W>Dc—c. 
(c/) a=a/, b+b, c-d<0, a-a +b-V<c—d. 
La a=a', b+b', e—c 40, a-a'+b-—b'<e—c'. 
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Thus any two elements of the class satisfy one, and only one, of the 
relations (a); (b,),\\(b,’), (b.’’), (bs) 5 (er), (cr), (Cr), (cs). Now (a), (b2’), 
、 (bs), (e2””), (63) belong to case I, and (b,), (cg) to case II, and (by), (ci) 
to case IH. Therefore any two elements of the class satisfy one, and 
only one, of the relations of cases I, II, III. 

(b). The class satisfies Postulate II. For, given any element 
A (a, 6, c) of the class, we can always find a’, 6’, e’, such that 

| CE GANT ni 
and if we construct B (a’, 0’, c') with these numbers a’, の, の, then by the 
definition I, 2, B is equal to A. 

(c). The class satisfies Postulate III. This is evident from the 
definitions of “greater than” and “less than”. 

(d). The class does not satisfy Postulate IV. In this class there 
are elements which do not satisty Postulate IV. For example, taking 
88 87 
10) IDO 


a=1-+ nd, select a’, bd, c';a",b",c", so that 


two positive proper fractions 6 ご and an integer 


2 
d'a, bieb; cette 
7700’ 
2 3 
a =a, Re a 
i 00’ "100° 


then A(a,b,c), B(a',0,c) and C(a”,b",e') are the elements of our 
class, and yet they do not satisfy Postulate IV. 
| In the first place, since 
U= 0, be D merke 
by definition I, 2, À is equal to B. Next, since 
a=a", Wb", b-b'<e'—d'<0, 
by definition II, 6, B is greater than ©. Lastly since 
a=a", bb", b-b'>e--d', d-c'<0, 
by definition I, 3, A is equal to © Thus while A is equal to B and 
B is greater than C, A is equal to C, and so they do not satisfy Postu- 
late IV. 
(e). The class satisfies Postulate V. For, when A is greater than 
B, and B is greater than C, we have 


ae a— a +b—b>c—c, aka, 


or 





ED LA 
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(ii ) a=a, bÆb, b-b'<c-d, c-c'<0; 
and 

(iii) a'—a"+b—0">c—c", a +a/, 
or 

(iv) D DEEE DE DR CPE OR ee ol <0: 


Accordingly here the four cases are to be distinguished. 
Case I. Combination of (i) and (ili). 


In this case a—a” is not zero. For, if it were, (a—a’)+(a’—a’”) 
would be zero and therefore (a—a’) and (a'—a”) would be of opposite 
signs. But since 


la-a’|>3, 16 一 の | <1 and |e 一 @ | くう 
we have a—a’>0 from (i), and similarly a'—a”>0 from (iii). Thus 
(a—a’) and (a'—a”) cannot be of opposite signs and accordingly a—a’’ 
is not zero. Further by addition we have 


a—a' +b-b>c—d' 
from (i) and (iii). So by definition II, 5, A is greater than C. 


Case II. Combination of (ii) and (iv). 


In this case we have 

(ii) a=a, b+b, b-b'<c-d, c—c<0, 
and 

(iv) の b/ +b", 〆ー6/ ご 〆ーg/ d-d'<0; 
and from these relations by addition we have at once 

a=a", b-b'<c—c', e 一 @/ ご て 0. 

Further, since c—c’<0 and b—b'<ce—c, 6 一 が is negative, and similarly 
b'—b" is also negative. ‘Therefore the sum of them must also be nega- 
tive. ‘Thus in this case we have 


a=a", b+6", b-b'<c-c', c—c'<0, 
which shows that A is greater than C. x 


Case III. Combination of (i) and (iv). 


In this case we have 
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(i) \ ata’, a-—a'+b—b'>ce-d', 
| (iv) | ar”, bb", グー の ご ツー の 7 d-e'<0. 
a From (i) we know that a—a’ is positive and by the hypothesis it is 
| greater than 3; and moreover since a'—a” is zero, we have 
a—a!'>3. 
Thus the relation 
一 @ の 7 上 ムー67 >e—d' 
clearly holds good. Further from the relations a+a/, a'=a”, it follows 
that a+a”. So by definition IL, 5, A is greater than C. 


Case IV. Combination of (ii) and (iii). 


This case may be treated in exactly the same manner as in case IIT. 

Thus, in all cases, under the hypothesis that A is greater than 5, 
and B is greater than C, A is always greater than ©. 

Remark. This example is somewhat complicated, but it serves also 
to prove the independence of Postulate IV in the second set of postulates. 
Therefore this example is given here. If we wish to get a class of numbers 
serviceable for the proof of the independence of Postulate IV in the first 
set of postulates only, we may have the following simpler one. 

Consider a class of all rational numbers and define the relations of 
its elements as follows :— (i). If A(a) and B(b) denote two elements 
of the class, then A is said to be equal to B when, and only when, 
a+1=06; and (ii) A is said to be less than B when, and only when, 
a<b and a+1=#5; and (iii) A is said to be greater than B when, and 
only when, a=. In this class every element may be repeated any 
number of times. We shall call this class of numbers the Class (9’). 
Now this class (D’) satisfies all the postulate other than Postulate IV. For, 
from the definitions of equality and inequality, it is clear that this class 
satisfies Postulates I, II, III, V. And when we take three rational numbers 


A (a), B(a+1), C (c++) it is at once seen that A is equal to B and 


B is greater than C, while A is less than C. Therefore these three 
numbers do not satisfy Postulate IV. 
(E). Postulate V is independent of Postulates I, II, III IV. 
Consider a class of numbers {A (a, b, c)}, where a, c denote any real 
numbers and 6 any positive real number, and suppose that every element 
is repeated any number of times. Now, in this class, define the relations 


a 





gee, eee 
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(i). If A(a,d,c) and (の, が, c’) denote two elements of the class, 
then A is said to be equal to B when, and onlv when, 


人 0 た の ニム (IN ef; 
and (ii) A is said to be greater than when, and only when, 
a—a'+b+5' =e—e' (excluding the case a=a’, b=0', c=c’); 
and (iii) A is said to be less than B when, and only when, 
ad +b+b<e—c!. 
Then this class of numbers satisfies all the postulates other than Postu- 
late V. (We shall call this. class of numbers the Class (€).) 
Proof. (a). That this class satisfies Postulates I, II, IV is evident 
from the above definitions of equality and inequality. 
(b). The class satisfies Postulate IIL For, when A is less than 
B, we have 
ch) a— ad +b+b'<e—d', 
therefore | 
a —a—-b-b>d—ec. 
But by hypothesis, 0, 6’ are positive, therefore 
a — a—(b+b)+2(b+b)>e —c 
or 
a'-a+b+b'>c —c, 
and from (1) we know at once that the relations a=a’, b=b, c=d 
cannot hold good at the same time since 5,0’ are positive. ‘Therefore 
by the definition of inequality, B is greater than A. 
(c). The class does not satisfy Postulate V. In this class, there are 
elements which do not satisfy Postulate V. For example, taking any 


two real numbers a,c and a positive real number 0, select a’, 9, e ; a”, 
b’’, c’’, so that the following relations hold good, 


(a) a=a—h, vob =c—L, 

(b) SECO N; 
where k,l, m,n satisfy the two conditions 

(c) kimt+n—2<l<k+2b, KO, 

(d) 2b< m+n, I=En. 


It is evident that there are k,l,m,n satisfying the above conditions, 
because it is sufficient for tbe purpose to take m,n, so that they satisfy 
the relations 
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2b<m+n< 4b. 


Now with these numbers construct the three elements A(a, b,c), B(a',b’, c'), 
C(a", b,c’) of the class, then they do not satisfy Postulate V. 
In the first place, A is greater than B. For, from (a) we have 


a—a +b+b'=a—(a-k)+b+b=k+2b 


and 
e—c' =c—(e—l)=l. 
But by (c) 
k+26>1, 
therefore 


a—a’+b6+b'>ce-—¢, 
and moreover aa’ since k==0.. Therefore, by definition, A is greater 
than B. 
Next B is greater than C. For, from (a) and (b) we have 
a’ -—a'+b'+b'=a—k-—(a+m)+b+b=—k—m+20 
and 
e—cd'"=c—l—-(e-n)=n-I. 
But from (e) 
k+m+n—2b<l, 
or 
n—l<2b—k—m. 
Therefore 
a’ —a’+b'+b" Dec", 
and moreover ¢’=Ec” since /==n. Therefore, by definition, B is greater 
than C. 
Lastly A is less than C. For, from (b) we have 
a—a’+b+b"=a—(a+m)+b4+b= —m+2b 
and 
e—c’=c—(c—n)=n. 
But from (d) 
2h< m+n, 
or 
2b—m<n. 
Therefore 
; a-—a'+b+b'<c—c". 
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Accordingly, by definition, A is less than © Thus A, B, C do not satisfy 
Postulate V. 


INDEPENDENCE OF THE POSTULATES OF THE SECOND SET. 


(A). Postulate I is independent of Postulates II, III, IV, V. 

This may be proved by using the same class of numbers used’ for 
the proof of the independence of the same postulate of the first set, since 
the class of numbers also satisfies Postulates II, IV of the second set. 

(B). Postulate II is independent of Postulates I, III, IV, V. 

Consider the class of numbers used for the proof of the independence 
of Postulate II of the first set, and add to the class an element N’(101, 1), 
and define the relations of its elements as in that case. Then this class 
satisfies all the postulates other than Postulate IT. 

Proof. (a). It is evident that the class satisfies Postulate I. 

(b). ‘Lhe class does not satisfy Postulate II. For, take two elements 
N(100,1) and N’(101,1), then since 101-100<1+1, N’ is greater 
than N by definition; but also since LOO—101<1+1, N is greater 
than N’. Thus N is greater than N’ while N’ is greater than N, so 
they do not satisfy Postulate IT. 

(c). The class satisfies Postulate III. ‘This may be proved in exact- 
ly the same manner as in the case (c) of the proof of the independence 
of Postulate II in the first set. 

(d). The class satisfies Postulate IV. For, when A(a,0) is equal 
to B(a’, の) and B is equal to C(a”, の), we have 

a—a’ =b +’, 

a'-—a'=b' +b", 
and accordingly 

a—a’=b +6" +20’. | 

But B cannot be N or N’, for, if it were, the relation a-100=0+1 or 
the relation a—101=6+1 must hold good for certain values of a and 
6, which is clearly impossible, since @ is an integer equal to or less than 
‘ 101 and 5 is zero or unity. Therefore の must be zero and so the 
relation a-a”=5+0"” must hold good, which shows that A is equal to C. 

(e). The class satisfies Postulate V. This may be proved in a manner 
similar to the case (e) of the proof of the independence of Postulate II 
in the first set. 

(C). Postulate III is independent of Postulates I, II, IV, V. 
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This may be proved by using the same class of numbers used for 
the proof of the independence of the same postulate of the first set, since 
the class of numbers also satisfies Postulates II, IV of the second set. 

(D). Postulate IV is independent of Postulates I, II, Litas 

Consider the class of numbers used for the proof of the independence 
of Postulate IV of the first set, and define the relations of its elements 
as in that case. Then this class satisfies all the postulates other than 
Postulate IV. 

Proof. That this class satisfies Postulates I, III, V was already 
proved ; and that it also satisfies Postulate II may be seen at once from 
the definitions of “greater than” and “less than”. Thus we have only 
to show that this class does not satisfy Postulate IV. 














; Ri: Ä 1 
Taking two positive proper fractions b> TE c> 3 and an 
integer a of the form 1+nd(d>3), select a’, 0, e; a,b", ec’, so that 
im; b' ==0, の =c— ; 3 
20 
// // I her 
し =n, U" =b- —, cd 
10 


Then A (a, b,c), B(a', 6, c'), C(a’, b”, @ の 7) are the elements of our class, 
yet they do not satisfy Postulate IV. For, firstly since 
a=a been 
A is equal to B by definition I, 2. Next since 
a’=a"’, Wb", b-bl'>d-, d-d'=0, 
B is equal to C' by definition I, 3. Lastly since - 
a=a", b+b", b-b">o—d, c—e'>0, 

A is less than C' by definition III, 8. Thus while A is equal to D and 
B is equal to. C, A is not equal to C, so they do not satisfy Postulate IV. 
(E). Postulate V is independent of Postulates I, II, III, IV. 

Consider a class of all real numbers and define the relations of its 
elements as follows:— (i) When A(a), 5 (0) denote two elements of 
the class, A is said to be equal to B when, and only when, a—b is an 
integer (positive, negative, or zero); and when a—d is not an integer, 
(ii) if a—b is positive, then A is said to be greater than B, and (iii) if 
a—b is negative, then A is said to be less than B. According to these 


definitions, this class of numbers satisfies all the postulates other than 
Postulate V. 
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Proof. That this class satisfies Postulates I, II, III, IV may be 
easily proved from the above definitions. Thus we have only to prove 
that the class does not satisfy Postulate V. Take any real number a 


and take with it two numbers b=a—— and o=b— then, since 


a-b and b—c are hoth positive and yet are not integers, A(a) is greater 
than が (の ), and B(b) is greater than C(c). But since a—c=1, A is equal 
to C' by definition. Therefore these three elements A, B, C do not satisfy 
Postulate V. We shall call this class of numbers the Class (7). 


INDEPENDENCE OF THE POSTULATES OF THE SET 


OF THE SECOND TYPE. 


That, in this set of postulates, every one of Postulates I, III, IV, 
V is independent of the others may. be proved by exactly the same 
method as that of the first set of postulates, by using the same classes of 
things then used (if elements of certain classes are not repeated, repeat 
them), since the classes all satisfy Postulate II. Thus we have only to 
prove that Postulate II’ is independent of the other postulates. Now 
this postulate may be divided into two parts, 

(i) every element of the class is repeated at least once; 

(ii) A is equal to at least one of its repeated elements. 

That the part (i) is independent of Postulates I, III, IV, V may be 
proved by the following class of numbers. 

Consider the class of all integers, every integer occurring only once 
in the class, and define the relations between its elements as follows. If 
A(a), B(b) denote two elements of the class, then A is said to be equal 
to B when, and only when, a—b=1; and A is said to be greater than B 
when, and only when, a—b<1; and A is said to be less than B when, 
and only when, a—b>1. Then this class of numbers satisfies all the 
postulates except the part (i) of Postulate I’. (We shail call this class 
of numbers the Class (G).) 

Proof. (a). The class clearly satisfies Postulate I. 

(b). The class does not satisfy part (i) of Postulate II’, since every 
element of the class occurs only once. 

(c). The class satisfies Postulate III. For, when A is less than 5, 
we havea—0>1. Therefore b—a is negative and so the relation b—a«<1 
always holds good, which shows that B is greater than A. 

(d). The class satisfies Postulate IV. For, when A is equal to B 
and B is greater than C, we have 
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a—b=1, b-e<]. 

Now by our supposition, no element of the class is repeated and the 
relation of an element to itself is to be considered as meaningless, there- 
fore when we take any two elements of the class they are different and 
so 6 一 e cannot be zero. Accordingly from b—c<1, 6 一 c must be a 
negative integer, and so from 

a—b=1, 

b—c=—m (m: a positive integer), 
it follows that a—c is zero or negative and accordingly a—c<1. This 
shows that A is greater than C. 

(e). The class satisfies Postulate V. This may be proved in a 
manner similar to the case (d). 

That the part (ii) is independent of Postulates I, III, IV, V and 
the part (i) of Postulate II" may be proved by using Class (8), every 
element of the class being repeated twice. For, Class ($) satisfies Pos- 
tulates I, III, IV, V and part (i) of Postulate II’, as was already seen 
in the proof of the independence of Postulate II of the first set. But it 
does not satisfy part (ii) of Postulate II’, the element N(100, 1) being 
greater than its repeated element N (100, 1). 


We add here the proof of the independence of certain propositions 
stated in section 1, which was left unproved there. 

I. Proof that the latter part of Postulate I’ cannot be deduced from 
Postulates I, II, III, IV, V of both sets, when the conclusions of Pos- 
tulates II, III, IV, V are not necessarily unique. 

To prove this, it is sufficient to construct a class of things which satis- 
fies Postulates I, II, III, IV, V, but not the latter part of Postulate I’. 
(a). Case of the first set. 

Consider all the integers twice repeated, and define the relations of 
its elements as follows:— If A(a), B(b) denote two elements of the 
class, then A is said to be equal to B when a=b; and A is said to be 
greater than 5 when a6; and A is said to be less than B when 
a<b. Then this class has the required property. (We shall call this 
class of numbers the Class ( め )). 

Proof. By the above definitions, any two elements of the class satisfy 
one of the three relations, but when we take two elements A, B whose 
values satisfy a=b, we have the two relations A©B and A®B at the 
same time. So this class satisfies the former part, but not the latter part 
of Postulate I’. 


ve — 
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That this class satisfies all the other postulates is seen at once; and 
here it is to be noted that, when we have the relations ASB and BOC, 
the relation AGC always holds good, but at the same time the relation 
ASC does also. The same occurs when we have the relations A@B 
and BOC. 

(b). Case of the second set. 

In the above class of integers, define the relations of its elements as 
follows:— An element A is said to be equal to an element B when 
a+b; and A is said to be greater than B when a>0; and A is said 
to be less than B when a<b. Then this class has the required property. 
The proof of it may be given in a manner similar to the above. (We 
shall call this class of numbers the Class ($).) In the Class (’), when 
its elements A, B satisfy the relation AB, they satisfy the relation 
B2A uniquely. Hence we may infer that the latter part of Postulate 
I’ cannot be deduced from the second set of postulates, unless the uni- 
queness of the conclusion of a postulate other than Postulate II is admitted. 
Similarly, if, in a class of all integers, we define the equality of two ele- 
ments A, D, such that they are in the relation ASL when a =, and 
moreover, if we define the inequality of two elements as in the Class 
(⑤), then from this class of integers we may infer that the latter part 
of Postulate I’ cannot be deduced from the second set of postulates, unless 
the uniqueness of the conclusion of a postulate other than Postulate III 
is admitted. 

II. Proof that, if the relation of an element to itself be considered 
as meaningless, the latter part of Postulate I’ cannot be deduced from 
Postulates I, II, III, IV, V of the first set, even when the conclusions 
of Postulates III, IV, V are unique. 

Consider the Class (G), and define the relations of its elemeats as 
follows :— If A(a), B(b) denote two elements of the class, then A is 
said to be equal to B when, and only when, a—b=1; and A is said to 
be greater than B when, and only when, a—b<1; and A is said to be 
less than B when a—b>1 and a—b=1. Then this class satisfies all the 
postulates other than the latter part of Postulate I’. 

Proof. (a). By the above definitions, any two elements of the class 
satisfy one of the three relations, but when we take two elements A, B 
satisfying a—b=1, they satisfy the two relations ASB and ASB at 
the same time. Thus the class does not satisfy the latter part of Pos- 
tulate I’. 

(b). The class satisfies Postulate II. For, when any element B (0) 
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is given, we can always find an integer a, such that a—b=1. There- 
fore any element B has an element A equal to it. 

(c). The class satisfies Postulate III. For, when A is less than 8, 
we have 


=D Si or a—b=1. 


Therefore in both cases a—b is positive, so b—a is negative and there- 
fore always 

b—a< I. 
Thus in this case we have the relation BSA uniquely. 

(d). The class satisfies Postulate IV. For, when A is equal to B 

and, D is greater than C, we have | 
a—b=1, and b—-c<1I. 
But, as, in this case, the relation of an element to itself is considered as 
meaningless, B is different from C, and accordingly we have 
b—c=—m m >0. 
Therefore 
a—c=1—-m<]. 
Thus in this case we have the relation AGC uniquely. 

Similarly it may be proved that the class satisfies Postulate V uniquely . 

Ill. Proof that, if the relation of an element to itself be considered 
as meaningless, the proposition “if AB, then BSA” cannot be deduced 
from Postulates I, II, III, IV, V of the first set. 

Consider the Class (E), then it satisfies Postulates I, IIT, IV, V as 
was already proved, and moreover it is at once seen that it also satisfies 
Postulates II. But in this class the proposition “if ADB, then BSA” 
does not hold good, for, when A©25, we have 

a—b=], 
therefore 
b-a=—1<], | 
and so by definition we must have the relation BOA. 

IV. Proof that Postulate IN cannot be deduced from Postulates IT 
and VI. 

Consider the Class (G) and suppose that every element of the class 
is repeated any number of times, then this class satisfies Postulate IT and 
VI, but not Postulate Il’. For in this class every element is repeated 
and has another element 5, such that BSA; but the element A is not 
in the relation A=)A with its repeated element. 
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INDEPENDENCE oF POSTULATES OF THE SET or THE THIRD TYPE 


AND THAT OF THE FOURTH TYPE. 


The independence of them may be proved by using the Classes (A), 
(3), (C), (D), (€), (6), (9), and by proceeding similarly as in the cases 
in which they were used to prove the independence of postulates then 
considered. 


SECTION 3. CONSISTENCY OF THE POSTULATES. 


To prove that there arises no contradiction in the set of our postulates 
and all propositions deduced from them, it is sufficient to find a class of 
things which satisfies our Postulates I, II, III, IV, V and which is 
known as non-contradictory. For, if the set of the above postulates and 
propositions is not consistent, then there must. necessarily arise a contradic- 
tion in any class of things satisfying these postulates. 

Now such a class of things can be very easily found. For example, 
take a class of positive integers, every element being repeated any number 
of times, and define the relations of equality and inequality as usual, 
then we know that this class satisfies all the Postulates I, II, III, IV, V 
given in section 1. Thus the consistency of our postulates is established. 
But if we do not admit as established that the class of integers is non- 
contradictory, we must have another class of things which is known to 
be consistent, and which has the required property. To satisfy this 
requirement, hereafter we shall give other concrete systems of things 
having the required property. 


SECTION 4. SUFFICIENCY OF THE POSTULATES. 
SUFFICIENCY OF THE POSTULATES OF THE FIRST SET. 


Postulates I, II, III, IV, V of the first set are sufficient to establish 
a system of propositions concerning equality and inequality. Considering 
any class of things satisfying the above five postulates, we shall here 
prove that in this class all the propositions concerning equality and 
inequality hold good. 

Proposition I. Any element A of the class is equal to itself( * ). 


(1) In any set of postulates, that A is equal to itself must be taken as a Postulate 
or be proved from other postulates. For, if we define the equality of two elements 
A(a,b), B(a’,b’) of a class of numbers, so that they are equal when, and only when, 
a+a’=b-+b’, then A is not equal to itself, 
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Proof. First suppose that, if possible, the relation AA holds good, 
then by Postulate II, there is an element PB satisfying the relation BA. 
If we take this element B, then the relations 

BEA, AGA 
would become simultaneously consistent, and accordingly, from Postulate 
IV, the relation BGA would follow uniquely, which contradicts the 
fact BOA. 

Next suppose that, if possible, the relation A<)A holds good, then 
by Postulate III, the relation AGA would do so also uniqnely(*), 
contrary to the hypothesis A@A. Thus the two relations 4②4, AGA 
cannot both hold good, but, by Postulate I, at least one of the three 
relations must hold, therefore we have the relation AGA uniquely. 

Proposition II. If ASP, then BOA. 

Proof. Suppose that, if possible, the relation B&)A holds good, then 
by Postulate III, we should have the relation AGB uniquely, contrary 
to the hypothesis AGL. Next suppose that, if possible, the relation 
BOA holds good, then from the relations 

ASB, BOA, 
we should have the relation AA uniquely by Postulate IV, contrary 
to Proposition I. Thus the relations Bq) A, BGA cannot both hold 
good, and therefore, by Postulate I, we have the relation BSA uniquely. 

Proposition III. Any elements A, 5 of the class satisfy only one of 
the three relations ASB, ADB, ASB. 

Proof. First, suppose that, if possible, the two relations ASB and 
4 が hold good simultaneously, then, by Proposition II, from the relation 
ASB, the relation BSA would follow uniquely ; and by Postulate IV, 
from the relations BSA and AB, the relation BOB would follow 
uniquely, contrary to Proposition I. 

Secondly, suppose that, if possible, the relations ASB and AGB 
hold good simultaneously, then, by Postulate III, from the relation AGB, 
the relation BOA would follow and by Postulate IV, from the relations 
ASB and BOA, the relation AGA would follow uniquely, contrary to 
Proposition I. 

Thirdly, suppose that, if possible, the relations ASB and AGB 
hold good simultaneously, then, by Postulate III, from the relation AQ&B, 

(1) That, in the above, the relation AGA cannot hold good may be proved in- 


dependen'ly of the uniqueness of the conclusion of Postulate III, by proceeding as in the 
first case, after having deduced the relation A@A from the relation AGA by Postulate III. 
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the relation BOA would follow uniquely; and by Postulate V, from 
the relations ASB and BOA, the relation AGA would follow unique- 
ly, contrary to Proposition I(*). ‘Thus no two relations can hold good 
simultaneously, and so, of course, the three relations cannot hold simul- 
taneously. 


Proposition IV. If ASB and BSG, then AOC. 


Proof,, First, suppose that, if possible, the relation ASC holds 
good, then by Proposition II, from the relation ASB, the relation BEA 
would follow ; and by Postulate IV, from the relations BOA and ADC, 
the relation BOC would follow uniquely, contrary to the hypothesis 
Bic 

Next, suppose that, if possible, the relation AGC holds good, then 
by Postulate III, from the relation AGC the relation CSA would 
follow, and from the relations PSC and C@A, the relation BGA would 
follow uniquely. But, on the other hand, from the relation AGS 
follows the relation BSA uniquely, contrary to the above result. 

Therefore the two relations ASC and ASC cannot both hold good, 
and so by Postulate I, we have the relation ASC uniquely. 

Proposition V. If ASB, then BEA. 

Proof. First, suppose that, if possible, the relation お づつ 4 holds 
good, then by Proposition II, from it the relation ASB would follow 
uniquely, contrary to the hypothesis ASB. Next, suppose that, if pos- 
sible, the relation BGA holds good, then from the relations ASD and 
BOA, the relation 4②4 would follow, contrary to Proposition I. Thus 
the two relations BOA and BOA cannot both hold good, and so we 
have the relation B&A uniquely. 

The above propositions I, II, III, IV, V are usually treated as 
axioms, therefore their proofs are given in detail. But the following 
being easily capable of proof in the usual manner, details are omitted. 


Proposition VI. If ASB and BEC, then ASC. 
Proposition VII. If ASB and BSG, then ACC. 


(1) The third case may be proved independently of Postulate V. For, by Propositon 
I, we have the relation Aj A, and, by Postulate IV, we have the relation A@B uniquely 
from the relations ASA and A@B. Therefore when À, B satisfy the relation A@B, 
they satisfy it uniquely. So the relations A@B and AEB cannot co-exist. This method 
of proving Proposition III is useful when we discuss a set of postulates not containing 
Postulate V. Further, since, when A, B satisfy the relation A@B, they satisfy it uniquely, 
the relations A®B and ASB cannoi co-exist. So we can prove Proposition III by using 
the uniqueness of the conclusion of only one Postulate IV. 
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Proposition VIII. If A@B and BSG, then AGC. 

Proposition IX. If ASB and BSC, then ASC. 

The five postulates and the above nine propositions are fundamental 
ones concerning the three relations ©, ©, ©. From them we get at 
once the following, by combining one or two of Postulate III and Pro- 
positions II, V to each of Postulates IV, V and Propositions IV, VI, . 
le Vite IX. 


st 9 E 
_ Proposition X. If BEA and BOC, then. AS C. 
7 © © 


Proposition XI. If BGA and B 30, then ASC. 


Proposition XII. If BSA and Bo then AGC. 
©) ©) 

Proposition XII. If ASB and atl then za 

Proposition XIV. If A@B and CSB, then AGC 


Proposition XV. If ASB and GER then ASC. 
9 & 
Proposition XVI. If BSA and CSP, then AE 
Proposition XVII If BSA and CIB, then AOC 
Proposition XVIII. If BOA and CEB, then ASC. 


By the above propositions, the relation of an element to itself is 
uniquely determined, and also when a relation of A to B is given the 
relation of B to A is uniquely determined. Moreover, as far,as the 
above propositions are concerned, when the- relations of A to B and B 
to C are given, the relation of A to C is also uniquely determined. But, 
of all possible cases concerning the relations of A to B and B to C, two, 
and only two cases 


(19 AOSB and BSC, 
(ii) ASB and BOC 


remain not considered above. Now let us deal with them. 

In the case (i), if a class of things contains at least three ‘elements 
which are not equal to one another, in other words, if a class of things 
satisfies non-vacuously all our five postulates(!), then whatever the class 
of things may be, from the above hypothesis only, the relation of A to 


(1) In order that Postulate V may be satisfied non-vacuously it is necessary that 
the class should contain at least three elements which are not equal to one another. 
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C cannot be uniquely determined, since, in any of the above classes, from 
the relations A@B and BSC, every one of the three relations AOC, 
AGC, ASC may follow. To prove it, take any three elements a, az, 
a; which are not equal to one another, and suppose that they are in the 
relations 


1a, and a,@a,(*). 


Then, since in the class our five postulates hold good, we have the rela- 
tions 


GO), Ou, 164 and aay. 


Therefore if we denote &, 23, & by A,B, C' respectively, then we have 
the three relations 


A@B, BEC and ASC 


at the same time; thus in this class, when the relations ASB and BEC 
hold good, the relation ASC occurs. 

Next if we denote a, 43, a, by A, B, C’ respectively, then we have 
the three relations 


A®B, BSC and ASC 


at the same time; thus in this class, when the relations A@.£ and BEC 
hold good, the relation A@C' occurs. 

Lastly, by Postulate II, the element a, has an element, which is 
equal to it; if we denote this element by «a, we have the relation 0,8a,; 
and from the relations o,&a, and a,@a,, we have the relation a@a, by 
Postulate IV. Therefore if we denote a, &, a, by A, B, C EHEN 
we have the three relations 

ASP, B®C and ASC 
at the same time; thus in this class when the relations ASB and BSC 
hold good, the relation A©C' occurs. 

Thus from the relations A@B and BSC, every one of the three 
relations ASC, AGC, ASC occurs in any class of things satisfying our 
five postulates non-vacuously. 

In the case (ii) a similar consideration leads to the same result. 
Thus we may conclude : 

In any class of things satisfying our five postulates non-vacuously 


(1) We may suppose that they are always in these relations withont the loss of 
generality, since any three elements satisfying our postulates always may ba put in these 
relations when they are not equal to one another. 
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the relation of A to の cannot be determined uniquely from the relations 
ASB and BSC or the relations ASB and BSG. : ay Ae 
From the above, it follows at once that, in any class of things 
satisfying our. five postulates,’ when any n elements A, Ay, Ay: » Ag 
are taken and the relations of A, to A,, A, to 4。……… , An-1 to A, are 
given, the relation of A; to A, is uniquely determined in general. Only 
in the case where one or both of the relations (i), (ii) enter in the above 
(n—1) relations it is not determined, and this indetermination always 
occurs whatever the class of things may be. So we may conclude: | 
In a class of things satisfying our five postulates, ‘whatever the class 
of things may be, the same proposttions concerning equality and inequality 
always hold good; or, in other words, from any hypothesis whatever, pro- 
vided that it holds true in the class of things considered, one and the same 
conclusion is always obtained, whatever the class of things may be. 


SUFFICIENCY OF THE SECOND SET OF POSTULATES. 


To prove the sufficiency of this set of postulates, it is sufficient to 
show that all the postulates of the first set are deduced from this set of 
postulates. But, since in both sets Postulates I, III, V are identical, we have 
only to deduce Postulates II, IV of the first set from the second. Now 
to deduce them we shall first prove the following propositions as lemmas. 

Proposition I. A is equal to itself. 

Proof. Suppose that, if possible, the relation AGA holds good, 
then, by Postulate II, the relation 4 る 4 would follow from it uniquely, 
contrary to the supposition A@A. Similarly the supposition that the 
relation A<)A may hold good leads to the same contradiction by Postulate 
III. Therefore by Postulate I the relation ASA must hold good. 

Proposition IL If ASP, then BSA. 

This may be proved at once by Postulates II and IIT. 

From these propositions we can prove that. Postulates II, IV of the 
first set also hold good in the class of things satisfying the second set of 
postulates. | 

Postulate IV of the ‘first set. If ASB and BSG, then AGC. 

Proof. By Proposition II, the relation BEA follows from the 
relation A&B. Now, if we suppose that the relation ASC holds good 
in this case, we should have. the relation BSC’ uniquely from the rela- 
tions BSA and ASC by Postulate IV of the second set, contrary to 
the hypothesis BOC. 

Next, suppose that, if possible, the relation A<C' holds good, then 
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by Postulate IIT, from it we should have the relation C&A uniquely ; 
and by Postulate V, from the relations BSG, CGA, we should have 
the relation BGA uniquely, contrary to the relation BSA which results 
from the hypothesis AS)B by Proposition Il. Therefore by Postulate I 
we must have the relation AGC. , | 

Postulate II of the first set.’ Any element A has an element B 
satisfying the relation BSA. 

Proof. By Proposition I, any element A is equal to itself. There- 
fore any element has always an element, such that they satisfy the relation 
BOA, since in the relation BSA of Postulate II of the first set, two 
elements A, B may be different from or identical with each other. 

Thus from the second set of postulates, all the postulates of the first 
set are deduced. Conversely it was already proved that from the first 
set of postulates all the postulates of the second set are deduced. So 
‘both sets of postulates are identical. 

Here we add a proof that Proposition III of the first set can be 
deduced from the uniqueness of the conclusions of only two Postulates 
II and III. As was shown above, Proposition II “if ASP, then BOA 
uniquely ” is deduced by Postulates II and III. Now by the uniqueness 
of the conclusions of Proposition II and Postulate II, it may easily be 
proved that the relations A=) and AGB cannot co-exist ; and similarly, 
by Proposition II and Postulate III, that the relations ASB and ASB 
cannot co-exist; and lastly, by Postulates II and III, that the relations 
A@B and 4 る が cannot co-exist. 


SUFFICIENCY OF THE SET OF POSTULATES OF THE SECOND TYPE). 


By Postulate II, every element A of a class has another element A, 
such that they satisfy the relation A©A, and as they are the repeated 
elements of one and the same element, they must be considered as having 
the same properties in every respect, besides being distinct. Therefore, 
as a characteristic property of these elements, we must conclude that one 
of them can replace the other in every case where it occurs. For ex- 
ample, when a class of numbers contains two distinct integers 3 and 3, 
as there is nothing to distinguish the former 3 from the latter 3, we 
can always replace the former 3 by the latter 3 and vice versà, in any - 
relation whatever. But as the relation © is an undefined relation and 


(1) In this set of postulates the relation of an element to itself is considered as 
meaningless. i | 
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has no meaning in itself, from the above characteristic of two A’s it does 
not follow that they either satisfy the relation AGA or do not. There- 
fore the relation ASA must be established as a postulate or as a deduc- 
tion from a set of postulates as was already remarked. Now, by Postulate 
II, when there are n repeated elements A’s, we know that any one of 
them has at least one element A, of which the relation is ASA, but 
that any two of them are in the same relation we must demonstrate. 

Proposition I. Every element A is equal to its repeated element A 
(when there are more than two such elements). 

Proof. Suppose that the class has n distinct elements, each of which 
is the repeated one of an element A, and denote them by A, 4。,……… ; 
Am for the convenience of distinction, then by Postulate II, any element 
A; of them has an element A,, such that they satisfy the relation 4,©4,. 
Now take any element A,, different from A, and A,, and replace A, by 
A, then we have 4,©4, ‘Therefore any element A is equal to any 
repeated element of A. 

Proposition II. If ASB, then BSA. 

Proof. Suppose that, if possible, the relation BEA holds good, 
then by Postulate III, from it we should have the relation A@B 
uniquely, contrary to the hypothesis 4 づつ. Next, suppose that, if pos- 
sible, the relation BGA holds, and replace A of A®B by another 
element A; then we have 

ASB, BGA 
in which the former A and the latter A are distinet. ‘Therefore we can 
apply Postulate IV to the above relations and we should have the rela- 
tion A@A uniquely, contrary to Proposition I. Thus by Postulate I 
we have the relation BEA uniquely. 

All the other propositions may be similarly proved by replacing an 
element A by another element A, whenever two elements A’s entering 
in the given relations are one and the same element and so Postulates 


IV, V cannot be applied. 


SUFFICIENCY OF THE POSTULATES OF THE SETS OF THE 
THirp AND FOURTH TyPEs. 


The sufficiency of the postulates of these sets may also be proved in 
a manner similar to the preceding cases. 


SET OF INDEPENDENT POSTULATES OF THE FIFTH TYPE. 


We have already established the several sufficient sets of postulates 


POSTULATES CONCERNING EQUALITY AND INEQUALITY. 207 


admitting that any clement A may be replaced by itself or by its repeated 
element. But if it is desired to give no meaning whatever to the elements 
of a class of things or to the relations ©, ©, ©, except those given by 
the postulates themselves, we must make a certain modification in the 
previous sets. For, if we do not admit that any element may be replaced 
by itself or by its repeated element, then the proposition “any element 
A is in the relation AGA” (the latter A may be the former A itself 
or its repeated element) cannot be deduced from any one of the sets of 
the four types, although we admit the relation of an element to itself 
and the uniqueness of the conclusions of the postulates. 

To understand the truth of the above assertion, consider a class of 
all positive integers thrice repeated, and denote them, for the convenience 
of distinction, by A,, As, 43, st A PERA CAS pe eA AU AR 
ーー ; Al”, A", Ay",..-..--, the latter three being the repeated. integers 
of the first. And define the relations of its elements as follows. 

(i). Every element is equal to itself and to its repeated elements 
and vice versà, except A,, A,’, A”, which are in the relations 


AVS ihe | MeV HAE Were a Faso E 
AB SA, A,"@)A\, ASTA RA I GIANT 
A,’ SA, A, SA, A, CA A, SA”, 
Ai SA, Ay SA, ASI IZ AVA LIE 
(ii). Any two different elements A (a), B(b) are in the relation 
A@B or in the relation ASB according as.g>6 or a<b. Then this 
class of numbers satisfies Postulates I, I’, II, II, III, IV, V, but the 
element A, is not in the relation A,'5)A,’ with its repeated element Aj’. 
The same may be said of the second set of the first type. To prove 


it, consider the above class of numbers twice repeated and define the 
relations of its elements as follows. 


(i). Every element is equal to itself and to its repeated elements 
and vice versà, except A, A, A”, which are in the relations 
| ADAY, A‘ SA; 
494", AA; 
Apr, EUR vr 
MA; Aye’, ANDA". 
(ii). Any two different elements A (a), B(b) are in the relation 
A@B or in the relation AB according as a>b or a<b. 
According to these definitions, this class of numbers satisfies all the 
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postulates of the second set, but the element A, is not in the relation 
A,©4; with its repeated element A)’. 


Thus, in all cases, to have a sufficient set of postulates, we have to 


add at least one postulate “any element A of the class is in the relation 


4)4, the latter A being the former A itself, or any repeated element 


of the former” to the set of postulates already established. But, when 
this postulate is added to the first set of postulates, Postulate II becomes 
superfluous. Therefore replacing it by the above postulate we have a 
sufficient set of independent postulates, in which we need not give any 
meaning whatever to the elements of a class of things or to the relations 
©, ©, ©, except that given by the postulates themselves. When this 
set is written in full, it is as follows. 
First set of postulates of the fifth type. 
I. Any two elements A, B of a class satisfy one, and only one, 
of the three relations ASB, ASB, ASB. vos 
II. Every element A of the class is in the relation ASA, the latter 


A being the former. A itself, or any repeated element of ‘the 


former A. 
III. If ASB, then BOA. 
IV. If A&B and BOC, then AGC. 
V. If ASB and BOG, then AOC. 


In this set of postulates, the independence of every one of Postulates 


I, III, IV, V from the other postulates may be*proved by using the 
Classes (A), (9), (C), (D), (€) respectively, since all of them satisfy the 
new Postulate II. And the independence of Postulate II has just been 
proved. 

Further, in this set, the sufficiency of the postulates may be proved 
by proceeding in the same way as in the first part of this section, since, 
by Postulate II, the relation of an element to itself is admitted and any 
element is defined to be equal to itself. Moreover, when there are re- 
peated elements A, A,,----:: of an element A, they are in the relations 
ASA, (p=1, 2, 3,------) by Postulate IL; and that they also satisy the 
relations A,=)A and A4,©4, may be proved by Postulate II and Pro- 
positions IT, IV, which are proved by onr set of postulates (of course, 
in this case, the replacement of an elemeat by its repeated clement is not 
admitted). 

Remark. When the relation of an element to itself and the replace- 
ment of an element by its repeated elements are both admitted, Postulate 
II “any element A of the class has at least one element B, such that they 
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satisfy the relation BE) A? combined with Postulates I, III, IV, V of the 
first set form a sufficient set of postulates (sets of the first and third 
types). But when the relation of an element to itself is not admitted, 
while the replacement of an element by its repeated elements is, Postulate. 
II is to be replaced by. Postulate II’ “any element A of the class has at 
least one repeated element A’, such that they satisfy the relation A'SA” to 
form a sufficient set of postulates (sets of the second and fourth types). 
And further when both of the above are not admitted, Postulate II’ is 
to be replaced by Postulate II” “any element A has its repeated elements 
such that they (A and its repeated elements) are all equal ‘to one another ” 
to form a sufficient set of postulates(’). But, in the second and third 
cases, the. proposition “any element of the class is equal to itself” has 
no meaning. -In order that this fundamental proposition may also hold 
good in our class of things, it is necessary to replace Postulate II” by 
Postulate II” “any element A is always in the relation ASA, the latter 
A being the former A itself or any repeated element of the former A”. 
When Postulate II” is replaced by Postulate II”, the set is identical 
with the set of the fifth type mentioned above, and is a sufficient set of 
independent postulates, in which the relation of an element to itsclf is 
explicitly defined while the replacement of an element by its repeated 
element is not admitted( * ). 





(1) Proof of the sufficiency of the set of Postulates I, II”, III, IV, V when the 
relation of an element to itself and also the replacement. of an element by its repeated 
element are not admitted. 

IL E 465, then BOA. 

By Postulate II”, A has a repeated element A,, such that they satisfy the relations 
A©4,, and A,&A. Now suppose that, if possible, the relation B@A holds good, then 
A, and B must be in the relation A,@B. For, if the relation A,@B holds, then from 
the relations 4,55 and BGA, the relation 4,@A would follow by Postulate IV, contrary 
to the relation A ,©A. Similarly the relation A,@B cannot hold good; so by Postulate 
I the relation A,©B must hold. But, by Postulate III, from this relation A,<B, we 
must have the relation B&4A,, and from the relations A@B and B&A,, we should have 
the relation AGA, by Postulate V, contrary to the relation A=A,. Therefore the 
relation B@A cannot hold good. 

Next, if the relation BSA hold good, then, by Postulate III, the relation A@B would 
also hold, contrary to the hypothesis ASB. Therefore also the relation B@A cannot 
hold good. Accordingly, by Postulate I, the relation BSA holds good uniquely. 

II. If A&B, then BEA. 

This may be proved by exactly the same way as in the above by using Proposition 
I and the given postulates. 

All other propositions may be proved in the usual manner by using Propositions I, 


II and the given postulates. 
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Further, when we add Postulate II” to the second set of the first 
type, we have auother sufficient set of independent postulates. 

Second set of postulates of the fifth type. 

I. Any two elements A, B of a class satisfy one, and only one, of 
the three relations A©B, ASB, ASB. 

IT. Every element Ais in the relation ASA. (The latter A may be 

the former A itself, or a repeated element of the former A). 

777. If A@B, then: BEA. 

IV. If ASB, then BOA. 

V. If ASC and BSG, then AOC. 
VI. If A&B and BOC, then AOC. 
Independence of the postulates. 

(a). Postulate I is independent of the other postulates. 

This may be proved by using the Class (A) and the Class (9’) since 
they also satisfy the new Postulate II. 

(b). Postulate II is independent of the other postulates. 

This has just been proved. 

(c). Postulate III is independent of the other postulates. 

Consider a class of all positive integers, every element being repeated 
once, and denote them by A, A,,:----- and Ay’, Ay’,------ , and define the 
relations of its elements as follows. | | 

(i). Every element is equal to itself and also to its repeated element 
and vice versà. (ii) Any two different elements A(a), B(b) are in the 
relation AS.B or in the relation 4 が according as a>b or a<b, except 
the four elements A,, A,’, A,, Ay’, which are in the relations 


siga A,54;; 
AA}, A/@Ai ; 

つづ 4。 ) A; DA; 
A@4/, A/GA; 


‘ Then it may be easily seen that this class of numbers satisfies all the 
postulates other than Postulate III, but Postulate III is not satisfied by 
the four elements A,, À;', A,, À). 

(d). Postulate IV is independent of the other postulates, 

This may be proved by using the Class (©), since the class also 
satisfies the new Postulates II, III, V. 

(e). Postulate V is independent of the other postulates. 

This may be proved by using the Class (D), since the class also 
satisfies the new Postulates II and III. | 
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(f). Postulate VI is independent of the other postulates. 

Consider the Class (3) and suppose that every element of the class 
is repeated any number of times, then this class satisfies all the postulates 
other than Postulate VI, but Postulate VI is not satisfied by the three 


elements C'(a), B (a+), A(a+1). 


Sufficiency of the postulates. 

Proposition I. If ASB, then BSA. 

This may be proved by Postulates I, III, IV. 

Proposition U. If ASB and BOG, then AGC. 

This may be proved by Proposition I and Postulates I, IV, V, VI. 

All other propositions may be easily deduced from our postulates and 
Propositions I, II. 

Remark. To have a clear knowledge of the set of independent pos- 
tulates in this and the preceding sections, we have considered several 
cases which may occur and several interpretations of postulates which 
they may have, and have established the corresponding sets of independent 
postulates of several types. But hereafter we shall treat several subjects 
concerning the three relations ©, ©, ©, taking the usual interpretation 
throughout our discussion and so the postulates are to be understood as 
such unless especially stated otherwise. 


SECTION 5. SETS OF POSTULATES, BY WHICH ALL 
THE RELATIONS OF EQUALITY AND INEQUALITY 
ARE UNIQUELY DETERMINED. 


We have already seen that, in any class of things satisfying our 
five postulates of the first set non-vacuously, the relation of A to C cannot 
be uniquely determined from either set of relations (i) ASB and BSC 
(ii) 4%)B and BAC Thus naturally the question arises whether there 
may not exist a class of things which satisfies some of the five postulates 
vacuously, but never contradicts any one of them, and in which all the 
relations of equality and inequality are uniquely determined. The answer 
is given in the following 


| FIRST SET OF POSTULATES. 
(The Corresponding Class of Things consisting of Two Groups). 


In the first place, if there exist such a class, then by what has been 
shown before, it cannot contain three elements which are not equal to 
one another. Thus when we take any three elements of it, at least two 
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of them are equal, and so the class must consist either of. one group only, 
all its elements being equal to one another, or of two groups, such that 
any two elements. of the same group are equal to cach other while any one 
of a group is not equal to any one of the other. In the first case, only 
one relation (equality) holds good in the class and we have therefore 
nothing to do with it. In the second case all three relations hold. We 
shall see whether in this class the relations of equality and inequality are 
uniquely determined or not. 

Theorem. In the above class of things the relation of A to C is 
uniquely determined from the relations (i) AG@B and BOC, and also 
from the relations (ii) ASB and BOC; this gives us the following 
propositions. 

If A@B and BSC, then ASC. 

If ASB and BOG, then ASC. | 

Proof. In the above two cases, since A is not equal to B, if A 
belong to a group {G}, then B belongs to another group {7}, and also 
since B is not equal to C, C must belong to {Gt. Hence A and. C 
belong to the same group and so must be in the relation ASC 。 

As the hypothesis of Postulate V may not occur in this class, omit- 
ting this postulate and supposing that all the other postulates hold good 
in this class, we shall see whether all the relations of equality and in- 
equality are uniquely determined or not. ‘Though this class is very simple, 


yet by the omission of Postulate V, another indetermination enters and’ 


obliges us to add a new postulate to determine all the relations uniquely. 
To show this, let us construct a class of things which consists of two 
groups having the above properties and moreover satisfies Postulates I, 
II, ILI, IV, but in which the relation of B to A is not determined from 
the given relation AGB. 

Consider a class of numbers { A(a, 5)}, where a denotes one of 3, 4, 
‘andubiane Sf 0, 3, 6, 9, 12, 18, 14, 16, 17, 19; and divide these num- 
bers into two groups, such that, in the first group {G}, the value of a 
in every element is always 4 and the value of D is one of the integers 
0, 13, 14, 16, 17, 19, while, in the other group {H}, the value of a is 
always 3 and the value of d is one of the integers 0, 3, 6, 9, 12; and 
define the relations of its elements as follows. 

If A (a, の, B (a, が) denote two elements of the class, then A is said 
to be equal to B when, and only when, 

aa, 
and A is said to be greater than B when * 


Po Tm’ 


ーー satin ca 


ーー 


PS 
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ata’, b=b (mod.。3), 
els asta’, b>b, bEY (mod: 3), 
and A is said to be less than B when, and only when, 
| axa’, b<b, 2 まま の (mod. 3). 

By these definitions, the elements of each of the above groups are 
equal to one another ; and every element of {G} is greater than any 
one of {H}; and any one of {H} is greater than G, (4,0). 

In this class, Postulates I, II, III(*!) clearly hold good. To.see 
that Postulate IV. holds also in this class, take three elements A (a, b), 
B(a,b), C(a”,6"), and suppose that they are in the relations, ASB 
and BSC, then if 4 belong to {Gj}, B also belongs to {G} and C 
must belong to {HH}, therefore: by what has just been stated A is 
greater than © Next if A belong to {7}, B must also belong to 
{H}, and C to $G{, and since | | 

の > の “or: 6 Sb! ae 3), 
6’ must be zero. Therefore we have 
ata", b=b" (mod. 3), 
which shows that A is again greater than C. Thus Postulate IV always 
holds good in. this: class. 

Now in this class take two elements A (4, 13), £ (3, 9), À then, since 
443 and 13>9, we have the relation AGB; and since 3-4 and 
9<13, we have the relation B&A. Thus these elements <A, B satisfy 
the proposition “if ADB, then Be A.” 

Next take two ‘elements A (4,0), B (3,6), then since 4=#3 A 
0=6 (mod. 3), we have the relation A®B; and since 3+4 and 6=0 
(mod. 3), we have the relation BG A. Thus these elements A, B satisfy 
the proposition “if 46.25, then BOA.” Therefore in this class there 
are elements satisfying the two different following propositions having 
the same hypothesis : 

ee) if ASB, then BSA; 

(V め の if ASB, then BOA. 

Namely in this class when A is greater than 5, the relation of B to A 

is indeterminate. Therefore to have a class of things having all the 

relations of equality and. inequality uniquely determined, we have to 
/ 


(1) Henceforth, we shall use the first set of postulates always unless especially 
stated otherwise, 
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add a new postulate (V’) vr (V”) or “if ASB, then BSA(V”')” to 
Postulates I, II, III, IV. But there cannot exist a class of things 
satisfying Postulates I, II, III, IV, V”. For, by Postulate III, if 
ASB, then BOA uniquely, and by Postulate V”, if BOA, then ASB 
uniquely, contrary to the hypothesis AQ&B('). Next also there cannot 
exist a class of things satisfying Postulates I, II, III, IV, V”. For, 
by Postulate V//, if ASB then BSA uniquely, and by Postulates 
I, II, III, IV, if BSA, then ASB uniquely, contrary to the hypo- 
thesis AGB. So we have only one set of postulates to be imposed 
upon the class of things in question. Under these five Postulates I, II, 
III, IV, V’, it may easily be seen that, in the class of things consisting 
of two groups having the said property, all the relations of equality 
and inequality are uniquely determined. Moreover we may easily con- 
struct an actual class of things satisfying these postulates, and here we 
shall give an example of it. 

Consider a class of things consisting of numbers 1-3» and 2+3n 
(n=0, I, 2 …… ), and define the relations of its elements as follows. 

If A (a), B(b) denote two elements of the class, then A is said to 
be equal to B when, and only when, a= (mod. 3), and A is said to 
be greater than or less than PB according as a>b, a+b (mod 3), or 
a<b,a+#6 (mod.3). Then this class of things may be divided into two: 
groups, such that: the elements of the same group are equal to one 
another while any element of one group is not equal to any element of 
the other ; and this class clearly satisfies all of Postulates I, II, III. IV, 
VI 

Thus we have found a required class of things in which all the 
relations of equality and inequality are uniquely determined when the 
class satisfies the five Postulates I, II, III, IV, V’. But, of course, it 
cannot be said that in any class of things satisfying the above five 
postulates the relations of equality and inequality are always uniquely 
determined. It is so only when the class of things consists of the two 
groups having the said property. Here we shall try to find a sufficient 


set of postulates by which all the relations of equality and inequality 
are always determined uniquely. 


Set of postulates. 





(1) Among the classes of things which constst of two groups having the said pro- 
perty and which satisfy Postulates I, II, III, IV, there may be one, certain elements, but 
not all, of which satisfy Postulate V//. We have already given an example of it. But 
there can never be one, all elements of which satisfy Postulate V/. 
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I. Any two elements of the class satisfy at least one of the three 
relations ASB, ASB, ASB. 
IL. If ASB, then BOA. 
III. If ASB and BOC, then AGC 
IV. If ASB and ASC, then BOC. 
V,. The class has an element A, such that it is equal to itself and 
there is no element to which A is in the relation © (1). 
Theorem. In any class of things satisfying these five postulates non- 
vacuously, all the relations of equality and inequality are uniquely deter- 
mined, 
Proof. By Postulate V;, any element B of the class is in the relation 


(1) ASB 
or in the relation (2) ASB 


with respect to a definite element 4. Now put all the elements satisfy- 
ing the relation (1) and also A itself into a group $@}, and those 
satisfying the relation (2) into another group {MH}, then by Postulate 
IV, all elements of {Hj} are equal to one another. Moreover, as to the 
elements of {G}, any one of them, say G,, has at least one element 
which is equal to it, namely the definite element A is in the relations 
A@A and A©G,. Thus, in this class, Postulate II of the first set of 
postulates holds good. So by combining this property to Postulates 
I,, IL, III, we may prove the following propositions in exactly the 
same manner as in the proof of the same propositions in section 4. 
I. Any element is equal to itself. 
17217253, then BEA. 
III. Any two elements of the class satisfy only one of the three 
relations. (See footnote on page 201.) 
IV. If AOB and BSG, then ASC. 
V. If A&B and BEC, then ASC. 

From these propositions, we may prove the following fundamental 
properties of this class. 

(1). All elements of {G} are also equal to one another. For, 
take any two elements G,, G, from {G}, then from the relations 
A@G, and ASG,, we have the relations G,©A and ASG, by Pro- 
position II; and accordingly, by Proposition IV, we have the relation 


G,©G,. 


(1) Namely the relation of A to any element B of the class is A@B or A@B, and 
never A@B. 
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: (2). Any element of $@} is less than any element of {HH}; and 
conversely any element of {7} is greater than any element of {G}. 
For, take any element G, from {Gj}, any element H, from {HH}, then 
we have the relations ASH, and ASG, by the properties of the 
groups {G}, {7}, and accordingly we have the relations G,=)A and 
"AQH,, from which the relation @,&H, follows by Proposition V. 
Moreover by Postulate II; we have the relation H,SG, from the rela- 
tion G,©H,. | | 

Thus we may state the fundamental Unes nes of the elements of 
this class as follows. 
1. The elements of the class are divided into two groups |G} and 
bp 
2. AU elements of each group are equal to one another, 
8. AU elements of the group {G} are less than any one of the group 
4, All elements of the group $H are greater than any one of the 
group 14 
Hence it follows at once that all the relations of equality and 
inequality are always determined uniquely, and also that all the pro- 
positions in section 4 (except those which have no meaning in this 
class of things) hold good in this class. Fer example, from the rela- 
tions 4,64, 4:94, 4:94, 4,©4;, the relation 4 る 4。 follows 
uniquely. 


SECOND SET OF POSTULATES. 


‘(The Corresponding Class of Things consisting of Three Groups) 


In the foregoing pages, we have found a set of postulates, such that 


none of the propositions deduced from these postulates contradicts those 
of the usual system and by these postulates all the relations of equality 
and inequality are uniquely determined; and we have seen that all 
classes of things satisfying these postulates consist of only two groups, the 
elements of each group being equal to one another, and any two elements, 
each taken from different groups, never being equal to each other. 

Now let us see, a step further, whether there may not exist a class 
of things which consists of three groups, such that the elements of each 
group are equal to one another, and any two elements, each taken from 
different groups, are not equal to each other, and in which all the rela- 
tions of equality and inequality are uniquely determined. 
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In order that all propositions deduced from a new set of postulates 
should be coincident with those of the usual system as much as possible, 
we shall start with a set of postulates which are obtained only by re- 
placing Postulate V of the usual system by the postulate “if A@B and 
ASC, then BOC,” namely with the set of the following postulates. 

I. Any two elements of a class satisfy at least one of the three 
relations. | | 

II. Every element A of the class has at least one element B 
satisfying the relation BGA. 

Ill. If ASB, then BGA. 

IV. If ASB and BOC, then ASC. 

V. If ASB and ASC, then BOC. 

But in a class of things satisfying these postulates there may occur 
an indetermination ; for, there is a class of things which satisfies these 
postulates, yet in which two different relations BQ A and BOA occur 
when A, B are in the relation AGB. 

‘For example, in a class of numbers —3, 12, 14, 20, 37, 67, if we 
define the relations of two numbers A (a), B (0) as follows: 

1. if a=b (mod. 3), then A5B; 

2. if a+b (mod. 3) and a=b (mod. 5), then AGB; 

3. if a6 (mod. 3), a6 (mod. 5) and a>b, then ADB; 

4. if a+b (mod. 3), a £b (mod. 5) and a<b, then ASB, 
then they may be divided into three 0 


1G} G,=14, 20, 
{ FT} H,=—3, E12; 
such that (i) the elements of the same group are equal to one another ; 
and (i) any element of { F} is greater than those of {G} and conversely 
any element of {G} is less than those of $F}; and (iii) any element of 
{G} is greater Boh those of {H} and conversely any element of {H} is 
less than those of {G}; and (iv) moreover, by definition 2, any element of 
IF} is greater than those of {H}, while any element of {H} is greater 
than those of { F}(*). 
Here it may be easily seen that this class of things satisfies the 
above five postulates; but when we take two elements from {ZF} and 
4G}, or from {G} and {7}, we have the proposition “if. ASD, then 


(1) This class of things is an example presenting very striking features concerning 
equality and inequality. 
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BEA” holding good between them; and when we take two elements 
from {F} and {MH}, we have another proposition “if ASB, then 
_ BOA” holding good between them. 

Thus to avoid this indetermination, we must add one of the follow- 
ing three postulates : 


(VIA if ASB, then BEA, 
(var if ASB, then BOA, 
UVE) if ASB, then BSA. 


But there cannot exist a class of things, all of whose elements satisfy 
Postulates I, II, III, IV, Vi WI” or Postulates I, IL TI ANNEES 
VI”(*), though there may exist many classes of things which satisfy 
Postulates I, II, III, IV, V, and some of whose elements satisfy 
Postulate VI” while the others satisfy Postulate VI’ as was already 
seen in the preceding example. 

Thus we have the following set of postulates as a possible one. 


I. Any two elements of a class satisfy at least one of the three 
relations ©), ©), ©. 
II. If ASB, thn BOA. 
III. If A@B, then BSA. 
IV, If ASB and BOC, then AGC. 
Vi. If ASB and ASG, then BSC. 

From this set of postulates the relation AGA may be easily © 
deduced ; so Postulate II is always satisfied by any class of things 
satisfying these po-tulates, and accordingly it was omitted from our set 
of postulates. Also from the above postulates the following propositions 
may be easily deduced. 


I. If AOB, then BSA. 
II. If ASB and BEC, then ASC. 
III. Any two elements of the class satisfy only one of the three 
relations. 


Now we shall inquire (I) whether there is a class of things satisfy- 
ing these postulates, and if there be such, what properties it must have ; 
and (II) whether these postulates are sufficient to have all the relations 
of equality and inequality uniquely determined. 

Suppose that there is a class of things satisfying these postulates, 


(1) This may be easily proved in exactly the same manner as in the proof of the 
similar propositions given on p. 214. 
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then any element of the class satisfies one, and only one, of the following 
three relations with respect to a definite element A, 
(1) ASB, WORTE (3) ASB. 

Now put all the elements satisfying the relation (1) into the first 
group {7}, and those satisfying the relation (2) and also A itself into 
the second group {G{, and those satisfying the relation (5) into the 
third group {H{, then these groups have the following interesting 
properties. 

Property I. All elements of any one of the three groups are equal to 
one another. 

Proof. By Postulate V。, all the elements of } TJ} are equal to one 
another, and by Propositions I, II, all the elements of {G} are equal to 
one another, and that all the elements of {/} have also the same pro- 
perty may be proved as follows. 

Take two elements F,, XA. from {}, then we have the relations 
A@SF,, and A@F,. Suppose that, if possible, the relation 7,64 hold 
good, then by Postulate III, we would have the relation Py<)F., and 
also from the relation ADF, we have the relation F@A by the same 
postulate. Whence we would have the relation A&F, uniquely by 
Postulate V,, contrary to the property of F,, since F, satisfies the rela- 
tion ASF. only. 

Next, if the relation Æ@F, hold good, then from the relations 
SF, and F@A we should have the relation ASF by Postulate Vz, 
which again contradicts the property of Æ. Therefore we must have 
the relation ©. 

Property II. All the elements of { H} are greater than those of {Gi}, 
and all the elements of {G} greater than those of {F}, and all the ele- 
ments of $F} greater than those of { IT? ; and conversely all the elements 
of jF} are less than those of {G}, and all the elements of {G} less than 
those of {HH}, and all the elements of 5 H} less than those of {PF}. 

Proof. Denote any elements of {G} and {H} by G, and H, re- 
spectively, then we have the two relations 

AI AQH,. 
Now suppose that the relation H©6G, hold good, then from the rela- 
tions 4 お ‘and H,©G,, we should have the relation ASH, uniquely 
(Propositions I, II), which contradicts the relation A@©H,. Next sup- 
pose that the relation H,©&G, hold good, then from it we should have 
the relation G,OH, (Postulate IL), and from the relations AGG, and 


—/ 
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G,SH, we should have the relation AG, uniquely (Postulate IV,), 
which again contradicts the relation A@H,. Therefore by Postulate I, 
we have the relation H,SG,. 

Secondly, denote any element of {N} by F,, then we have the two 
relations 


ASF, ‘AOG,. 


Therefore the two relations G,3A and ASF. hold good simultaneously. 
Hence the relation G,& 7, always holds (Postulate 1V。). 

Thirdly, the relation #,&H, always holds good, for suppose that, if 
possible, the relation F@X, hold, then from the relations #&H, and 
F.®A, we should have the relation 7,54 uniquely (Postulate Va), 
which contradicts the relation 7,6 A. Next if the relation #,5.H, hold, 
then from the relations F=H, and HSA, we should have the relation 
FSA uniquely (Postulate IV,), which again contradicts the relation 
F,2A. Therefore we have the relation A. H,. 

Thus the former part of Property II is proved, and the latter part 
of it follows at once from the former part of Property II and Postulate 
TII。. 

Property III. In any class of things satisfying the above postulates, 
all the relations of equality andjinequality are uniquely determined. 

This follows at once from Properties I and II. 

The Propositions I, II, III, IV, V, VI, VII, VIII of the usual 
system are also true in this class of things. But here instead of Postulate 
V and Proposition IX of the usual system we have the following : 


“if ASB and BSG, then AQC,” 
“if ASB and BEC, then AGC” 


which contradict those of the usual system. 

Moreover in this class of things we have always the relation AGC 
whenever the relations BOA and BSC, or the relations BOA and 
BOC hold good; and also we have the relation A©C whenever the 
relations A®B and COB or the relations ASB and CSB hold; 
while in these cases the relation of A to C is not determined in the 
usual system. | 

Since the above class of things has very remarkable properties 
different from the usual, we shall give two examples of it, the one the 
arithmetical, and the other the geometrical. 

Arithmetical example. 


ーー 
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Take the nine numbers 9, 12, 18; 20, 85, 50; 64, 106, 127, and 
define the relations of their equality and inequality as follows. 


4 


i. If A (a), B(b) denote two numbers of the class, they are said 
to be in the relation 4 つが when, and only when, a=0 (mod. 3). 

2. If a+b (mod. 3) and at least one of a,b is a multiple of 5, 
then they are said to be in the relation ASB when a>b, and in the 
relation A&)B when a<b. 

3. If ab (mod. 3) and both of a,b are not muliple of 5, then 
they are said to be in the relation ASB when R,(a)>K,(b), and in 
the relation AGB when R,(a)<R; (b), where R,(a) and R,(b) denote 
the remainders of a and d divided by 7. 

By these definitions of equality and inequality, the three numbers 
9, 12, 18 form the first group {/}, and the three numbers 20, 35, 50 
the second group {G}, and the three numbers 64, 106, 127 the third 
group {77}, having Properties I, II; and this class of numbers 
satisfies all of Postulates L, IL, IIT,, IV., V2. 

Geometrical example. 

Describe concentric circles and 
draw three radii making an angle of 
120° with one another, and denote the 
points of intersection of these radii and 
the circles by Æ, Fr, ees Ores (オッ 
ーー , Ga; Hi; Ha, H,; and define 
the three relations ©, €, © as follows. 
| 1. When, and only when, two 
points are on the same radius, they 
are said to be in the relation © with 
each other. 





2. When two points (say, F,, G,) are not on sione radius, 
supposing that the point 7. moves along the shorter arc F, G, and the 
straight line G, G, toward G,, if FR, move counterclockwise along the 
circular arc, then 7. is said to be in the relation -1,©G, with respect 
to G,; and if Æ. move clockwise, then F, is said to be in the relation 
F,>G; with respect to G,. 

By these definitions the points AM, Pas , F, form the first group 
{FY}; and G,,G,,.... , G, the second group {G}, and H,, Ah, ----- vee AA 
the third group {7}, having Properties I, II; and this class of points 
satisfies all of Postulates I,, IL, IIL, IV;, Va. 
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Now a question naturally arises whether there may exist a class of 
things in which all the relations of equality aud inequality are uniquely 
determined, and which consists of more than three groups having Pro- 
perties I, II stated in the preceding article. The answer is in the 
negative. For if there exist such a class of things, at least the three 
postulates I,, II,, III, must hold good in it, since the class must have 
Properties I, II; and accordingly neither of the two propositions 

1. if ASB and ACG, then BEC; 

2. if ASB and ASC, then BOC 
can hold good universally in it('). Therefore in order that all the 
relations of equality and inequality may be uniquely determined, the 
proposition 

(a) if ASB and ASC, then BOC 
must hold good, and similarly also the propositions 

(b) if ASB and AGC, then BEC, 

(c) if ASB and ASC, then BOC 
must hold. From these propositions (a), (b), (c), it follows that the ele- 
ments of the class can be divided into three groups, such that the ele- 
ments of the same group are equal to one another. ‘Thus they cannot 
be divided into more than three groups, such that the elements of the 
same group are equal to one another and the elements belonging to the 


different groups are never equal to one another. 


SECTION 6. CONCRETE SYSTEMS OF THINGS FOR THE 
INDEPENDENCE AND CONSISTENCY PROOFS. 


The set of postulates hitherto discussed is a set of conditions impos- 
ed upon the undefined terms “equal to,” “greater than” and “ less 
than,” and may be considered as definitions of these terms. ‘The science 
which treats of the propositions deduced from these postulates is there- 
fore purely abstract, but admits of several concrete interpretations. We 
shall give some examples of it. 

Consider a class of men consisting of 


(1) If Proposition (1) be always true for any element of the class, then from the 
relations ASB and AGC, the relation BSC would follow uniquely; and, on the other 
hand, from the relations ASU and A@B the relation C@B would follow uniquely, and 
accordingly by Postulate II,, the relation お ② would follow uniquely. But in both 
cases the hypotheses are identical with each other, therefore the above results are absurd. 
The same may be said of Proposition (2). 
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where A,, As, A3... s Am, represent brothers of a family and B,, B,, 
B,,--.... , Bm are all the sons of the A’s, Ci, Ci, Gy , Cm; those of 
the 5’s and so on; and we assume that m,, my, 265 うー are each greater 
han two. Of this great family, taking the meaning of the words 
“ancestor”? ‘‘descendant” and “brother” in the wider sense, we 
say that the A’s are in the ancestral line of all the Ps, C’s,------ OR 
briefly they are the ancestors of all the B’s, C’s,------ ; the B’s are 
those of all the C’s, D’s,------ and so on. Conversely the P’s, C’s, ----- 
are all descendants of the A’s; the Cs Ds... those of the B's and so 
on. Lastly we say that each of the B's is in a brotherly relation to 
any other one of the B's, and similarly for the C’s D’s,:----: . Thus 
defining the words “ancestor,” ‘ descendant ” and “ brother ” we proceed 
to interpret the undefined terms as follows. 

Under the term “is greater than” we mean “is an ancestor of” 
and under the term ‘is less than” “is a descendant of” and under the 
term “is equal to” “is a brother of.” The five postulates read then :— 

I. When P and @ are any two persons of the above family, P 
is an ancestor or descendant or brother of @. 
II. Any person P of the above family has always a brother. 
III. if P is a descendant of Q, then © is an ancestor of P. 
IV. If Pis a brother of Q and Q an ancestor of R, then P is 
an ancestor of A. 
V. If Pis an ancestor of Q and の an ancestor of A, then P 
is an ancestor of è. 

Now it is evident that these five propositions are all true under 
our definition of the meaning of ancestor, descendant and brother. 
Thus we see that our class of men satisfies all five postulates of the 
first set, and also since the proposition “if P is an ancestor of @, then 
@ is a descendant of P” and the proposition “if P is a brother of @ 
and Q a brother of À, then P is a brother of À” are both true, it 
satisfies all postulates of the second set. Therefore all the propositions 
except I, which is meaningless in this case, deduced from them in sec- 
tion 4 must be true for this class of men. 
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In the above class of men, Proposition I is meaningless; if a class 
of things is required in which all the postulates and all the propositions 
are true, then the following is an example. 

Consider a system of particles moving in parallel straight lines and 
in the same direction, and suppose that in every line there are at least 
three particles; we may define the three relations as follows. 

If two particles A, B are in the sume line, then A is said to be 
equal to B; and if they are in different lines and A’s line is situated 
on the left ot B’s, then A is said to be greater than 5, and if A°s line 
is situated on the right of B’s, then A is said to be less than B. 

According to these definitions this system of particles satisfies all the 
postulates of the first and second sets; and if we consider a particle A 
as two coincident particles moving together, then all propositions are 
also true in this system. We shall call this system of particles ‘‘the 
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System {9}. 


In a similar manner, many other interesting interpretations may be 


given to the postulates of the first and second sets. | 

In the independence proofs of postulates, if we use such concrete 
systems of things, simple ones may be obtained. For instance, in the 
proof of independence of ,Postulate IV, the number system then used 
was somewhat complicated. Instead of it we may here take the following 
simpler one. 

Consider all the human beings (now living or dead), and interpret 
“is greater than” to mean ‘is an ancestor of,” and ‘is less than” to 
mean “is a descendant of,” and “is equal to” to mean “is in a rela- 
tion otber than that of ancestor or descendant.” Here the words “an- 
cestor and descendant?” are to be taken in the ordinary sense, namely 
by descendant is meant children, children of children, and so on; and by 
ancestor is meant parent, parent of parent, and so on. Then the five 
postulates rcad as follows. 

I. When P and Q denote any two human beings, then P is an 
ancestor of @, or a descendant of Q, or neither ancestor nor descendant. 
of ©. 

II. In the class of all human beings, there is a member who is 
neither ancestor nor descendant of P, where P is any member of the 
class. | | 

III. If P is a descendant of @, then @ is an ancestor of P. 

IV. If P is neither ancestor nor descendant of Q and Q an an- 
cestor of R, then P is an ancestor of AR. 
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V. If Pis an ancestor of Q and Q an ancestor of R, then. P is 
an ancestor of R. 

The above propositions except the fourth are clearly true. Thus 
this class of human _ beings satisties Postulates I, IT, III, V, but not 
Postulate IV, of the first set. Next Postulates II and IV of the second 
set read as follows. 
® II. If P is an ancestor of Q, then の is a descendant of P. 

IV. If P is neither ancestor nor descendant of 9, and の neither 
ancestor nor descendant of R, then P is neither ancestor nor descendant 
of R. 

The former of the above two is clearly true, but the latter is not 
so necessarily. ‘Thus this class of human beings satisfies Postulates 
I, II, III, V, but not Postulate IV of the second set( ! ). 

We have already constructed many classes of numbers to prove the 
Independence of our postulates. But in order to show that the in- 
dependence of our postulates may be proved without using the numbers, 
we shall give briefly the concrete systems of things having the required 
properties. ; 

Here we give the systems of things required for the proof of the 
independence of postulates of the first set. 

(A). To the system of particles {3}, add two particles moving in 
the same line and in the direction opposite to that of the particles of 
the System {S}, and define the relations of equality and inequality of 
these particles as follows. 

A particle A is said to be equal to a particle B when they move 
in the same line and in the same direction; and A is said to be greater 
or less than B according as A’s line is on the left or on the right of 
B's. | 

According to these definitions, the system of particles clearly satisfies 
Postulates II, III, IV, V, but Postulate I is not satisfied since two 
particles moving in the same line and in opposite directions do not 
satisfy any of the three relations. 

(B). Consider a system of particles moving in parallel straight 
lines, which are divided into two classes, the first consisting of all lines 
containing only two particles moving in the same direction, the se:ond 





(1) If we admit that a person is in a certain relation, other than ancestor or 
descendant, to himself (for example, a person is in the relation of identity to himself), 
then any person is equal to himself by the definition of equality. X 
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consisting of all lines containing more than two particles moving in 
different directions, and suppose that all these lines lie in one plane. 
Now define the relations of equality and inequality of these particles as 
follows. | 

If two particles A,B are in different lines and A’s line is situated 
on the left of B’s, then A is said to be greater than 5, and if 4s line 
is situated on the right of B’s, then A is said to be less than 5. # 
A,B are in the same line of the second class and they move in the 
same direction, then they are said to be equal to each other, and if they 
move in opposite directions and A moves upward, then A is said to be 
greater than B, and if A moves downward, then A is said to be less 
than B. If A,B are in the same line of the first class, then A is said 
to be greater than B. (Of course, according to this definition, B is 
also greater than A.) 

This system of particles then satisfies Postulates I, III IV, V, but 
not Postulate II. Since the demonstrations of this case are somewhat 
complicated, we shall give them in detail. 

(i). From the above definitions it is evident that any particle A 
is equal to, or greater than, or less than any particle 6; so Postulate I 
is satisfied. 

(ii). Any particle in the line of the first class has no particles to 
which it is equal; nor it is equal to itself. So this system of particles 
does not satisfy Postulate IT. 

(iii). If A and B are in different lines and A’s line is situated on 
the right of D’s, then が sline is on the left of A’s; and if A and B 
move in opposite directions in the same line of the second class and A 
moves downward, then DB moves upward. Thus when A is less than 
b, B is always greater than A, and so Postulate III is satisfied. 

(iv). If A and 5 move in the same direction in the same line of 
the second class, and (a) B and C move in opposite directions in the 
same line, £ moving upward, then A and C move also in opposite 
directions in the same line, A. moving upward; so by definition A is 
greater than C. (b) If B and C are in different lines and B’s line is 
situated on the left of C's, then 4’s line is also on the left of C’s; so by 
definition A is also greater than ©. (c) The case where B and C are 
in the same line of the first class cannot occur, since A and B are in 
the same line of the second class. ‘has, in all possible cases, if A is 
equal to B and B is greater than C, then A is greater than C. So 
Postulate IV is satisfied by this system of particles. 
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(v). That Postulate V holds good also in this system of particles 
may be proved as follows. 

Since A is greater than B, (a) A and B are in the same line of 
the first class; or (b) A and B are in the same line of the second class 
and A moves upward while B moves downward; or (c) A and,B are 
in different lines and As line is on the left of B's. Next also, since B 
is greater than C, (d) B and C are in the same line of the first class; 
or (e) B and C are in the same line of the second class and B moves 
upward while C moves downward; or (f) B and C are in different 
lines and B’s line is on the left of Cs. From (a), (d), it follows that 
A and C are in the same line of the first class; and from every one of 
(a), (£); (b), (f); (c), (d); (ec), (e); (e), (f), it follows that A and C are 
in different lines and A’s line is on the left of C's. AU other cases 
(a), (e) ; (b), (e) ; (b), (d) cannot occur. Thus, in all possible cases, if A is 
greater than 5 and B is greater than C, then A is also greater than C. 

(C). Consider a system. of particles moving iu parallel straight 
lines, and suppose that in every straight line there are more than two 
particles. If two particles in the same straight line move in the same 
direction, then they are said to be equal to each other; and if they 
move in different lines and A’s line is situated on the left of B’s, then 
A is said to be greater than B; and in all other cases A is said to be 
less than B. 

According to these definitions, the system of particles clearly satisfies 
our postulates except the third. But when A and B in the same straight 
line move in opposite directions, they do not satisfy the third postulate. 
Thus the system of particles satisfies Postulates I, II, IV, V, but not 
Postulate III. 

(D). The required system of things as a class of human beings has 
been already given. But if a system of particles having the assigned 
property is required, the following will be an example. ; 

Consider a system of particles moving in parallel straight lines, and 
suppose that all particles in the same line are moving in the same 
direction, the number of particles in one straight line being at least 
two. Moreover, suppose that there are at least two different lines, such 
that the particles of one line are moving in the direction opposite to 
that of the particles of the other; and also suppose that there are at least 
two different lines, such that all particles of those lines are moving in 
the same direction. Now in this system of particles define the three 
relations as follows. 
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If two particles A and B are in the same line, then they are said 
to be equal to each other; and if A’s line is situated on the right of 
B’s and they are moving in the same direction, then A is said to be 
equal to B, but if they are moving in opposite directions, then A is 
said to be less than B; and if .A’s line is situated on the left of B’s, 
then A is said to be greater than B. 

According to these definitions, the particles of this system clearly 
satisfy Postulates I, II, III, V. But when we take three particles A, 
B and C, such that A’s line is situated on the right of .B’s and they 
are moving in the same direction, and D’s line is situated on the left of 
C’s, then, by definition, A is equal to B and B is greater than C, but 
A is not necessarily greater than C. Thus this system of particles. 
satisfies Postulates I, II, III, V, but not Postulate IV. 

(E). In the system of particles given in (C), if we interchange the 
terms “ greater” and “less” in the definitions of equality and inequality, 
then the system satisfies all the postulates except Postulate V. But if 
A and B move in the same line and in opposite directions and £ and 
C move in the same line and in opposite directions, then A and C move 
in the same line and in the same direction. So in this case Postulate. 
V does not hold good, Thus this system of particles satisfies Postulates 
I, II, III, IV, but not Postulate V. 


SECTION 7. GENERAL DISCUSSION ON THE SETS 
OF POSTULATES. 


In the previous sections, we have given two sets of postulates, whose 
postulates are independent of one another and sufficient to establish a 
branch of science concerning the three relations “equal to” ‘greater 
than” and “less than.” Now we proceed to give a general discussion 
on the sets of postulates to find as many sets of independent postulates 
equivalent to the above as possible, and to study the relations existing 
between them. The propositions concerning the above three relations 
are those which determine the relation of the first element À, to the 
last element A, when (n—1) relations of A, to A,, A, to 44, rin 
to A, are given. But these propositions are all deduced from the set of 
-propositions containing three or less than three elements of a class of 
things. Thus the set of postulates having the required properties is to: 
be selected from the following fundamental ones. 
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(I). Any two elements of the class satisfy at least one of the three 
relations ©, ©, <('). 
(II). ASA. 
II then REA 
(III). {III,. If ASB, then BSA. 
III. If ASB, then BSA. 
IV,. If A@B.and BSC, then. ASC. 
IV,. If A@B and BOG, then AGC. 
(IV). 41V,.. If ASB and BEC, then ASC. 
TV。。 If ASB and BSG, then AOC. 
IV.. If ASB and BSC, then AOC. 
(V). De If ASB and BSG, then AGC. 
V,. If ASB and BOG, then ASC. 

We shall first investigate the relations of these groups of postulates. 

Theorem 1. Any sufficient set of independent postulates must contain 
at least one of the postulates of Group V. 

Proof. For, at least one of the postulates of Group V cannot be 
deduced from the set of all the postulates of the other Groups I, II, 
III, IV. To show this, consider a system of particles moving in parallel 
straight lines, and define the relations .of its elements as follows : 

1. If two particles A and B in the same line move in the same 
direction, then they are said to be in the relation © to each other. 

2. (a) If two particles A and B in the same line move in oppo- 
site directions and A moves upward, or (b) if A and B lie in different 
lines and 4’s line is situated on the left of B’s and moreover they move 
in opposite directions, or (c) if A and £ lie in different lines and A’s 
line is situated on the right of だ Ss and moreover they move in the 
same direction, then A is said to be in the relation © with respect 
to B. 

3. (a) If two particles A and B in the same line move in op- 
posite directions and A moves downward, or (b) if A and B lie in 
different lines and A’s line is situated on the left of B's and moreover 
they move in the same direction, or (c) if A and B lie in different 
lines and A’s line is situated on the right of お s and moreover they 





(1) All these postulates are to be taken to mean that from the given hypothesis 
the above conclusions follow uniquely. If it be not so taken, then Postulate I must be 
stated as follows. 

Any two elements of the class satisfy one, and only one, of the three relations 


©, ©, ©. 
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‘move in opposite directions, then A is said to be in the relation © with 
respect to B. 

According to these definitions, it may be easily seen that this system 
of particles satisfies all the postulates of Groups I, II, III, IV. But if 
A and B lie in the same line a, and A moves upward while .B moves 
downward, and if C lies in another line 3 lying on the right of the 
line 4 and moves upward, then by definition, A and D are in the 
relation ASB and B and Care in the relation BSC, while A and C 
are in the relation 4 の 6C So the system of particles does not satisfy 
Postulate V,. We shall call this system of particles “the System {@’}.”’ 

Theorem 2. Any sufficient set of independent postulates must contain 
at least one of the postulates of Group IV. 

Proof. For, at least one of the postulates of Group IV cannot be 
deduced from the set of all the postulates of the other Groups I, II, ILI, 
V. To show this, consider a system of particles moving in parallel 
straight lines and define the relations of its elements as follows. 

1. (a) If two particles A and B in the same line move in the 
same direction, occupying the same position, or (b) if A and B lie in 
the same line and move in opposite directions, then they are said to be 
in the relation ‘= to each other. 

2. (a) If two particles A and B in the same line move in the 
same direction and A moves before B, or (b) if A and B lie in different 
lines and A’s line is situated on the left of が s, then A is said to be in 
the relation © with respect to B. 

3. (a) If two particles A and B in tke same line move in the 
same direction and A moves after 5, or (b) if A and £ lie in different 
lines and A’s line is situated on the right of D’s then A is said to be 
in the relation © with respect to B. 

According to these definitions, it may be seen at once that this 
system of particles satisfies all the postulates of Groups I, II, III, V. 
But if A and B lie in the same line and move in opposite directions, 
and B and C also lie in the same line and move in opposite directions, 
then A and C move in the same direction in the same line. ‘Therefore, 
by definition, A and B and Band C are in the relations 4 つが and 
BEC, while A and C' are in the relation A@C or in the relation 
AC. Thus Postulate IV is not satisfied by this system of particles. 

Theorem 3. Any sufficient set of independent postulates must contain 
Postulate TI. 

Proof. For, Postulate I cannot be deduced from the set of all the 
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postulates of the other Groups II, III, IV, V. To show this, consider 
the Class {A}, then the class of numbers satisfies all the postulates of 
Groups II, III, IV, V, but not Postulate I. 

Theorem 4. Any sufficient set of independent postulates, which does 
not contain one of the postulates of Group V, must contain at least one of 
those of Group III. 

Proof. For, at icast one of the postulates of Group III cannot be 
deduced from the set of all those of Groups I, IT, IV and one of 
Group V. To show this, consider a class of numbers { A (a, b)}, where 
a denotes one of integers and D one of the numbers between 0 and 


= (excluding 0 and =) and define the relations of its element as 


follows. 

1. If A(a,b), B(a',U) denote two elements of the class, then A 
is said to be in the relation © wth respect to B when, and only when, 
a=a', b=b'. 2. A is said to be in the relation & with respect to A. 
when a-a'=b+0'. (But by the property of a and b the equality 
a—a’=b+0' never occurs.) 3. A is said to be in the relation © with 
respect to B when a—a’<6+0’ (excluding the case a=a’ and b=0’). 

According to these definitions, it may be seen at once that this class of 
numbers satisfies all the postulates of Group I, II, IV, and also it satisfies 
Postulate V,, while it does not satisfy Postulates V, and III. For, 


L ) 0(5 ) we 
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have the relations AQB, BSC and A©C; and moreover the relations 
ASB and BSA hold good simultaneously by the definitions of the 
relations ©, ©, ©. We shall call this class of numbers ‘the Class 
I. 

Next, if we interchange the definitions of the relations ©, © in 
the above class of numbers, we have a class of numbers satisfying all 
the postulates of Groups I, II, IV and Postulate V,, but which fails to 
satisfy at least one of those of Group III. We shall call this class of 
numbers “the Class {&}.? 

Theorem 5. Any sufficient set of independent postulates, which does 
not contain one of Postulates ITI,, III, must contain Postulate IT. 

Proof. For, Postulate II cannot be deduced from any set lacking 
one of Postulates III,, III,. To show this, consider the Class {8}, 


and take the element N’ (100, =) instead of N (100, 1) of that class, 








when we take three elements A (5,55 L B(5, 


o 
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then this class of numbers satisfies all the postulates of Groups I, IV, V 
and Postulates ILI,, III,. But it does not satisfy Postulate II, for, in 
this class the relation NGN holds good. We shall call this class of 
numbers “the Class {B”{.? 

Next in the Class §8/”}, interchange the definitions of the relations 
© and ©, then this new class satisfies all the postulates of Groups I, 
IV, V and Postulates III,, IIIT,, but not Postulate II. . 

Cor. Any suficient set of independent postulates not containing 
Postulate II must contain both Postulates III, and III,. | 

Theorem 6. To construct a sufficient set of independent postulates at 
least one postulate must be taken from each of the five Groups I, II, III, 
IV, V, if the set does not contain one of Postulates III, and III, and 
also one of Postulates V, and V,. 

This follows at once from the above theorems. 

Theorem 7. All the postulates of Group III are deduced from the 
set of postulates of the other groups. 

Proof. Postulate III, may be deduced from Postulates I, II, IV,, 
Va; Postulate III, may be deduced from Postulates I, II, IV,, V,; and 
Postulate III, may be deduced from Postulates I, III,, III. 

Theorem 8. Postulate IT is always deduced from any set of postulates 
containing both of Postulates III, and ILI,. 

This may be proved at once. 

Theorem 9. In any sufficient set of independent postulates, if the 
relations > and © are interchanged, another sufficient set of independent 
postulates is always obtained. 

Proof. 1. That the postulates of the latter set thus obtained are 
independent of one another may be proved in exactly the same manner 
as in the proof of independence of the postulates of the former set, using 
the class of things then used and interchanging the definitions of the 
relations © and © in that class of things. 

2. Next to prove that the latter set is sufficient to deduce all the 
propositions concerning the three relations from it, it is sufficient to 
show that from it all the postulates of the former set may be deduced. 
This may be done by adopting the same process as in the deduction of 
the postulates of the latter set from those of the former set, only inter- 
changing the relations © and €) in that process. 

After having discussed the principal relations existing among the 
postulates of the five groups, we now proceed to construct all the pos- 
sible sets of independent postulates sufficient to deduce all the proposi- 
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tions concerning the three relations ©, ©, ©. By Theorem 6, when 
any sufficient set of postulates does not contain one of Postulates 
III,, III, and also one of Postulates V,, V,, it must contain at 
least: five postulates, each taken from different groups. Moreover, by 
Theorem 7, when any set of postulates contains both Postulates V。 and 
V,, all postulates of Group III are deduced from the set, if the set, 
besides the above, contains certain postulates belonging to Groups I, II, 
IV; and by ‘Theorem 8, when any set of postulates contains both 
Postulates III, and III,, Postulate II is always deduced from the set. 
By these properties, we shall distinguish the three kinds of sets of 
postulates for the convenience of investigation. 
I. Sets of postulates which do not contain one of Postulates IIL, 
and III, nor one of Postulates V, and V,. 
II. Sets of postulates which contain both of Postulates III, and 
IIL, but neither of Postulates V, or V,. 
II Sets of postulates which contain both of Postulates Vu 
and V,. 
I. Sets of postulates which do not contain one of Postulates 
III,, and III, nor one of Postulates Vi, Vi. 
In this case, as was already seen in the above, the required set of 
postulates must consist of postulates of which at least one is taken from 
each of the five groups. 


(A). In the first place, the case in which one, and only one, 
postulate is taken from each of the five groups will be considered. 

Theorem 10. If a set of postulates contains Postulates I, II, ILL, 
only, then it cannot form a sufficient set, whatever postulates(*) of Groups 
IV, V are added to it. | 

Proof. ‘This may be proved by using the Class {,§’} and the 
Class {8}. For the Class {3’} satisfies Postulates I, II. IIL,, V, and all 
those of Group IV, but not Postulate III; and the Class SR} satisfies 
Postulates I, II, III, V, and all those of Group IV, but not Postulate 
LUG 

Theorem 11. If a set of postulates contains Postulates I, II, IIL, 
then there are two, and only two, sufficient sets of independent postulates 


among them, when certain postulates of Groups IV and V are added to 
them. 


(1) Of course, in this case, only one postulate is to be taken from each of Groups 
IV, V. 
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Proof. (a). The required sets are 
(i) the set consisting of Postulates I, II, IXIL,, IV}, Va, and 
(ii) the set consisting of Postulates I, II, INIL, IVa, Va. 
For, these sets Giffer only by Postulates II and IV, from the first set 
stated in section 1, which was already shown to be sufficient ; and from 
each of the sets (i) and (ii) all the postulates of the first may be deduc- 
ed at once(*). ‘Therefore sets (i) and (ii) are sufficient. 
Next that the postulates of these sets are independent of one another 
may be proved as follows. | 
By Theorem 6, in the above case, at least one postulate must be 
taken from every one of the five groups to form a sufficient set and by 
the above it has been proved that Postulates I, II, IIL, IV,, Va form 
a sufficient set. Then any one of the above postulates must be indepen- 
dent of the others. For, suppose that, if possible, one of them, say IV,, 
may be deduced from the other postulates, then since the above set is 
sufficient, all the postulates of the five groups and especially all those of 
Group IV must be deduced from the set of Postulates I, II, III, Va 
But, on the other hand, by Theorem 2, at least one postulate of Group 
IV must be taken to form a sufficient set in this case; in other words, 
at least one postulate of Group IV cannot be deduced from the set of 
Postulates I, II, IIL, Va, contrary to the above result. Therefore 
Postulate IV, is independent of the others. Similarly so for any other 
postulate. 
(b). The sets of postulates to be considered here, other than the 
sets (i) and (ii), are the following. 
SH ITEMS 
I, 1, UI ROY 
LESE UN VO 
(vi). Set consisting of Postulates I, II, IIL,, IV., V,. 
(vii). Set consisting of Postulates I, II, III,, IV,, Vi. 
1 


(iii). Set consisting of Postulates 
(iv). Set consisting of Postulates 
(v). Set consisting of Postulates 


I 
(viii). Set consisting of Postulates I, II, IIL,, IV, Vi. 
L, IL SI ya 


IT, LA IV. 


In the first place, that the sets (iv), (v), (vii), (viii) and (x) are not 
sufficient may be proved by using the Class 5}, for, the class satisfies all 


(ix). Set consisting of Postulates 
(x). Set consisting of Postulates 





(1) Set (i) is obtained by replacing Postulate II of the first set by Postulate 
“ AGA,” and any class of things satisfying Postulate ASA always satisfies Postulate II 
of the first set while the converse is not necessarily true. 
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the above postulates, but not Postulate III,. Secondly, that the sets 
(iii), (vi) and (ix) are not sufficient may be proved by using the follow- 
ing class of things. 

Consider a system of particles moving in parallel straight lincs and 
define tie relations of its elements as follows. 

1.. (a) If two particles A and B in the same line move in the 
same direction, or (b) if they move in opposite directions and A moves 
upward, then A is said to be in the relation ©. with respect to が . 

2. (a) If two particles A and B in the same line move in op- 
posite directions and A moves downward, or (b) if A and B move in 
different lines and A’s line is situated on the left of B’s, then A is said 
to be in the relation & with respect to B. 

8. If two particles A and B move in different lines and A’s line 
is situated on the right of B's, then A is said to be in the relation © 
with respect to B. 

According to these definitions, this system of particles satisfies all 
the postulates of the sets (ili), (vi), and (ix). But it does not satisfy 
Postulate IIL,, for, when we consider two particles A and B in the 
same line, if they move in opposite directions and A moves upward, A 
is in the relation © with respect to B, while B is in the relation © 
with respect to A. We shall call this system of particles ‘the System 
{2}; and that which is obtained by interchanging the relations © and 
© in the above “the System {L"}”. 

Theorem 12. If a set of postulates contains Postulates I, II, ILL, 
then there are two, and only two, sufficient sets of independent postulates 
among them, when certain postulates of Groups IV and V are added to 
them. 

Proof. In all the sets of postulates considered in Theorem 11, if 
we interchange the relations © and ©, we have all the sets to be 
considered in this theorem. Of these sets, those which correspond to 
the sufficient sets of independent postulates in Theorem 11 are also 
sufficient sets of independent postulates in this case (Theorem 9); and 
those which correspond to the non-sufficient sets of the former are also 
non-sufficient in. this case. 

Thus in the case (A) we have four, and only four, sufficient sets of 
independent postulates. 

(B). In the above, we have studied all possible cases in which one, 
and only one, postulate is taken from every one of the five groups. 
Now we shall consider the case in which two or more postulates may 
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be taken from each of the five groups.  But:since Groups I and II con- 
tain only one postulate and moreover in case I only one of Postulates 
III, and III, and only one of Postulates V, and V, are to be taken, 
all possible cases to be considered here are the following. 

(a). Sets of postulates containing only one postulate of Group III 

(i) Set consisting of Postulates I, II, IIL, V, and two or more 
postulates of Group IV. | 
(ii). Set consisting of Postulates I, II, IIL,, V, and two or more 
postulates of Group IV. 
(iii). Set consisting of Postulates I, II, III,, V, and two or more 
postulates of Group IV. 
(iv). Set consisting of Postulates I, II, IIL, V, and two or more 
postulates of Group IV. 
(v). Set consisting of Postulates I, II, III,, V, and two or more 
postulates of Group IV. 
(vi). Set consisting of Postulates I, II, III,, V, and two or more 
6 postulates of Group IV. 
(b). Sets of postulates containing two postulates of Group IIL. 
(vii). Set consisting of Postulate I, II, IIL,, IIL, Va and one or 
more postulates of Group IV. 
(viii). Set consisting of Postulates I, II, IXI,, III, V, and one or 
more postulates of Group IV. 
(ix). Set consisting of Postulates I, IL, LELE LEE, V, and one or 
more postulates of Group IV. 
(x). Set consisting of Postulates I, II, IL, IIL, V, and one or 
more postulates of Group IV. 

Theorem 13. Any set of postulates containing two or more postulates 
of Group IV and only one postulate of every one of the other four groups 
cannot form a sufficient set of independent postulates. 

Proof. Of the above sets of postulates, the sets (i), (ii), (iii), (vi) 
are all non-sufficient ; and that they are so may be proved by using the 
Classes {3/{ and {8}. Further, among the sets (iv), (v), there are some 
which are sufficient, but all of them contain superfluous postulates and if 
the latter are deducted nothing remains but those we obtained in the 
preceding case (A). 

Theorem 14. (i) Any set of postulates containing two postulates of 
Group III and one postulate of every one of the other groups always 
forms a sufficient set when two Postulates III, and V, or III and V, 
enter in pair into it. (ü) Any of the above sets, when it does not con- 
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tain two Postulates III, and V, or III, and V, in pair, is always non- 
sufficient. ; 

Proof. (1) First take two Postulates TTL, and IH. of Group III, 
then all sets of postulates containing Postulates III, and V, in pair are 
as follows. 

(i). Set consisting of Postulates I, II, IIL, IL, Va, IV.. 

(ii). Set consisting of Postulates I, IE, IIL,, IIL, Va, IV,. 

(iii). Set consisting of Postulates I, II, III,, IIL, Va, TV。. 

(iv). Set consisting of Postulates I, II, IIL,, UL, Va, IV.. 

(vy), et consisting of Postulates I, IL IH,, IIL, Va. IVI: 

Of these, from the set (i% Postulate IV, is at once deduced; and 
from each of the sets (iii) and (v), Postulate III, and hence Postulate 
IV, are deduced. ‘These sets therefore satisfy all the postulates of the 
first set given in section 1, and accordingly they are sufficient ones. Next 
each of the sets (ii) and (iv) contains all the postulates of sufficient sets 
given in (A), and moreover it contains a superfluous Postulate IIL. If 
we omit this superfluous postulate we get the sufficient set given in (A). 
Thus the first part of the theorem is proved. ‘The validity of the 
second part of the theorem may be seen at once by using the Class 
iM}. 

(2) Secondly, take two Postulates IIT,, II, of Group III; then 
that in this case also the theorem is true is at once seen by interchang- 
ing the relations © and © in the above sets and by using Theorem 9. 

(3) The third case, in which two Postulates III,, III, of Group 
III enter in the set of postulates, will be considered in the case II and 
it will be found that the theorem holds good in this case also. 

Now we shall prove that the postulates of the sufficient sets (i), (iti) 
and (v) are independent of one another. But before doing this, we have 
to state the following theorems. 

Theorems 15. Any sufficient set of independent postulates containing 
Postulates I, II, III,, V, and one or more of Group IV must also con- 
tain Postulate ITTI,. 

This may be. proved by using the Class {.3’5. 

Theorem 16. Any sufficient set of independent postulates containing 
Postulates I, II, IIL,, V, and one or more of Postulates 1V,, IV., IV 
must also contain Postulate IIL,. 

This may be proved by using the System {2}. 

From these theorems and Theorems 1, 2, 3, 5, the independence of 
postulates of the sets (i), (iii) and (v) may be proved at once, and by 
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Theorem 9, the sets obtained by interchanging their relations @ and © 
are also sufficient sets of independent postulates. , i 

From Theorem 14 and Classes {3"} and {R}, we see at once that 
all other sets of postulates in the case (b) are non-sufficient or non- 
independent. Therefore in the case (B) we have six, and only six, 
sufficient sets of independent postulates. 

II. Sets of postulates which contain both of the Postulates III, 

and III,, but neither of the Postulate V, or V,. 

Since Postulate II may always be deduced from any set containing 
Postulates III, and III,, Postulate II need not be considered in this 
case at all. 

Theorem 17. A set consisting of two Postulates III, and IIL, forms 
always a sufficient set of independent postulates, whenever one, and only 
one, postulate is taken from every one of the three Groups I, IV, V, and 
is added to the above set. 

Proof. The set of Postulates I, IIL, ILL, IV,, Va and also the 
set obtained by interchanging the relations © and © from the above 
were already proved to be sufficient. ‘Therefore to prove that any set 
of postulates stated in this theorem is sufficient we have only to show 
that from any one of them Postulate IV, may be deduced. But this 
may be done at once. For example, to deduce Postulate IV, from 
Postulates I, III,, XIII,, IV, and V,, assume that from the relations 
ASB and BSC, the relation AGC would follow; then since from 
Postulates III, and. IIIT,, Postulate III, follows and hence from the 
relation 4 お the relation BSA follows, from the relations BSA and 
ADC the relation BSC would follow uniquely (Postulate TV。), contrary 
to the hypothesis B&C. Next assume that the relation AGC holds 
good, then from Postulate III, the relation CGA would follow; and 
from the relations BOC and CGA, the relation BGA would follow 
(Postulate IV,), contrary to the proposition BOA, which is deduced 
from Postulates III, and III,. Therefore by Postulate I, we must have 
the relation AGC from the hypotheses AGB and BOC and thus 
Postulate IV, is deduced from Postulates I, III,, III,, IV,, Va. 

Further to show that the postulates of any sct mentioned above are 
mutually independent we may use Theorems 1, 2, 3, 5. For, by 
Theorems 1, 2,3, any sufficient set must contain at least one of the 
postulates of each of the three Groups I, IV and V, and, by Theorem 
5, Cor., any sufficient set not containing Postulate II, must contain both 
Postulates IIT, and III,. Hence, by reasoning similarly as in the proof 
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of Theorem 11, we may prove the independence of postulates in the 
above set. | 

From the above, it follows at once that any set of postulates con- 
taining Postulates IIT, and III, is non-sufficient or non-independent, 
unless it is one of the above sets. Thus in this case we get ten, and 
only ten, new sufficient sets of independent postulätes, every one con- 
sisting of five postulates. | 

III. Sets of postulates which contain both of the Postultaes V, 

and V,. 

In the cases I and II, we have studied the sets containing only one 
of the Postulates V, and V,. Now we proceed to consider the sets 
containing both of them, but in the case II, we have also studied the 
sets containing both of Postulates V, and V, and both of Postulates III, 
and III,, so that we may omit this case. Therefore the sets to be 
considered here have only one of the Postulates III, and III, at most, 
hence each of the sets must contain at least Postulates I, II, V, and V, 
(Theorems 3, 5 and hypothesis). Here again for the convenience of 
investigation, we shall distinguish three cases as follows. 

(A). Sets containing two postulates of Group IIT. 

In this case all the sets contain at least Postulates I, IL, IIL,, U1, 
Wer Ve or Postilates “I, IT, TELL, HL, Vi, Vi. But, by Theorem 2, 
those are not enough to form a sufficient set of postulates, and so at 
least one of Group IV must be added to them. Nevertheless when any 
one of the Group is added to them, Postulate V, or Postulate V, is 
deduced from the other postulates of the set thus formed (Theorem 14), 
Therefore in this case no new set of postulates having the required pro- 
perty is obtained. 

(B). Sets containing only one postulate of Group III. 

First consider the case in which the set contains Postulate III, of 
Group III, then it must contain at least Postulates I, II, III,, Va, V, 
and some postulates of Group IV. But when the set contains Postulate 
IV, or IV,, Postulate V, may be deduced from other postulates of the 
set, and if Postalate V, is omitted, then the set becomes identical with 
that obtained in (I). Next, when the set contains one or more than one 


of Postulates IV,, IV., IV,, it is a non-sufficient set as may be easily 


proved by using the System {&%{. Thus in this case no new set having 
the required property is obtained. Secondly, the case in which the set 
of Postulates contains Postulate III, of Group III may be treated in a 
manner similar to the above, and the same conelasion will be obtained. 
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Lastly we shall consider the case in which the set of postulates 
contains Postulate III, of Group III. In this case, before giving new 
sets of postulates having the required property we shall state the follow- 
ing theorems. 

Theoren 18. Any sufficient set of postulates containing only one 
postulate of Group IV and neither Postulate III, nor III, of Group III 
must contain all those of Group V. | 

Proof. The Class $%’} satisfies Postulates I, II, IIL, Va and all 
those of Group IV, but not Postulate V,. Therefore the set consisting 
of Postulates I,1II, IIL,, V, and all those of Group IV are non- 
sufficient. Similarly the Class {A} satisfies Postulates I, II, IIL,, V, 
and all those of Group IV, but not Postulate V,. Therefore the set 
consisting of Postulates I, II, III,, V, and all those of Group IV is 
also non-sufficient. Accordingly, in this case, the set must contain both 
V, and V, to be sufficient. 

Cor. Any sujficient set of postulates containing neither Postulate III, 
nor III, must contain all those of Group V. 

Theorem 19. Any suficient set of postulates containing only one of 
Group IV and neither LPostulate III, nor III, of Group III must contain 
Postulate III, of Group III. 

Proof. The System }} satisfies Pustulates I, IL Va, Vi, IV. 
TV。, and IV,, but not Postulate IIT,; and the System {£'} satisfies 
Postulates I, II, V,, V,, IV}, and IV,, but not Postulate IIL,. There- 
fore any set containing Postulates I, II, Va, V, and one of Group IV 
cannot have Postulate III, as its logical consequence. | 

After having established these theorems we may state the fol- 
lowing 

Theorem 20. The set consisting of Postulates I, II, III, and both 
the postulates of Group V always forms a sufficient set of independent 
postulates when only one postulate of Group IV is added to it. 

Proof. From the set consisting of Postulates I, II, III,, Va and V,, 
the two Postulates IIT, and III, are deduced at once. Therefore when 
any one postulate of Group IV is added to it, the set forms a sufficient. 
set always (Theorem 17). Next that these postulates are independent of 
one another may be proved by Theorems 2, 3, 5, 18 and 19. Thus we 
get five new sufficient sets of independent postulates. 

(C). Sets containing none of the postulates of Group III. 

In this case the set must consist of Postulates I, IL, V,, V, and. 
certain postulates of Group IV. 
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Theorem 21. A ‘set of postulates consisting of all those of Groups 
I, IT and V cannot form a sufficient set when only one postulate of 
Group IV is added to it. 

Proof. That the above set cannot be sufficient when one, or more 
than one, of Postulates IV,, IV, and IV, are added to it may be 
proved by using the System $2’} ; and that the set cannot be sufficient 
when one, or more than one, of Postulates IV,, IV, and IV, are added 
to it may be proved by using the System {2}. 

Cor. 1. In order that a set of postulates consisting of all those of 
Groups I, IT and V may be a sufficient one, at least two postulates of 
Group IV must be added to it. 

Cor. 2. Any set of postulates consisting of all those of Grou; s I, IT 
and V and one, or more than one, of the Postulates IV,, IV, and I Va 
cannot be a sufficient one. 

Cor. 8. Any set of postulates consisting of all the post tulates of 
Groups I, II and V and one, or more.than one, of Postulates IV,, IV, 
and IV, cannot be a sufficient one. 

Theorem 22. Any set of postulates consisting of all the postulates of 
Groups I, LI and V and those of one of the four pairs of postulates 
(IV, IV.) (IVa, IV.), (IV,, IV), (IV., IV) always forms a sufficient 
set of independent postulates. 

Proof. From any one of the above sets, Postulate III, can be at 
once deduced, therefore by Theorem 20 the sets are all sufficient. Next 
that the postulates of every set are independent of one another may be 
proved by Theorems 3; 5; 18, Cor.; 21, Cor, 2 and Cor. 3. 

In the above, all possible sets of postulates containing one or two 
of the postulates of Group IV has been considered. All other sets, 
namely those containing three or more postulates of Group IV, are non- 
sufficient (those containing Postulates IV,, IV,, IV, or Postulates 
IVa, IV., IV.) or non-independent (all other than those mentioned 
above). Thus in this case we get four, and only four, new sufficient 
sets of independent. postulates. 

Conclusion. In the above, we have considered all possible cases 
and have obtained twenty nine sufficient sets of independent postulates. 
Now we shall try to collect and classify them. Since Postulates IV, 
and IV, have a very similar property, ani whenever one of them, 
entering into any sufficient set of independent postulates, is replaced 
by the other, a new sufficient set of independent postulates is always 
obtained, we shall call the second set thus obtained a derived sct of the 
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first kind(!). The same may be said of Postulates IV, and IV.. 
Further, since, whenever the relations ② and © are interchanged in 
any sufficient set of independent postulates, a new sufficient set of 
independent postulates is always obtained, we shall call the second set 
thus obtained a derivel set of the second kind. Thus we get the follow- 
ing table of the sufficient sets of independent postulates. 


I. Sets containing one, and only one, postulate taken from ‘every group of 












postulates. 
Fundamental sets. N the Derived sets of the second kind. 
(a) (B) (a’) (8) 
EEE a 








I, II, Je, IVr, Ve. LAI, Tig IV, Va I, KILI I1V2, ‘Yo I, II, Uh, IVe, Vo 


II. Sets containing two postulates of Group III and only one postulate of all 
other groups. 





DAT LS IV ia) I; IL 10511, IV, Vo. 





| I, £T, III, Wt, IVe, Va: I, IL, Ila, Le, IVe, Va.| I, II, IIIa; II, Vo, Vo.) I, IL, Il, II, IVa, Vo. 

lr rr 1 tru r  il_ riruurrrÉÉ_tll@€p us EGG 

II. Sets containing two postulates of Group III and only one postulate of 
Groups I, IV and V. 


e e ee e e e OO 


I, III, Io, Va; Va: ; IIL, III, IVa, Vi. 





— 


ì I, II, Io, IV; Vas Li III, II. IVa, Va. I, III, III, TV。, Vo. ie IH, TII,。 IVe, Vp. 











I, Ile, Ile, IVe, Va: | I, IH, Ue, IV. Va. | I, Wh, Ils, IV, Vo. | I, UL, IM, IVa, Vp. 





IV. Sets containing two postulates of Group V and only one postulate of all 
ether groups. 





I, II, Ia, IVa, Vas Vo 











a ILL IIa, IV, Va Vi» I; II, Ila, IVa, Vas Vo. I; LE IIa, IVo, Vo, Va. i, II, IIIa, IVe, Vo, Va. 





V. Sets containing two postulates of Groups IV and V and one postulate of 
Groups I and II. 


I, IL IVe. IVe, Va, Vo | DIL IVa, IVe, Va, Vo- 





LI, TV IVa Walk が 1, ILIV I Vasto Va 


(1) It is to be remarked that there is a class of things satisfying one of the 
Postulates IV, and IVa, but not the other. Some classes of things having such a pro- 
perty will be given in the next Part. fi 
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All the above sets consist of five or six postulates, the number of 
those containing five postulates being fourteen while the number of 
those containing six postulates is fifteen. In section 1, as representing 
the former, we have mentioned the two sets and stated their characteristic 
properties. As a representatives of the latter, we may take the set of 
Postulates I, II, IlL,, 1Va, Va, V, and the set of Postulates I, II, IV,, 
IV., Va, V,, both having the characteristic property tlat, when the 
relations © and © are interchanged in them, each of them remains 
the same as before. ‘This stableness of the postulates presents a very 
striking contrast to the unstableness ot those of the first set in section 1. 
Moreover, these sets are more symmetrical: and elegant in form and 
nature than the first and second sets in section 1; and perhaps the set of 
Postulates I, II, ING, IV, Va, Vi is the most beautiful of all, the 
relations contained in each being all of the same kind. We shall write 
their postulates in evtenso so as to enable the reader to take them all 
in at a glance. 

Representative of the sets of five postulates. 

The first set. | | 

I. Any two elements A and B of the class satisfy at least one 
of the three relations A©5, ASB, ASB. | 

II. Any element A has at least one clement B, such that BOE A. 

III. If ASB then BOA. 

IV. lf ASB and BOG, then AGC. 

V. If A@B and BEC, then AOC. 

The second set. 

I. The same as above. 

IL If ASB, then BSA. 

Tits) lf ASB, then BOA. 

IV. If AS B and SSC, then ASC 

Vi If A@B and BOC, then AOC. 

Representative of the sets of six postulates. 

The third set. 

I. The same as above. 

RESA, 

IL If ASB and BOC then AGC 

ec rando than ACC. 

V. If AOB and BOG then ASC. 

VI If ASB and BEC, then ASC. 

The fourth set. 
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I. The same as above. 

Ih: AGA, 
IIL. „IE ASB, then BSA. 
IV. Jf. ASB and BSC, then AGC. 
V. If AGB and BOG, then AGC. 
VI. If ASB and BEG then ASC. 


PARSE 
Singular Sets of Postulates. 


SECTION 8. FIRST SINGULAR SET OF POSTULATES. 


In section 1, we remarked that the mutual relations of our postula- 
tes of the first set are very delicate and that even the slightest alteration. 
of one of them may cause an essential change of the properties of the set 
Here we shall see how it happens. | 

In the first place, replace Postulate II “any element A of the class 
has always an element B, such that BSA” by the analogous Postulate 
Il’ “any element A of the class has always an element B, such that 
ASB”; then the set of Postulates I, IT, III, IV, V is not identical 
with the set I, II, III, IV, V, though Postulates II and Il’ are so 
analogous that they seem interchangeable. Indeed we can prove that 
Postulate II does not follow from the former set of postulates while Pos- 
tulate Il’ is the logical consequence of the latter. The latter part of the 
above was already proved in section 4, hence we have only to prove here 
the former part of it. For this purpose, it is sufficient to find a class of 
things which satisfies Postulates I, HW’, III, IV, V, but not Postulate IL 
Now a class of things having such a property was already given in 
section 2 to prove the independence of Postulate II from the other pos- 
tulates. There we remarked that the number system {A (a,b), N} then 
used satisfies not only Postulates I, III, IV, V but also Postulate II’ while 
it does not satisfy Postulate IT. 

Thus the new set of postulates embraces two main branches, in one 
of which Postulate II always holds good while in the other it does not. 
The first branch is identical with the usual set of postulates already given. 
The second branch has properties quite different from those which one 
would expect. Here we shall give some of them. 

For the convenience of discussion, we shall divide the elements of 
a class of things belonging to the second branch into two classes, the one 
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consisting of all elements, each of which has an element equal to it, 
and the other consisting of all elements, none of which has any other 
equal to it; and call the elements of the former kind “ ordinary” and 
those of the latter kind ‘ singular”. Since, by Postulate IT’, each element 
of the set has an element to which it is equal, an ordinary element has 
equal elements on both sides of it(*) while a singular one has an equal 
element on only one side (right) of it. 

Theorem 23. If A is a singular element of the class, then A is greater 
than itself. 

Proof. Since any singular element cannot be equal to itself by its 
fundamental property, it must be greater or less than itself by Postulate 
I. But if it is less than itself, it would be greater than itself by Pos- 
tulate III, and since the conclusion of the postulate is unique, it contra- 
dicts the hypothesis. Hence any singular element must be greater than 
itself. 

Theorem 24. Any two singular elements cannot be equal to each other. 

This follows at once from the defivition of the singular element. 

Theorem 25. If A is a singular element of a class of things and is 
equal to B, then B is greater than A, or in symbol, if ASB, then BS A. 

Proof. Since B cannot be equal to a singular element 4, must 
be less or greater than A. If B is less than A, then A would be greater 
than B by Postulate III, which contradicts the hypothesis that A is equal 
to B. Thus 5 must be greater than A. 

Theorem 26. If A is a singular element of a class of things and A 
is equal to B and B is equal to C, then C is greater than A; or in 
symbol, if ASB and BSC, then CSA. 

Proof. Since A is singular and is equal to B, we have the relation 
BOA by the previous theorem. Further, since A is equal to 6, B can- 
not be singular, and moreover, since 5 is equal to C, C cannot be 
singular also. Therefore from the relation BSC, the relation COB 
foliows, and from the relations CSB and BOA, the relation CSA fol- 
lows by Postulate IV. 

Theorem 27. If A is a singular element of a class of things and is 
greater than B (ordinary or singular), then B cannot be equal to A; and 
if A is an ordinary element and is greater than B (ordinary. or singular), 
then B cannot be greater than A. Moreover, if A is a singular element 








(+) Any ordinary element A always has two elements M, and M,, such that M,©A4 
and A@M,. 
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and A is equal to B and B is equal to C, then A cannot be greater than 
en | | 

Proof. The first part of the theorem follows at once from the pro- 
perty of a singular element, and the second part may be proved as 
follows. en | 

Suppose that the relation BGA holds good, then from the relations , 
ASB and BOA the relation AGA would follow by Postulite V, but 
A, being an ordinary element, must be equal to itself. Hence the relation 
BSA cannot hold good in this case. 

In the third part of the theorem the relation CGA holds good by 
the previons theorem. Therefore if the relation A@C holds good, from 
the relations COA and AGC, the relation C&C would follow (Postulate 
V). Bat, since C is an ordinary element (by the hypothesis B@C), the 
relation CC must hold good in this case, contrary to the above result. 
Therefore in this case the relation AGC cannot hold good. | 

Theorem 28. When B is a singular element of a class of things, if 
A@B and BSG, then CGA. 

Proof. Since B is singular, from the relation B=C we have the 
relation COB by Theorem 25, and from the relations CSB and BOA, 
we have the relition CSA by Postulate V. 

Theorem 29. (i). When A is ordinary and B is singular, if ASB 
and BSC, then ASC. (ii). When A is singular and B is ordinary, 
if ASB and BSC, then ASC. 

Proof. (i). Since the relation BSC holds good, C is an ordinary 
ciement, and by the hypothesis of (i) A is also an ordinary element. 
Therefore from the conclusion CARA of the previous theorem tl.e relation 
ASC follows. Thus the first part of the theorem is proved. 

(ii). In the second part assume that, if possible, the relation ASC 
holds good, then, since A is singular, we should have the relation COA 
from it, and from the relations C&A and AGB, we have the relation 
COB by Postulate V. But, on the other hand, since B and C are 
ordinary, we must have the relation CB from the relation BOG 
which is contrary to the above result. Next assume that, if possible, 
the relation ASC holds good, then by Postulate III we should have the 
relation COA from it. With this relation CGA, by reasoning as above 
we arrive at the same contradiction. Hence we must have the relation 
ASC. as 

Theorem 30. When A, B and C are any elements of a class of 
things, the following always hold good. | 
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(?) if ASB and BEC, then ASC; 

(ü) if ASB and BEC, then ASC. 

This may be proved in the usual manner. 

When one or both of A and B are singular, the conclusion of a 
given hypothesis often presents an indetermination, while, in the case of 
ordinary elements, from the same hypothesis the conclusion is uniquely 
determined. For exampl», when A is singular we have the propositions : 

(1) if ASB, then BEA or BOA; 

(nj) af AS band BSC, then ASC or ASC; 

(iii) if ASB and BSC, then AOC or ASC. 

Further when B is singular we have the propositions : 

five AG bother BOA or BoA: 

(v). if ASB and BSG, then AOC or ASC or AOC. 

That, in the cases (i), (ii), (iv), a relation other than those mentioned 
above cannot occur was already proved (Theorem 27), and in (iii), that 
this is also the case may be easily proved. 

Next to see that the above indeterminations really occur, take the 
Class (5) and add to it the five number V,(150, 1), (120, 1), A,(149,0), 
A, (119, 0) and A) (100, 0) (any element of the class being repeated any 
number of times), then this new class satisfies all of the Postulates I, 
Il’, II, IV, V. In this new class, N (100, 1), N and N, are singular 
white all the other elements are ordinary. Now, in this class, according 
to the definitions of the three relations ©, &, ©, we have the following 
relations. 

(i). The relations N@ Ay and 44② が /, and also the relations NON, 
and N,©N hold good simultaneously. 

(ii). The relations N&A(99,0), AGA and NGA hold good 
simultaneously. 

。 (iii) The relations NON, NSA and N,SA hold good simul- 
taneously. 

(iv). The relations AGN and NOGA, and also the relations 
4'(90, O)@N and NEA’ hold good simultaneously. | 

(v). The relations ASN, NOA and AGA; and the relations 
AON, NSA and 4/64; and also the relations A,SN, NSA and 
4。 ぐ 4 hold good simultaneously. Further to see that two sets of rela- 
tions (ii) ASP, BEC, ASC, and (iii) ASB, BSC, ASC may occur 
in a class of things satisfying Postulates I, IV’, III, IV, V, let us take 
the three numbers 1, 2, 4 (any element being repeated any number of 
times) and define their relations as follows. 
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jean 232, 434, 
2; A 492, 
154, 234, 4 
Then they clearly satisfy Postulates I, II, III, IV, V, and the two ele- 


ments 1 and 2 are ordinary while 4 is singular. In this class of num- 
bers the following relations hold good simultaneously. 


(ii) 491, 162, 482; 
(iii) 422, 291, 461. 


Thus from these two classes of numbers we see that all the inde- 
terminations (i), (ii), (iii), (iv), (v) may really occur. 


THREE SETS OF POSTULATES. 


From the set of postulates I, II°, III, IV, V, we have derived two 
sets of postulates, one of which satisfies Postulate II, while the other 
«does not ; and also we have seen that the properties of these two sets 
are very different from each other. If we interchange the relations © 
and © in the above first and second sets we get the third and fourth 
sets corresponding to them. But the first and third sets are identical 
with each other in substance though they are different in form, since 
from one of them the other is deduced. ‘Thus we get three sets of 
postulates, with properties presenting very remarkable relations, which 
somewhat resemble those of the three geometries, Euclidean, Riemannian 
and Lobatchewskian. We shall enumerate them for convenience of com- 
parison. 

System (A). 

(1), Bar 
(i) If ASB, then BOA. 
(ii). If AOB and BOG, then AOC. 
(iv). If ASB and BOC, then ACC. 
I If ASB, then BEA. 
(vi). If ASB, then BOA. 

System (5). 

If A is a singular element of System (5), then the following pro- 
positions hold good. 

(i). 4②4. 

io If ASB, then BOA. 

(ili). If ASB and BOC, then COA. 


“x 
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(v). If A@B, then BOA or BOCA. 

(vi). If ASB, then BOA. 

System (C). 

If A is a singular element of System (C), then the following pro- 
positions hold good. 


| i). A@A. 


Io If ASB and BOG, then ASC or AQC 


Gi). If ASB, then BEA. 
(ii). If A&B and BOG, then CIA. 
(iv). If ASB and BEC, then AOC or AGC. 

I If ASB, then BSA or BOA. 

(vi). If A@B, then BCA. 

The following propositions are true for any element of the three 
systems ; the former two as theorems and the latter two as postulates for 
Systems (A) and (5), and the former two as postulates and the latter two 
as theorems for System (C'). 

(i). If ASB and BSC, then ASC. 

(ii). If ASB and BEG then AOC. 

(iii). If ASB and BOG then AOC. 

(iv). If AOB and BOG, then AOC. 


Ordered class of things (in a wider sense). 


Definition. A class of things satisfying the following four postulates 
is called an ordered class of things (in a wider sense). 

Postulate I. Any two elements of a class of things satisfy one, 

and only one, of the three relations ©, ©, ©. 

Postulate III. If ASB, then BOA. 

Postulate IV. If ASB and BOG, then AGG 

Postulate V. If ASB and BOC, then AOC. 

We have already seen that elements of a class of things satisfying 
Postulates I, II°, III, IV, V may be divided into two classes, namely 
ordinary and singular elements. But among classes of things satisfying 
Postulates I, ILL, IV, V there may exist a class of things which contains, 
besides ordinary and singular elements, an element having no element 
equal to it, nor any to which it is equal. We shall give an example of 
such class of things. 

Consider the Class (9) and add to it a number N, (200, 1). If we 
define the relations of the elements of this new class as in the class (8), 
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then this class satisfies Postulates I, III, IV, V, and contains the elements 
of the three kinds mentioned above For, the element N (100, 1) has the 
element A (99,0) to which it is equal, but none which is equal to it; 
and the element N, (200, 1) has no element, to which it is equal, nor 
any which is equal to it. All the other elements are equal to themselves 
and so have elements to which they are equal and also elements which 
are equal to them. Thus the class contains elements of the three kinds. 
Further that this class satisfies Postulates I, III, IV, V may be proved 
in a manner similar to the proof of independence of Postulate II (sec- 
tion 2). 
Definition. An element of a class of things, which has no element 
equal to it, nor any to which it ts equal, is called an isolated element. 

Thus, from this point of view, the elements of an ordered class of 
things may be classified into the three kinds : 

(i) ordinary element, 

(ii) singular element, 

(iii) isolated element. 

Theorem 31. In an ordered class of things, an ordinary element is 
equal to itself, and a singular element and an isolated element are greater 
than themselves. 

The former part of this: theorem may be proved as in the proof of 
Propesition I (section 4), and the latter part as in the proof of Theorem 

Theorem 32. Any ordered class of things containing a singular ele- 
ment always contains an ordinary element. 

Proof. If A is a singular element of the class, it has an element 
B to which it is equal. Accordingly B must be equal to itself. For, 
if the relation BOL holds good, then from the relations ASB and 
BSB, the relation A@B would follow (Postulate IV), contrary to the 
relation AGB. Next if the relation BEB holds good, then we must 
have the relation BOB (Postulate III), which is again a contradiction. 
Therefore we have the relation BSD and accordingly we have also the 
relations AS BSB, which shows that B is an ordinary element. 

Cor. 1. There cannot eaist an ordered class of things consisting of 
singular elements only. 

Cor. 2. There cannot exist an ordered class of things consisting of 
singular and isolated elements only. 

But there may exist a class of things consisting of isolated sae 
only. We shall give an example of it. 
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Consider a class of numbers { A(a, b)}, where a denotes any integer 


1 a pi 
and 5 any number between zero and mi excluding zero and —), and 


define the relations of its elements as follows. 

(i) If <A(a, の , B(a’, の ) denote two elements of the class, then A is 
said to be equal to B when a—a’=b+b’, and (ii) A is said to be greater 
than B when a—a’<b+0'; and (iii) A is said to be less than B when 
a—a’>b+b’, 

Now in this class of numbers any element A cannot be equal to 
any other element B and also to itself, since a—a’ is an integer and 
6+-b’ is a positive proper fraction. Moreover there is no element equal 
to A by the same reason. Therefore A is an isolated element. Next 
this class of numbers satisfies Postulates I, III, V actually and Postulate 
TV vacuously, all of which can be verified at once. 

As to the existence of an ordered class of things consisting of ordina- 
ry and singular elements only and also the existence of an ordered class 
containing all three kinds of clements, we have already given examples 
of them previously. Further, if we omit the element N from the class 
of things {N,, N, A(a,b)! mentioned before, we have an ordered class 
of things consisting of ordinary and isolated elements only; and if we 
take a class of things satisfying Postulates I, II, III, IV, V, we have 
an ordered class of things consisting of ordinary elements only. Thus 
we may classify the ordered classes of things as follows. 

I. Classes containing only one kind of elements : 
I. those which contain ordinary elements only, 
2. those which contain isolated elements only. 
II. Classes containing two kinds of elements : 
1. those which contain ordinary and singular elements only, 
2. those which contain ordinary and isolated elements only. 

III. Classes containing three kinds of elements. 

In this respect, the ordered classes of things present a very striking 
resemblance to the continuous set of points. In this Journal, Vol. 12, 
Nos. 1-2, I have shown that the elements of continuous sets of points may 
be classified into three kinds, namely, non-principal point, simple principal 
point, and compound principal point ; and also have shown that continuous 
sets themselves may be classified by these points as follows. 

I. Sets containing only one kind of points. 
1. those which contain non-principal points only, 
2, those which contain compound principal points only. 
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II. Sets containing two kinds of points : 
1. those which contain non-principal and compound principal 
points only, | 
2. those which contain non-principal and simple principal points 
only. 

III. Sets containing three kinds of points. 

The sets containing simple principal points only or those containing 
simple and compound principal points only do not exist. 

Thus we see that the ordinary, singular, and isolated elements of 
the ordered class of things just correspond to the non-principal, simple 
principal, and compound principal points of the continuous set of points 
respectively ; and the classification of both sets by these elements are ex- 
actly the same. 


SECTION 9. SECOND SINGULAR SET OF POSTULATES. 


We have derived a singular set of postulates by replacing Postulate 
II of the first set of postulates in section 1 by Postulate II’. Now replace 
Postulate III “if 45, then BSA” of the same set of postulates: 
by the analogous one “if AG£, then BSA” (Po:tulate ITT), then, 
from the new set, Postulate III does not follow, while, from the old ons, 
Postulate III’ does. That Postulate III cannot be deduced from the 
new. set of postulates may be seen from the following example. _ 

Consider a system of particles moving in parallel straight lines and 
suppose that any straight line contains more than two particles moving 
in different directions, and define their equality and inequality as follows. 

(i) If two particles A and 5 in the same line move in the same 
direction, then they are said to be equal to each other; and (ii) if A 
and B move in different lines and A’s line is situated on the left of 
B’s, then A is said to be greater than £; and (iii) in all other cases 
A is said to be less than 5. We shall call this system ‘of. particles 
“the System (M) ”. | 

According to the above definitions, it may be easily seen that this 
system of particles satisfies all the Postulates I, II, III’, IV, V, but not 
Postulate III; for in this system when A is less than 5, B may be 
greater or less than A. RI 

Moreover, there is a class of things satisfying these five postulates, 
in which all of the three cases BOA, BSA, BEA may occur when 
the relation A&B exists; for example, in the above system of particles, 
define the equality and inequality of its elements as follows. 
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(i) If two particles A and B in the same line move in the same 
direction and A is before B or A and B are at the same place, then A 
is said to be cqual to B. (ii) (a) If two particles A and B in the same 
line move in the same direction and A is after 5, or (b) if A and B 
move in the same line in opposite directions, or (c) if A and B move 
in different lines and A’s line is situated on the left of B’s, then A is 
said to be less than 5. (iii) If two particles A and B move in different 
lines and A’s line is situated on the right of D’s, then A is said to be 
greater than DB. We shall call this system of particles with the above 
definitions of equality and inequality “the System (Jt) ”. 

According to these definitions, this system of particles clearly satis- 
fies Postulates I, II, III, IV, V, and when A is less than B, B is 
equal to or less than or greater than A, according as A and B move in 
the state of (a) or (b) or (c) respectively. 

Thus the set of Postulates I, II, III’, IV, V embraces two main 
branches, in one of which Postulate III holds good while in the other 
it does not in general. The former branch is identical with the usual 
set of postulates, but the latter branch presents many properties different 
from the usual, whose striking feature is the indetermination of the re- 
lations of equality and inequality. We shall give some of them. 

1. In a class of things satisfying Postulates I, II, IV’, IV, V, but 
not Postulate III, no element can be greater than itself (Postulate III), 
but it may be equal to or less than itself. We may construct a class of 
things containing two kinds of elements, one of which satisfies the rela- 
tion AGA, while the other satisfies the relation BEL. For example, 
in a system of particles moving in parallel straight lines, in each of which 
more than two particles move in opposite directions, if we define the 
relations of its elements as follows, we get what we require. 

(i) When both of the two particles A and B in the same line move 
upward or when they move in opposite directions, they are said to be 
equal to each other; and (ii) when both of the two particles A and £ 
in the same line move downward, or when A and B move in different 
lines and A’ line is situated on the left of B’s, A is said to be less 
than B; and (iii) when A and B move in different lines and A’s line 
is situated on the right of B's, A is said to be greater than B. We 
shall call this system of particles with the above definitions of equality 
and inequality “the System (©) ”. 

According to these definitions, this system of particles satisfies Postu- 
lates I, II, Ill’, IV, V. And in this system, any element moving up- 
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ward is equal to itself; and any element moving downward is less than 
itself by the definitions of “equal to.” and “ less than”. 

2. In a class of things satisfying Postulates I, II, II’, IV, V, but 
not Postulates III, if the relation A@L holds good, then the relation 
BOA cannot (Postulate III’), but the other relations BSA and BEA 
may both occur (see the System (Jt)). 

3. In the above class, if the relation AQ&B holds good, all of the 
three relations BSA, BGA, BEA may cceur (see the System (N)). 

4, Similarly, in the above class, the relation of A to C is not 
uniquely determined in general when the relations of A to Band B to 
C are given (see the Systems (N) and (O)). In general, the relation of 
A, to A, is not uniquely determined when the relations of A, to À, 
A, to À3,-..... , An-1.t0 A, are given. 

Thus we sce that classes of things satisfying Postulates I, II, IIT, 
IV, V may be divided into two main classes presenting a very striking 
contrast in their properties ; namely in one of them almost all the relations 
of equality and inequality are uniquely determined from its hypothesis (usual 
classes of things, the relations of their elements being defined in the usual 
manner), while, in the other, almost all the relations of equality and inequa- 
lity are not uniquely determined from its hypothesis. 

Here we shall give a very remarkable example of the latter kind. 

A class of things satisfying five Postalates I, II, III, IV, V, 

yet not satisfying all the fundamental theorems established by 

the usual set of Postulates I, II, III, IV, V. 

Consider a system of particles moving in vertical coplanar parallel 
straight lines, and suppose that in every line there are particles moving 
in both directions, upward and downward, and also suppose that to any 
particle moving downward there is always a particle moving after it in 
the same line and in the same direction. Now in this system of particles, 
by the positions and directions of moving particles at instant t, we give 
the following definitions of the relations of these particles. 

(i). A particle A is said to be in the relation A©B with respect 
to B when they are in any one of the following states. 

(a) The two particles 4 and B are moving in the same line and 
are approaching each other, A moving upward. (b) The two particles 
A and B are in the same line and both are moving downward, A being 
after B. (c) The two particles A and B are in the same line and both 
are moving upward, A being before B or coincident with B. 

(ii), A particle A is said to be in the relation ASB with respect 
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to B when they are in any one of the following states. 

(a) The two particles À and B are moving in the same line and 
in opposite directions, (1) A and 5 meeting at a certain point, or (2) 
both going forward after they meet, or (3) A moving downward and 
approaching B. (b') The two particles A and B are in the same line 
and both are moving downward, (1) A being before D, or (2) A being 
coincident with B. (c’) The two particles A and B are in the same 
line and both are moving upward, A being after 5. (d’) The two 
particles A and B are in different lines and A’s line is situated on the 
left of B’s. (e’) The two particles A and 5 are in different lines and 
A’s line is situated on the right of D’s, and (1) A and £ are moving 
in opposite directions, or (2) both are moving downward. 

(ii). A particle A is said to be in the relation A@B with respect 
to B when they are in different lines and A’s line is situated on the 
right of B’s and both are moving upward. 

According to these definitions, this system of particles clearly satis- 
fies all five Postulates I, II, III, IV, V. But in all cases other than 
those mentioned in the above postulates, the relation of the two elements 
is not uniquely determined from the given relations as will be seen below. 

I. (i) If A is in the state (c), then it is in the relation AGA ; 
and (ii) if A is in the state (b’), then it is in the relation AGA. Thus 
in this system each of the two relations AGA and AGA may occur. 

II. (i) If Aand B are in the state (c), then A and B are in the 
relation AGB while B and A are in the relation BOA or in the rela- 
tion BEA; and (ii) if A and Bare in the state (b), then A and B 
are in the relation 4 つ / while 5 and A are in the relation BSA. 
Thus in this system, from the relation AGB, each of the two relations 
BSA and BEA may follow. : 

IH. (i) If A and B are in the state (d’), then A and B are in 
the relation AGS while 5 and A are in the relation BOA or in the 
relation BOA; and (ii) if A and B are in the state (a’) (3), then A 
and 5 are in the relation AQB while B and A are in the relation 
BSA. Thus in this system, from the relation A© 5, each of the three 
relations BSA, BSA, BEA may follow. 

IV. If A and B are in the state (c) and B and C are in the 
state (a), then A, B and C are in the relations AGB and BSC, while 
A and C are in the relation ASC or AQC. Thus, in this system, 
from the relations ASB and BSC, each of the two relations ASC and 
ASC may follow. 
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V. (i) If A and B are in the state (a), and B and C are in 
the state (b’), then A, Band C are in the relations A®B and BEC 
while A and Care in the relation AGC; and (ii) if A and B are in 
the state (c) and B and C are in the state (d’), then A, B and C are 
in the relations ASA and BEC while A and C are in the relation 
A&C. Thus, in this system, from the relations ASB and BEC, each 
of the two relations ASC and ASC may follow. 

VI. (i) If A and B are in the state (e’) (1), A moving upward, 
and B and Care also in the state (e’) (1), then A, B and C are in the 
relations ASB and BEC while A and C are in the relation ASC; 
and (ii) if A and B are in the state (a’) (2), A moving upward, and B 
and C are also in the state (a’) (2), then A, B, and C are in the rela- 
tions AS) B and BEC while A and C are in the relation ASC or in 
the relation AGC. Thus, in this system, from the relations ASB and 
BOC, each of the three relations ASC ASC and ASC may follow. 

VII. (i) If A and B are in the state (iii) and B and C are in 
the state (c), then A, B and C are in the relations ASB and BSC 
while A and Care in the relation AGC; and (ii) if A and B are in 
the state (iii) and B and C are in the state (a), then A, B and C' are 
in the relations ASB and BEC while A and C are in the relation 
ASC. Thus, in this system, from the relations ASB and BEC, each 
of the two relations AGC and AGC may follow. 

VIII. (i) If A and B are in the state (c’) and B and C.are in 
the state (a), then A, B and C are in the relations AQB and BOC 
while A and C are in the relation AGC’; and (ii) if A and B are in 
the state (b’) (1), and B and C are in the state (b), then A, B and C 
are in the relations AS Band BEC while A and C are in the relation 
ASC or in the relation ASC. Thus, in this system, from the relations 
ASB and BOC, each of the two relations AG) Cand ASC may follow. 

IX. If A and B are in the state (d’) and B and C are in the 
state (iii), then A, B and C are in the relations A<B and BOC while 
A and C'are in one of the relations A©C, ASC and AQC. Thus, in 
this system, from the relations AGB and BSC, each of the three rela- 
tions ASC ASC and ASC may follow. | 

X. If A and B are in the state (iii) and 5 and C are in the state 
(d’), then A, B and C are in the relations ASB and BSC while A 
and C are in one of the relations ASB, ASC and ASC. Thus, in 
this system, from the relations ASB and BSc, each of the three rela- 


tions AGG ASC and ASC may follow. 
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Thus in all of the above ten cases, which include all possible cases 
except those given in the postulates themselves, the relations of equality 
and inequality are not uniquely determined from their hypotheses, for 
in cases III, VI, IX, X, all three relations occur from the same given 
relations, and in all other cases two relations occur from the same given 
relations. We shall call this system of particles with the above defini- 
tions of equality and inequality “the System (B)”. 

When Postulates III’ of the set of Postulates I, II, III’, IV, V is 
replaced by Postulate III, in any class of things saüsfying these postulates , 
the above indeterminations (except the cases IX, N) never occur. Whence 
we see what an important rôle one postulate plays in a set of postulates. 
The above example is a very interesting one to exp'ain this fact. 

Remark. In the above system of particles, when » elements are 
taken, and the relations of A, to A,, À, to A;,---:-- sonia toe are 
given, the relation of A, to A, is uniquely determined in none of the 
possible cases except in the two following ones only : 


WI ) 4 らん ぅ 4604; ’ A,@ A, D 7 A LAN 5 
(il) 4604, 404, 4A. RESTO 


In these two cases the relation of A, to A, is uniquely determined as a 
necessary consequence of Postulates IV and V. 


Now we shall determine whether Postulates I, IL, III, IV, V are 
independent of one another or not. This chiefly depends on whether the 
relation of an element to itself may be considered as meaningless or not. 
When the former consideration is taken and certain elements of a class 
of things in question are not repeated, Postulate III” is independent of 
the others. | 

To prove it, consider the Class (B) and add to it the elements 
N,, (100+ 2n, 1} and 5, (100 + Yn — 1, 0) (n=1, 2, 3,------) and suppose that 
each element except N,, B, and N,(100,1) is repeated any number of 
times. Now in this new class, define the relations ©, ©, © as in the 
Class (8), then this class of numbers satisfies Postulates I, IL IV, V, 
but not Postulate III’. The proof is as follows. | 

Firstly, by the definitions of the three relations the class clearly 
satisfies Postulate I. t'a 
Secondly, by the same definitions, we have the relations 


N„SBn, BasıSONn, A,@(its repeated element)(!}, 


(+) A,=A4; (L00~—7, 0) (r=1, 2, 3,----), 
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which shows that the class satisfies Postulate IT. 

Thirdly, when the relations P(a,b)SQ(a’,b’) and の (@⑦, の )② 
R(a",b") hold good, we have 

a—a’=b+0', a’=a"' <b! +b" 
and accordingly a—a'’<b+b" 4 20’. 
Therefore if 6’=0, the relation P@R holds good and Postulate IV is 
satisfied. ‘Thus to see that Postulate IV always holds good, we have 
only to examine the case 6‘=1, namely where の is one of the N’s. In 
this case, from the relations PSQ and QGR, we have 
に つん) NOB, or NON, (r=n+1, sn): 

But since 5 and N occur only once and we do not consider the rela- 
tion of an element to itself, r=n+1(') and s=n are to be rejected, and 
so in the above case we have 


Bigi DB; and B,: ON; (">% 十 1 s>n), 


which shows that in this case also Postulate IV is satisfied. 
Fourthly, when the relations PGQ, Q@R hold good, we have 


a—a’<b+0', a'-a'<b'+0", 
and accordingly a—a’<b+b" +26’. 


‘Therefore to see that Postulate V always holds good, we have, as before, 
only to examine the case where @ is one of the N’s. In this case, from 
the relations POY, GOR, we have 
B,ON, or AON, and N,@B, or NON, (r,s=n+1, t any integer), 
and from the definitions of the three relations we have 

A,OB,, A,ON,, dae Die BON,, 
which shows that Postulate V is also satisfied in this class. 

Lastly, when two elements V, and B, are taken, we have the 
relation B,@N,, while, on the other hand, the relation N,@B, holds 
good which shows that Postulate III’ is not satisfied in this class. 

For the convenience of reference we shall call this class “the Class 
(Q).” ‘Thus from the Class (Q) we may conclude that Postulate III 
is independent of the others. Next that each of Po-tulates I, II, IV, 
V is independent of the others may be proved by using the Class (%), 


— — —- 


(1) In the theory of equality and inequality, when three elements A,B and C are 
given, we have to determine the relation of A to C from the two given relations of A to 
Band B to C. Therefore, if the relation of an element to itself is not admitted, the 
three elements considered must be necessarily distinct from one another. 
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(83), (D), and (@’) respectively. hus when the former consideration is 
taken, all five postulates are independent of one another. But, on the 
other hand, when the latter consideration is taken, or when all the 
elements of a class are repeated, we may prove Postulate III" from the 
other postulates as will be seen below. 

Lemma. Any element of a class satisfying Postulates I, II, IV, V 
cannot be greater than itself or its repeated one. | 

For, suppose that, if possible, the relation AGA hold good, then 
since, by Postulate II, there is an element £ such that BEA, from 
the relations BOA and AGA we should have the relation BGA 
uniquely (Postulate IV), contrary to the relation BEA. Thus the 
relation 4②4 cannot hold good. 

From this lemma, we may prove that the relation お の 4 always 
holds good whenever the relation A@B does. For, suppose that, if 
possible, the relation B&A holds good in this case, then from the 
relations B@A and AB we should have the relations BOL uniquely 
(Postulate IV), contrary to the above lemma. Next suppose that, if 
possible, the relation BGA hold good, then from the relations BOA 
and A@B, again we should have the relation B&B (Postulate V), 
contrary to the lemma. Thus, by Postulate I, we must have the rela- 
tion BEA. | 

Since, in the Class (®) satisfying Postulates I, II, III, IV, V, no 
definite conclusion is obtained from any one of the ten hypotheses there 
given, we may conclude from the above discussion that, as far as three 
or less elements of a class are concerned, the number of definite funda- 
mental propositions deduced from the set of Postulates I, II, IV, V is 
at most only one(!); and even when n elements are taken, the number 
of definite propositions deducible is at most only three. But, when the 
latter consideration mentioned above is taken, by the addition of only 
one suitable postulate (Postulate IIL) almost all these indeterminations at 
once cease and we get at one stroke a great many definite propositions 
concerning them. This is a very striking example to show that the addi- 
tion of only one postulate has great influence on a set of postulates to 
establish a branch of science. | 


In passing, we shall give here another remarkable example of the 
same kind. In the preceding, we have scen that, when the relation of 


(1) The proposition is “if A@B, then BEA,” 
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an element to itself is considered as meaningless and certain elements of 
a class of things are not repeated, no definite proposition is deduced 
from the set of Postulates I, II, IV, V, and, if otherwise, only one 
definite proposition is deduced from the same set as far as three or less 
elements are concerned ; and also we have remarked that in the latter 
case the addition of only one postulate makes almost all the propositions 
definite. But, on the other hand, in the former case, the addition of 
the same postulate (Postulate III) make only two propositions definite 
and leave all the others indefinite. The two definite propositions deducible 
are the following : 

(i) if ASB and BSC, then ASC, 

(il) if ASB and BSC, then ASC. 

First that these propositions are true may be proved at once. 
Next that all the others are left as indefinite may be seen from the 
Class ( 〇 ) and the Class (R). It was already proved that the Class (9) 
satisfies Postulates I, II, IV, V; and moreover, that it also satisfies 
Postulate III may be seen at once from the definitions of the relations 
2,@. Now in this Class (Q), we have the following indeterminations. 

I. In this class, the relation of the element N to itself is meaning- 
less while the element A, is in the relation of 4. つ 4/ to another re- 
peated element A,’. 

II. In this class, N, and B, are in the relation N,©5, while B, 
and N, are in the relation B,@N, ; and further A, and its repeated 
element A,’ are in the relation A,=)A,’ while A,’ and A, are in the rela- 
tion 4/ つ 4. Thus, in this class, from the relation AGB, each of the 
two relations BSA and BGA may follow. 

III. In this class, B, and N, are in the relation B,@N, while 
N, and BP, are in the relation N,&D,; and further A, and A,_; are in 
the relation A,@A,_, while A,_, and A, are in the relation A4,_1©4,. 
Thus, in this class, from the relation Ab, each of the two relations 
B3A and BEA may follow. 

IV. In this class, B, and M, M and A, are in the relations 
BON and NSA; while B, and A, are in the relation 5B,©A;; and 
further N, and B,, B, and N,_; are in the relations N„&SB, and 
b.,©N,-, while N, and N,., are in the relation NON,.. Thus, in 
this class, from the relations ASB and BSG, each of the two relations 
A©C and ASC may follow. | 

V. In this class, A, and NM, N, and A,’ (respeated element of À.) 
are in the relations AON, and MEGA, while A, and A, are in the 
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relation A,=)A,’; and further A, and A,_,, A,_, and 4’,_, are in the 
relations A,&4,_, and A, SA, while A, and A’,_, are in the rela- 
tion 4,@)A',_,. Thus, in this class, from the relations A®B and BSC, 
each of the two relations A@C and AGC may follow. 

VI. In this class, the three elements A,, A,, A, are in the rela- 
tions A,64,, A,SA, when p>g and r>g, while A,, A, are in the 
relation A,©)A,, or A,@A,, or A,SA, according as p=r, or p>r, or 
p<r. Thus, in this class, from the relations ASB and B<C, each of 
the three relations ASC, AGC and ASC may follow. 

VIT, Similarly from the relations A<)B and BOC, each of the 
three relations A©C, AGC and ASC may follow. 

Lastly, to see that from the relations A<)B and BSC, each of the 
two relations AG)C and A<C may follow, consider a class of numbers 
3, 1, 0, -3, - 6, ・… , no element being repeated, and define the relations 
of its elements as follows. 

If A(a), B(b) denote two elements of the class, then A is said to 
be in the relation ASB with respect to B when one of the two 
equalities a+ 3=6, a+2=5 holds good; and A is said to be in the 
relation A@B with respect to B when a>b (a—2=+b); and A is said 
to be in the relation ASB with respect to B when a<b (a+3+#b, 
a+2=5). (Since no element is repeated and the relation of an element 
to itself is meaningless in this class, the case a=0 never occurs.) 

According to these definitions, the class satisfies Postulate I, and 
moreover, since we have the relations 


As (D@A, (3), 45 (0)@ 4: (8), 4(3)94;(1), 
Anyi(—3n+6)© A, (—38n+9) (n=3, 4,5,.-.... À 


from the above definitions, the class also satisfies Postulate II. 

Next when A and B are in the relation A (a)<)B (6), we have the 
inequality a<b and accordingly the inequality 0>a. In this case the 
equality b—2=4 never occurs since there are only two elements A, (3), 
A, (1) satisfying it and they are in the relations A©4; and A,©)A,. 
Therefore when the relation A&B holds good, we have always the 
relation の ②4, which shows that Postulate HI is also satisfied in this 
class. 

Further, when A, B and C are in the relations ASB and BOC, 
(i) if A represents A,, then B must be A,, and Gr one of As iA isa 3 
and so in this case A and C are in the relation AGC. (ii) If A represents 

A,, then B must be A,, and C one of A;, A4, , and so in this case 
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also A and C are in the relation AGC. (iii) If A represents A;, then 
B must be A,, and C' one of Ay, Ag; (+), and so in this case also A 
and C are in the relation ASC (iv) If A represents A, (n=4, 5, )s 
then B must be 4,_,, and C’ one of Aysıs Ansys, ee , and so in this 
case also A and C are in the relation AGC. Thus Postulate IV is also 
satisfied in this class. 

Lastly, when A,B and C are in the relations A(a)®B (0) and 
B(b)SC(e), we have a>e from the definition of the relation ©, and 
moreover, in this case, a—2=6 never occurs, since, if it did, a, 6 c 
would be in the series c+2, c+1, c, which is impossible in our class. 
So we have always the relation AGC from the relations A@B and 
BOC. 

Thus the above class of numbers satisfies all the five postulates in 
question. We call this class of numbers “the Class (R).” 

VIII. In the above class, if the three elements A, (3), A, (1), and 
A, (0) are taken, then they are in the relations A;<)A,, and A,©4,, 
while A, and A, are in the relation A,S)A,. Next if the three ele- 
ments 4。( 一 6), A; (0) and A, (3) are taken, then they are in the rela- 
tions 4;© 4; and A;©A,, while A, and A, are in the relation A;<)A,. 
Thus, in this class, from the relations ASB and BEC, each of the 
two relations A©C and A&C may follow. 

Therefore, in a class of things satisfying Postulates I, II, III, IV, 
V, the above eight indeterminations may occur in the fundamental 
propositions concerning three relations, and the definite propositions 
deducible from these postulates are only two. But if the relation of an 
element to itself is admitted to have a meaning or if Postulate II is 
replaced by the postulate “ASA,” then all these indeterminations 
(except VI, VII) at once cease, and six definite propositions are obtained 
in virtue of only one postulate. T'hus here we have an example which 
is suitable to show that the replacement of only one postulate in a set of 
postulates has a great effect in obtaining many theorems. 


PART II. 


Categorical Sets of Independent Postulates. 


Though the set of postulates. given in section 1 is sufficient to 
deduce all the propositions concerning equality and inequality, yet two 


(1) See the foot note on p. 258, 
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classes of things satisfying these postulates are not necessarily isomorphic 
with respect to the three relations ©, 6, ©; in other words, there are 
various classes of things which satisfy all these postulates, but whose 
elements cannot be brought into a one-to-one correspondence in such a 
way that, whenever two elements a and 6 in one class correspond to の 
and 5’ in the other class, they are always in the same relation. In other 
words, the above set of postulates is not categorical. To obtain a 
categorical set of postulates we have to add others to the above. Here 
we shall discuss such sets of postulates. 


I. Categorical Set of Postulates concerning the Three 
Undefined Relations. 


(First Type). 


Before proceeding to give a categorical set of postulates, we shall 
give some definitions required in the following discussion. 

Definition I. In any class of things, if three distinct elements A, 
B, and X satisfy the relation ASN and XSB, then X is said to lie 
between A and B. 

Definition II. In any class of things, if two distinct elements A 
and X satisfy the relation ASX and no element exist between A and 
X, then X is called an immediate successor of A. Similarly, if the 
relation X<)A holds good and no element exists between X and À, then 
X is called an immediate predecessor of A. If A and DB satisfy the 
relation AQ)B, then A is called a predecessor of B, and B a successor 
of A, 

Definition III. In any class of things, if there exists an element 
X having no predecessor, then the element X is called the first element 
of the class. Similarly, the element X having no successor is called the 
last ,element of the class. 


A Categorical Set of Postulates. 


I. Any two elements A and B of a class of things satisfy at 
least one of the three relations ASB, ASB, ASB. 
IT. Any element A of the class has n, and only n, elements B, 
natia , n), satisfying the relation B,SA. 
III. If ASB, then BOA. 
IV. If ASB and BOC, then AGC. 
V. If AOB and BOC, then AGC. 
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VI. The class has the first element. 
VII. Any element of the class has its immediate successor. 
VIII Any two distinct elements A and B of the class, satisfying 
the relation AB, are related by a finite number of the rela- 
tion &, so that 


AQU,OM,©:-----O@U,@B, 
where M, is an immediate successor of A, and M, that o 
M,, and so on. 


Categoricalness of the Set of Postulates. 


Theorem. Every element of the class, unless it is the first, bas an 
immediate predecessor. 

Proof. Denote the first element by 4, and any other element by 
P, then by Postulate VIII, A and P are related by the following 
relations 


AQM@M,@--..........@M@P, 


so that P has an immediate predecessor M. 

Theorem. Any two distinct elements A and B, satisfying the 
relation AG, are related by a finite number of the relation ©, so 
that 


ASCMHOM;O- 200 SM,SB, 


where any two successive elements M, and M,,, have no element satisfy- 
ing the relation /7 パウ 77。」」. 

Proof. From the relation A@B, we have the relation BSA by 
Postulates I, II, III, IV, V, and so we have the relations 


②③ の ②………… &N SA 
by Postulate VIII. But by Postulate III and the above relations we 
have 

AGM, NON: PA tie 6 NOB, 


and between any two successive elements N, and N,,, of the above 
relations there is no element X satisfying the relations N,,,OAXAOM, 
since, if there were, N,,, would not be an immediate successor of N,. 


Therefore we have the required relations 


AGNME N 1® A PETIT ON, OB. 
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Theorem. If A is an immediate successor (or an immediate pre- 

decessor) of B, then any element equal to A is an immediate successor 
(or an immediate predecessor) of any element equal to B. 
«Proof. Take any elements A, and B, equal to A and B respective- 
ly, then from the relations B,@25 and B<A,, we have the relation 
B,/SA; and from the relations B,Q4A and AGA, we have the rela- 
tion B,©A,. Moreover, there is no element between B, and A,, since, 
if there were, there would also be an element between B and A, 
contrary to the hypothesis. ‘Therefore A, is an immediate successor 
pte Be. 

Theorem. Any classes of things satisfying the above eight postulates 
can be brought into a one-to-one correspondence, such that, in that 
correspondence, corresponding elements of the classes are always in the 
same relation. 

Proof. ‘Take any two classes of things satisfying the above postulates 
and denote them by {A} and { Bj. Taking any elements A, and B, 
from them, denote the n elements equal to them by Ap,, Ap.» » Apn 
and By,, 2。 , Ban respectively. Now taking any one of (n+1) 
first elements, say A,, from {A}, assign it to any one of (n+1) first 
elements of {B{, say B,, and Ao, to Bo, and Ao, to Bo, and so on. 
Next, taking any one of (n+1) immediate successors of the first element 
from {A}, assign it to any one of (n+1) immediate successors of the 
first element of {£6}, and any remaining one of the above successors in 
the class {A} to any remaining one of the successors in the class {B} 
and so on. Proceeding in this way, we get the required one-to-one 
correspondence, since, by Postulate VIII, no element of either class will 
be inaccessible to this process. Thus the set of our postulates is cate- 
gorical. 


INDEPENDENCE OF THE POSTULATES. 


I. Postulate I is independent of the other postulates. 

Consider a class of natural numbers with zero, and add to it a 
class consisting of all couples f(a,b)}, where a represents 1 and 6 any 
natural number; and suppose that every element of these two classes is 
repeated m times. Now in the class of natural numbers, define the 
three relations ©, ©, © as “equal to,” “greater than” and “less 


2 


than ? in the meaning commonly used; and in the class {(a,6)}, define 


them according as the sum of a, 6 of an element A (a, 6) is equal to, or 
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greater than, or less than(’), that of another element; and moreover, 
define that, for every element of {(a,6)}, the relations 0@(a, 8) and 
(a, 6)>0 always hold good. Then in the class consisting of the above 
two classes, the relation of any element of the class of natural numbers 
(except 0) to any element of the class {(a,6)} is left undefined, but this 
class satisfies all the postulates other than Postulate I. Their verifica- 
tions may be easily done. | 

II. Postulate II is independent of the other postulates. 

Consider a class of natural numbers, all greater than 3 being re- 
peated m times, aud the three numbers 1, 2, 3 not being repeated. In 
this class of numbers define the three relations ©, ©, © as above, then 
this class of numbers satisfies all the postulates other than Postulate II. 
Their verifications may be easily done. 

III. Postulate III is independent of the other postulates, 

Consider a class of natural numbers, no one of its elements being 
repeated, and define the relations of its elements as follows. 

If A(a) and B(b) denote two elements of the class, then A and B 
are said to be in the relation A©B when a—b=1; and they are said 
to be in the relation ASB when a—b<1; and they are said to be in 
the relation ASB when a—b>1. Then this class of numbers satisfies 
all the postulates other than Postulate III. 

Proof. ‘That this class satisfies Postulates I, IV, V may be seen at 
once, and moreover, since every element has one, and only one, element 
which is equal to it, namely its succeeding one, Postulate II is also 
satisfied. But when we take two neighbouring elements A (a), B (6), 
we have the relation ASB while B and A are in the relation BOA. 
Thus Postulate III does not hold good in this class. Further any 
element A (a) has B(b=a+1) as its immediate successor. For, if there 
were an element X (x) between A and B, we should have the relation 
AQX@ BP and accordingly the two inequalities 


a—x<1, ター6 ご 1 ; 


but, since three elements A, B and パ are distinet and as any one of 
them occurs only once in the class, from み ー6 ご 1 we must have x<b. 
Again, since b=a+1, from x<b we must have æ<a for the same 
reason as above, which contradicts the hypothesis a—x<1. Therefore 
each element of the class, when they are arranged in the order of their 


(1) They are taken in the meaning commonly used. 


POSTULATES CONCERNING EQUALITY AND INEQUALITY. 267 


values, has its succeeding element as its immediate successor. Hence it 
follows at once that Postulates VI, VII, VIII are all satisfied in this 
class of numbers, the element A (1) being the first element. 

IV. Postulate IV is independent of the other postulates. 

Consider a class consisting of the following numbers, none of them 
being repeated, 

Ay (1), B (2), AB), A), An (144 n); 
and define the relations of its elements as follows. 

If A(a) and B (6) denote two elements of the class, then A and B 
are said to be in the relation AGB when a+6=3, or a+4=0, or 
a—b=0; and they are said to be in the relation ASB when a<b 
(a+6=3, a+4=b); and they are said to be in the relation A@B when 
a>b (a+6=3). 

According to these definitions, the class satisfies all the postulates 
other than Postulate IV. 

Proof. That the class satisfies Postulates I, III may be seen at 
once, and moreover by the definition of the relation ©, we have 


A©B 
(215) BO Ay 
A,, ,6)A,(n=1, 2, 3,4, :- ) 
Thus every element of the class has one, and only one, element which 
is equal to it, and so Postulate II is also satisfied. Further, when we 


take any three elements A (a), B(b), C(c) which are in the relations 
A@B and BOC, we have 

a>b (a+b=+3), 

の 0 (b+c+3), 
and accordingly we have | 

a>c (a+c+3), 
which shows that A and C'are in the relation AGC. .Thus Postulate 
V is also satisfied. But when we take the three elements A), A,, B we 
have the relations 4,© 4, and A,@B while A, and £ are in the rela- 
tion A&B. Therefore Postulate IV does not hold good in this class. 

Further, from the relation (1), we may easily deduce that B has 

A,, A, as its immediate successors, and A,, (m=0, 1, 2,3,---... 5 has A 
Ams; as its immediate successors. Whence we see that Postulates VI, 
VII, VIII are also satisfied in this class of numbers, each of A, and B 
being the first element of the class. 
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V. Postulate V is independent of the other postulates. 

Consider the class consisting of the following numbers, each number 
being repeated m times, 

(49) A, (3, 0), A, (3, 2), ----- , An (3, 20 — 2), ……| 

(2) BL), Bike , B,(1,2n-1),--... . 
and define the relations of its elements as follows. 

If P(a, 6), and Q(a’, の) denote two elements of the class, (i) when 
a—a’=0, P and © are said to be in the relation P&Q, or POY, or 
P@Q: according as b=0', or 6> の , or 6 ご の respectively. (i) When 
a—a'=+0, if P belongs to {A}, then @ belongs to {B} and vice versa; 
in this case, (a) if a+b is even and the inequality a+b<a’+0’ holds 
good, or if a+6 is odd and the inequalities a+b<a +b'>a+2b hold 
good, then P and © are said to be in the relation PQQ; (5) next if 
g 十 6 is odd and the inequalities a+b<a’+6’<a+2b hold good, or if 
the inequality a+b>a’+0’ holds good, then P and @ are said to be in 
the relation PQ"). According to these definitions, this class of num- 
bers satisfies all the postulates other than Postulate V. 

Proof. That the class satisfies Postulates I, IT, III, IV may be 
easily seen, and when we take the three elements A (3,2), B(1,5) and 
C(3, 2), we have the relations ASP and BOC while A and C are in 
the relation AGC. Thus the class does not satisfy Postulate V. 

Further, in this class, B, (1,1) is the first element, since, if not, 
there would exist an element X (a,b), such that a+0<1+1, but this is 
impossible. Thus Postulate VI is also satisfied. Next to show that 
Postulate VII is also satisfied take any element A, from {A}, then by 
the definitions of the relations ©, ©, we have the following relations. 


ke n-1© An © An +1» 
dan: 1OB,OBns; 
B,DAn® Bon, 
La AS Bar, An Bass, An@ Ban (n>1); 
AO Br (n>1), | 
Bin An (N>1), and B,,@4,,: Het 


Moreover we know that the relations の ②③⑰ and Q@P cannot exist 
at the same time by Postulate III. Therefore from the above relations 
we may conclude that there is no element lying between A, and A,.ı 


(1) 
(2) 


(3) È 





(1) In the second case the equality a+b=a/ +b/ never occurs. 
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(n>1), and also between A, and B„(n=1). Thus, by definition, when 
n>1, 4,,, and B,, are immediate successors of A,; and, when n=1, B, 
is an immediate successor of A,. Next take any element B, from $Bt, 
then we have the following relations 


( 1 ) bri) bi) Dads 
Br@An; An 1 Ba; Bel 


NEA 


( 9 ) | AnD Bras (n>1), and Arn @ Ba (RL), 


Bny,DAn. 
Therefore, in this case, when n>1, 5, has B,,, and A, as its im- 
mediate successors; and when n=1, 5, has A, as its immediate successor. 
Thus Postulate VII is also satisfied in this class. 
From the above discussion it follows that in each of the series 


14 Am As; A3, 

(2) be BE: ‚Bas SO 
the former of any two neighbouring elements is an immediate predeces- 
sor of the latter, and the latter an immediate successor of the former. 
Moreover B, has A, as its immediate successor while A, has B,, as its 
immediate successor. Whence we may easily infer that the class also 
satisfies Postulate VIII. 

VI. Postulate VI is independent of the other postulates. 

Consider a class of all integers, every number being repeated m 
times, and define the three relations ©, 6, © as “equal to” ‘greater 
than” and “Jess than” in the meaning commonly used. ‘Then it may 
be seen at once that this class of numbers satisfies all the postulates 
other than Postulate VI. 

VII. Postulate VII is independent of the other postulates. 

Consider a class of n natural numbers 1, 2, 3,-----: ‚n, every element 
being repeated m times, and define the three relations as in VI, then it 
may be seen at once that this class of numbers satisfies all the postulates 
other than Postulate VII. But since the element n has no immediate 
successor, the class does not satisfy Postulate VII. 

VIII. Postulate VIII is independent of the other postulates. 

Consider a class of the following finite and transfinite numbers, 


2 2, 3, ER mu; o +1, +2, ROLE È 
every element being repeated m times, and define the three relations as 


above, then it may be seen at once that this class of numbers satisfies 
all the postulates other than Postulate VIII. But when we take A (1) 
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and お (の ), we cannot reach が from A by finite steps, so Postulate VIII 
is not satisfied by this class. 


Consistency of the Postulates. 


The consistency of the eight postulates may be seen at once by 
taking all natural numbers, each element being repeated m times, and 
by defining the three relations ©, ©, © as above, for, in this class 
of numbers all eight postulates are satisfied. 


Other Categorical Sets of Postulates belonging to the 


Same Type as above. 


If we replace Postulate VI by any one of the following three pos- 

tulates : 一 . 

Postulate VI’. The class has the last element 

Postulate VI”. The class has the first and last elements 

Postulate VI”. The class has neither the first nor the last element, 
and if we make a corresponding slight modification in Postulate VII, 
then we have three categorical sets of postulates belonging to the same 
type as above. 


II. Categorical Sets of Postulates concerning the Three 
Undefined Relations. 
(Second Type). 


In the above, we have obtained the four categorical sets of postulates 
corresponding to the class of integers. Now we proceed to discuss cate- 
gorical sets of postulates corresponding to the class of rational numbers. 


A Set of Postulates. 


I. Any two elements A and B of a class of things satisfy at least 
one of the three relations ©, ©, ©. 
II. Any element A of the class has n, and only n, elements B, 
(PW, 2, Op ‚n) satisfying the relation B,©A. 
III. If A&B, then BOA. 
IV. If A©B and BOC, then AGC. 
V. If A&B and BOC, then AGC. 
VI. If ASB, then there is at least one element X satisfying the 
relation AE XE B, A, B, X being distinct elements of the class. 
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VII. The number of elements of the class is denumerable. 
VIII. The class has neither the first nor the last element. 


Categoricalness of the Postulates. 


Since every element of a class of things satisfying the above eight 
postulates has n, and only n, elements equal to it, we can divide the 
elements of the class into (n+1) sets by putting one, and only one, of 
(n+1) equal elements to every one of these sets. Then the elements of 
these sets can be put in a one-to-one correspondence when we make 
the elements correspond which are in the relation © to each other. Now, 
by Postulates I, II, III, IV, V, the corresponding elements of these 
sets are in the same relation, namely the elements of each set are ordinal- 
ly similar(! ) to those of any other set; and, moreover, the elements of 
every set satisfy Postulates I, II, III, IV, V, VI, VII, VIII. 

To prove the categoricalness of the postulates take any two classes 
of things {H}, {MH}, satisfying the above eight postulates; and divide 
the elements of each of them into (n+1) sets as mentioned above, and 
denote them by {Hi}, }H,},------ EEE ak ae ies MA 
Then by using the properties of the sets { FA} and {'}, we can prove that 
the elements of the two sets {MI}, }H,’} can be brought into a one-to- 
one correspondence, such that the corresponding elements are in the same 
relation, by exactly the same reasoning as Huntington used in proving 
ordinal similarity of two series of the type 7(°). Hence it follows at once 
that all elements of the two classes {H{ and §H’} can also be brought 
into the isomorphic state with respect to the three relations ©, ©, ©. 


Independence of the Postulates. 


I. Postulate I is independent of the other postulates. 

Consider two classes of numbers, each consisting of all rationals—call 
them red and blue—and suppose that every element of the class is repeated 
m times; and define the relations ©, ©, © of the elements belonging to 
the same class as “equal to,” “greater than” and “less than” in the 
meaning commonly used. But the relation of any red element to any 
blue element is left undefined. Then the class consisting of these two 
classes does not satisfy Postulate I while it satisfies all the other postula- 
tes. Their verification may be shown at once. - 











(1) The words “ ordinally similar” is used here in the meaning given by Hunting- 
ton in his “The Continuum.” 
(2) Huntington, The Continuum, p. 35. 
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II. Postulate II is independent of the other postulates. 

Consider a class of all rationals and suppose that every element of 
the class (except the element 1) is repeated m times, and define the three 
relations as above, then it may be seen at once that this class of numbers 
satisfies all the postulates other than Postulate II. 

III. Postulate III is independent of the other postulates. 

Consider a class of all couples {(a, b)}, where a denotes any integer 
and 5 any positive rational, and suppose that every element is repeated 
m times, and define the relations of its elements as follows. 

If A (a, 6) and B(a’,b’) denote two elements of the class, then A 
is said to be in the relation © with respect to B when, and only when, 
a=a', b=b'; and the remaining cases are divided into two and A is 
said to be in the relation & with respect to B when a—a =b+b'; 
and A is said to be in the relation © with respect to B when a—a’< 
b+b’ (except in the case a=a’, b=0"). Then this class satisfies all the 
postulates other than Postulate IIT. 

Proof. That this class satisfies Postulates I, IL, IV, V may be easily 


seen and when we take four elements a, a’, d, 6’, such that 
[a—a |<b+b"("), 
we have the relations 
A (a, b)@B (a’,6') and B(a,b)SA (a,b) 


by the definition of the relation ©. So Postulate III is not satisfied by 
this class of numbers. 

Next to show that Postulate VI is also satisfied by this class, we 
have to show that, when two elements A (a, 5) and B(a’,b’) which are 
in the relation AGB are given, there always exists at least one element 
X (m,n), such that 


A (a, b)@)X (m, n)\@B (a’, b'), 

that is, we have to show that there are two numbers m, n, such that 

(1) a-m<b+n, 

(ii) m—a’<n+6' (m:integer, n: positive rational). 
But this is always possible, since we can take n as great as we please and 
accordingly we can take n, so that it is greater than a—m—b and m— 
a'—b' (m may denote any integer). 

Further, since the numbers of integers and rationals are denumerable 








(1) It is clear that such numbers exist in the above class. 
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and a class composed of a denumerable infinity of denumerable classes is 
itself denumerable, Postulate VII is also satisfied by this class of numbers. 
Moreover, since we can always find X and X, such that 


A (a, D)®X (m, n), 
X (mM, n)&A (a,b), 


when any element A is given, the class has neither the first nor the last 
element, so Postulate VIII is also satisfied by this class. 

IV. Postulate IV is independent of the other postulates. 

Consider a class of all rationals and suppose that no element is 
repeated ; and define the relations of its elements as follows. 

If A(a) and B(b) denote two elements of the class, then A is said 
to be in the relation © with respect to B when a+1=6; and A is 
said to be in the relation © with respect to B when a<b and a+1+b ; 
and “A is said to be in the relation & with respect to B when a>b(!). 

According to these definitions, this class satisfies all the postulates 
other than Postulate IV. 

Proof. That this class satisfies Postulates I, III, V, VII, VIII may 
be seen at once, and when any element B(b) is given there is one, and 
only one, clement A (a) satisfying the equality a+1=0. Therefore the 
class also satisfies Postulate II. But when we take three elements A (a), 


B(a+1) and c(a+—), we have the relations AB, BOC and ASC, 


so that the class does not satisfy Postulate IV. 

Further, when two elements A (a) and .B(b) are given, so that they 
are in the relation A(a)@B(b) and accordingly a, 5 satisfy the inequalities 
a<b, a+1+6, we can always find a number X (2) satisfying the in- 
equalities 


a<zx<b;\at+l+a, "c+1l=b. 


Therefore Postulate VI is also satisfied by this class. 

V. Postulate V is independent of the other postulates. 

Consider the Class (€), and in that class take rational numbers の 
c' instead of real numbers a, e, and take a positive rational number 5’ 
instead of a positive real number 6, and suppose that every element is 
repeated m times. Then that this class satisfies Postulates I, II, II, IV, 





(1) The case a=b can never occur since no element is repeated; but if it is desired 
to know the relation of an element to itself we may define that in this case A is in the 
relation ASA. 
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but not Postulate V may be proved in a manner similar to the proof of 
independence of Postulate V in section 2. 

Further, to prove that, when two elements A and B satisfying the 
relation A (a, 9’, c')©B (ay, b,', ¢') are given, there is always an element 
X (a, 8,7) satisfying the relation 


A29XQ 5, 


we have to find a, 8,7, satisfying the two inequalities 


(i) a’—atll+s<e'-—y, 
(ii) a-a'+B+b'<7r—-c/. 
From (i) and (ii), we have 
(iii) cd —a' +a-B-b'>y>e'+a-a'+B+b/ 


and accordingly (iv) c'-—a'+a—0—p>e'+a—-a’+f+0b;. 
From (iv), it follows that the value of # is to be determined, so that it 
satisfies the inequalities 
(v) (c' —¢/)—(a’—a,' + 0' + b,') > 28. 
But, since, by hypothesis, the relation A@6 holds good, we have 
a’ —a,’+6"+6'<d—c,! 
or 
(c'—c/)—(a —a/+6'+6,') >0. 
Therefore we have to find a positive rational value of 3 less than a given 
positive number 
(dre) (alta, PORES 
2 


which is always possible. With this value of 3 thus determined, find 


È) 


the rational value of 7 satisfying the relation (tii), giving to 4 any rational 
value. Then the three numbers a, 3,7 thus determined have the required 
property. So Postulate VI is also satisfied by this class. 

Next that the number of elements (a’, 0’, c') is denumerable may be 
seen from the fact that a class composed of a denumerable infinity of 
denumerable classes is also denumerable; and that the class has neither 
the first nor the last element may be seen from the fact that we can 
always find the numbers .B (ay, 6, cy) and C(ay, 6,’, cy) satisfying the 
inequalities 

al-a/+0b/+0b/<e/-—c, 


/ / / / 7 dei 
Us hr +b, +b, Ga CI 
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when any number A (a, b/’, c’) is given. 

VI. Postulate VI is independent of the other postulates. 

Take all integers, every number being repeated m times, and define 
the three relations ©, ©, © as “equal to,” “greater than” and “ less 
than ” in the meaning commonly used, then it may be scen at once that 
this class satisfies all the postulates other than Postulate VI. 

VII. Postulate VII is independent of the other postulates. 

Take all real numbers, every number being repeated m times, and 
define the three relations ©, ©, © as above, then it may be seen at 
once that this class satisfies all the postulates other than Postulate VIL. 

VIII. Postulate VIII is independent of the other postulates. 

Take all rational numbers not less than 1, every number being 
repeated m times, and define the three relations ©, ©, © as above, then 
it may be seen at once that this class satisfies all the postulates other 


than Postulate VIII. 


Consistency of the Postulates. 


The consistency of the postulates may be seen at once by taking all 
rational numbers, every number being repeated m times, and by defining 


2 


the three relations ©, ©, © as “equal to”, “greater than” and “ less 


than” in the meaning commonly used, for, in this class of numbers all 
eight postulates are satisfied. 


Other Categorical Sets of Postulates belonging to 
the Same Type as above. 
If we replace Postulate VIII by any one of Postulates V1, VI’, 


VI” of the first type, then we have three other categorical sets of pos- 
tulates belonging to the same type as above. i 


III. Categorical Sets of Postulates concerning Three 
Undefined Relations (Third Type). 


Lastly we shall give categorical sets of postulates corresponding to 
the class of real numbers. | 
A Set of Postulates. 


I. Any two elements of a class of things satisfy at least one of the 
three relations ©, ©, ©. 
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II. Any element of the class has n, and only n, elements equal to 
it. | 

III. If ASB, then BOA. 

IV. If ASB and BOC, then AGC. 

V. If ASB and BOC, then AGC. 

VI. (Dedekind Postulate). If 8, and À, are any two non-empty 
parts of a class &, such that every element of & belongs either 
to À, or to À, and every element K, of the part À, is in the 
relation K,@ K, to every element K, of the part &,, then there 
is at least one element X in À, such that 

(1) any element P which is in the relation PX belongs to 
A, and (2) any element Q which is in the relation 
X©Q belongs to Ra: 
VII. (Postulate of Linearity). The class À contains a denumerable 
subclass N in such a way that, corresponding to any two ele- 
ments A, B of the given class À, there is an element X of À 
satisfying the relation AS XE Bb, when A, B are in the relation 
ASB. 
VIII. The class has neither the first nor the last element. 


Categoricalness of the Postulates. 


As in the classes of things belonging to the second type, any class of 
things satisfying the eight postulates of the third type can be divided 
into (n+1) sets, the elements of every set being ordinally similar to those 
of any other sets. Moreover the elements of any one of these sets clearly 
satisfies the sets of postulates with which Huntington defines a series 
of the type #('). So these elements can be brought into a one-to-one 
correspondence to the elements of the class of real numbers, such that 
the corresponding elements are in the same relation. 

Now take any two classes of things and §’ satisfying the eight 
postulates mentioned above; and divide the elements of each of them 
into (n+1) sets, then by the above property, the elements of any one 
set of the one class may be brought into a one-to-one correspondence 
maintaining ordinal similarity to elements of any one set of the other 
class. Hence it follows at once that the elements of the two classes and 
&' can also be brought into the isomorphic state with respect to the three 
relations ©, ©, ©. 





(1) Huntington, The Continuum, p. 49. 
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Independence of the Postulates. 


I. Postulate I is independent of the other postulates. 

Consider two classes of all real numbers—call them red and blue 
and suppose that every element of the classes is repeated m times, and 
define the relations of their elements as follows. 

If A (a) and B(6) denote any elements of the two classes, then they 
are said to be in the relation ASB or in the relation ASB according 
as a>b or a<b; and if they belong to the same class (red or blue), 
then they are said to be in the relation ASB when a=d; and if they 
belong to different classes and moreover if a=b, then their relation is 
left undefined. 

According to these definitions it may be seen at omce that the class 
composed of these classes satisfies Postulates II, III, IV, V, VIII, but 
not Postulate I. Further, to see that the class also satisfies Postulate 





VI, suppose that it is divided into two non-empty classes &, and 8, 
having the property stated in Postulate VI, then, by the property of 
real numbers and the above definitions of the relations ©, ©, there is 
at least one element X(x), such that all elements having the values 
less(*) than + belong to &, and those having the values greater than x 
to &., and those having the value equal to + to either À, or &,. This 
element X(x) has the required property, and so Dedekind Postulate 
is satisfied in this class. 

Next if we take a class ot all rational numbers as the subclass %, 
then it may be easily seen that, when ASB, there is an element X of 
N lying between A and B. Thus Postulate VII is also satisfied in this 
class. 

II. Postulate II is independent of the other postulates. 

Consider a class of all real numbers, every number of the class 
(except 1) being repeated m times, and define the three relations €, ©, 
© as “equal to”, “greater than” “less than” in the meaning com- 
monly used, then it may be seen at once that this class satisfies all the 
postulates other than Postulate IL 

III. Postulate III is independent of the other postulates. 

Take an unlimited straight line and through all points of this line 
draw parallel coplanar straight lines perpendicular to the line; and sup- 
pose that in every line (except that which is drawn through the point 








(1) The words ‘less than”, “equal to”, “greater than” are taken here in the 
meaning commonly used. 
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corresponding to the real number zero, which we may call the zero line) 
one and only one particle is moving. Further suppose that on the zero 
line there is a circle perpendicular to the plane of parallel lines and 
touching the zero line at zero point, and in this circle five points P’, 
Q', R', 8, S are. moving in the same derection with the same velocity. 
Next consider a plane parallel to the above, and suppose that on this 
plane the lines and particles of the above have their images. 

Now consider a system of particles moving in the above two planes 
and define their relations as follows. 

If one of the two particles A and B is the image of the other, then 
they are said to be in the relations A&B and BOA; and if one of 
them is not the image of the other and A’s line (straight line or circle) 
is situated on the left of が s, then A is said to be in the relation © 
with respect to 6; and if A’s line is situated on the right of B’s, then 
A is said to be in the relation & with respect to B. Further, as to 
the relations of the particles in the circle to one another, we lay down 
the following definitions 


SOPr PS; SAP), POETS 
590; (Ss; SQ, OSS; 

SOR; ROSS. SORT RSS: 

PSO, QOR, Rene 

POR, の ぐ お ROW): 


Here P denotes either P’ or its image /”. Similarly for 9, R and S. 
Thus, of the above five points P, Q, R, S,,8,, 8, is the first element 
while 8, is the last element. 

According to these definitions, this system satisfies all the postulates 
other than Postulate ITT. 

Proof. That this system of particles satisfies Postulates I, II, IV, 
V, VIII may be easily seen, and that it does not satisfy Postulate III 
may be seen by taking two particles P and @ in the circle which are 
in the relations PQQ and GSP. Further, to see that this system of 
particles also satisfies Postulate VI, suppose that the system is divided 
into two non-empty parts À, and &, having the property stated in Pos- 
tulate VI; then by the property of real numbers and the above definitions 
of the relations >, ©, there is one line corresponding to a real number 2, 





(1) This class of particles P, Q, 2, S and their images has an interesting property. 
At the end of this part, we shall give another example of this kind. 
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such that all the particles in the lines corresponding to real numbers greater 
than x belong to $, and those corresponding to real numbers less than 
« belong to &,. If this line is straight, the particle X in this line and 
its image X’ must both belong to the same subclass ®, or &, and each 
of them has the property required in Dedekind Postulate. If this line 
is the circle, then all the particles P’, Q’, A’ in this line and their images 
P", @', R7 must belong to one, and only one, of the subclasses @, and N。 
by the rule of division. If they belong to f,, then also S/ and S/' 
must belong to À,; and SY and S/ may belong to @, or §,, and each 
of them has the property required in Dedekind Postulate. If P’, Q’, W 
and their images belong to St,, then SY and 8,’ must belong to &,; and 
S/ and 8, may belong to &, or &,, and each of them has the required 
property. Thus, by this system, Dedekind Postulate is also satisfied. 

Next, to see that Postulate VII is also satisfied by this system, take 
all the particles moving in the lines corresponding to rational numbers as 
the subclass À, then it is clear that this subclass N is denumerable. Now 
when we take any two particles A, B which are in the relation ASB, 
if both of them belong to the circle, since we have the relations 


S,OQSP, PSQOS., 5. SPOS, 
S,SRSQ, Q@RSS:, 
S@P@R,  ROP@S, 
PRO Q, Q@P@R, ROQSP, 
PSQOR, Q@ROP, の ア の 6, 


and moreover, since P, @, R, S belong to the subclass Jt, we see that 
Postulate VII is satisfied in this case. 

If A and B belong to different lines, we see at once that there is 
an element À, in the subclass À, such that it satisfies the relation A@ AR, 
&B. Thus Postulate VII is satisfied in this case also. 

IV. Postulate IV is independent of the other postulates, 

Consider a class composed of the four classes of all real numbers— 
call them red, blue, white and black—and define the relations of its 
elements as follows. 

If A(a) and B(b) denote two numbers of the class, then A is said 
to be in the relation © with respect to B when a>b, and in the relation 
A@B when a<b. When a=b, the relation of the two elements is laid 
down by the following: 
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white:© red, black ©) red, 

red © white, red © black, 
blue © white, blue © black, 
‘white © blue, black © blue, 
red © blue, red © red, 

blue © red, blue © blue, 
white © black, white © white, 
back È © white, black © black. 


Then this class of numbers satisfies all the postulates other than Postulate 
IV. 

Proof. That this class satisfies Postulates I, II, I, V, VU, VIII 
may be seen at once, and when we take three elements, white, blue, red, 
having the same value, we have the relations 

white © blue, blue © red, white © red, 
so that Postulate IV is not satisfied by this class. 

Further, to prove that the class also satisfies Postulate VI, suppose 
that the class is divided into two non-empty classes &,, St, having the 
property stated in Postulate VI, then, by the property of real numbers 
and the definitions of the relations ©), ©, there is a real number 2, such 
that all elements having a value less than + belong to §, and those 
having a value greater than x belong to §,, and in this case all four 
elements having the same value x belong to one of the two classes &,, 
S,. Any one of these four elements has the property required in Dede- 
kind Postulate, so Postulate VI is satisfied by this class. 

V. Postulate V is independent of the other postulates. 

Consider a class composed of four classes of all real numbers—call 
two of them red, and the other two of them blue—and define the rela- 
tions of its elements as follows. 

If A(a) and B(b) are two numbers of the class, then A is said to 
be in the relation © with respect to B when g>6 and in the relation 
ASB when a<b. When a=b, the relation of the two elements is laid 
down by the following : 

red © red, red © blue, 
blue ©) blue, blue © red. 

Then that this class satisfies Postulates I, II, III, IV, VII, VIII 
may be seen at once, and moreover that it also satisfies Postulate VI 
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may be seen as in the case IV. But when we take two red and one 
blue elements having the same value, we have the following relations 


first red & blue, blue © second red, first red © second red. 


Thus Postulate V is not satisfied by this class. 

VI. Postulate VI is independent of the other postulates. 

Consider a class of all rational numbers, every element being repeated 
m times; and define the relations ©, ©, ©, as “equal to”, “ greater 
than” and ‘less than” in the meaning commonly used; and take the 
class of all rationals not repeated as subclass R, then it may be seen at 
once that this class satisfies all the postulates other than Postulate VI. 

VII. Postulate VII is independent of the other postulates. 

Consider a class of all couples {(a, 6)}, where a and 6 are real 
numbers, and suppose that every element is repeated m times; and define 
the relations of its elements as follows. 

If A(a,b) and B(a’, 6’) denote two elements of the class, then A 
is said to be in the relation © with respect to B when a=a’ and b=d'; 
and A is said to be in the relation © with respect to B when a>d’, 
or when a=a’ and b>b’; and A is said to be in the relation © with 
respect to B when a<a’, or when a=a’ and 6 ご の . 

According to these definitions, the class satisfies Postulates I, II, III, 
IV, V, VI, VIII. But to obtain a subclass À having the property 
stated in Postulate VII we must take all couples $(a,5)’‘, such that the 
aggregate {a} of {(a,6)’} contains all real numbers. For, if the subclass 
R contains no element, whose value of a is equal to a real number a,, 
then R would contain no element lying between the two elements (a,, 0’) 
and (a,, 6”) of the class. Therefore the subclass }t cannot be denumer- 
able; so Postulate VII is not satisfied by this class. 

VID. Postulate VIII is independent of the other postulates. 

Consider a class of all positive real numbers including zero, every 
element ‘being repeated m times, and define the equality and inequality 
of its elements as usual, then it may be seen at once that this class satis- 
fies all the postulates other than Postulate VIII. 


© 


Consistency of the Postulates. 


The consistency of the postulates may be seen at once by taking a 
class of all real numbers, every element being repeated m times, and by 
defining the three relations ©, ©, © as “equal to”, “ greater than ”, 
and “less than” in the meaning commonly used. 
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Further if we replace Postulate VIII by any one of Postulates VI, 
VI’, VI" of the first type, we have the other three categorical sets of 
postulates belonging to the same type as above. 


At the end of this part, we shall add an interesting example of a 
class of things, the number of whose elements is finite, while it satisfies 
the postulate of density (Postulate VI of the second type). 

When any, class of things satisfying Postulates I, II, HI, IV, V 
also satisfies Postulate VI of the second type, there will be at least one 
and therefore an infinity of elements between any two elements of the 
class, which are not in the relation © ; accordingly any element of this 
class has neither an immediate successor nor an immediate predecessor, so 
that this class is said to be dense. We shall call this Postulate VI 
“postulate of density”. But when we take Postulate HI’ “if AG, 
then BEA” instead of Postulate III “if ASB, then BOA”, and 
consider a class of things satisfying Postulates I, IL, Hl’, IV, V, VI, it 
may be seen at once that, in this case also, there is at least one element 
between any two elements, which are not in the relation ©, so that no 
element of this class has either an immediate predecessor or an immediate 
successor. But as to the number of elements of the class, there occurs 
a striking difference between the preceding class and this one, for, the 
number of elements .of the former is always infinite while that of 
the latter may be finite or infinite. An example of the latter class, 
the number of whose elements is finite, has been already given in the 
proof of the independence of Postulate III of the third type. We shall 
give another example, the number of whose elements may be finite or 
infinite. 

Consider a class consisting: of couples 8,(0,0), §,(200,0) and 
A, (100, 6) (0<b<100), all elements being repeated once; and define the 
relationsrof equality and inequality as follows. } 

If A(a,b) and B(a’, 0) denote two elements of the class, then A 
and B are said to be in the relation A®B when a=a’ and b=)’; and 
they are said to be in the relation A®@L when a—a’ Zb+b’ (except 
the case a=a’, b=b’); and they are said to be in the relation AGB 
when a—a’<b+0' (except the case a=’, b=b’). 

Then it may be seen at once that this class of numbers satisfies 
Postulates I, II, HI’, IV, .V. But this class does not satisfy Postulate 
III, for, take any two numbers の and 2” lying between 0 and 100, and 
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construct the two numbers A, (100, 6’) and 4,,(100, 5”) of the class, 
then we have the relations 
A, @Ay 9 Ay,@ Ay (1) 
by the definition of the relation ©. 
Moreover, S,, S, and À, are in the relations 


SDA, AS; 
SOA, 2 A, ®S, ト (2) 
S ©; SOS. 


From (1) and (2), it follows at once that, when the class contains at 
least three elements of A,’s, there is always at least one lying between 
any two elements which are in the relation ©); that is, the class satisfies 
the postulate of density. 

Further there is no element X satisfying either of the relations 

X OS, SO X. 

Therefore ,S, is the first element and S, the last element of the class. 

Now in this class, (1) if we give to 6 the values of natural numbers 
lying between 0 and 100, we have a class of couples, the number of 
whose elements is finite; and (2) if we give to 6 the values of rational 
numbers lying between 0 and 100, we have a class, the number of whose 
elements is denumerably infinite; and (8) if we give to 6 the values of 
real numbers lying between 0 and 100, we have a class, the number of 
whose elements is non-denumerably infinite. 





On the Fourier Constants, 
by 
KUNNOSUKE OGURA, Osaka. 


I. 


Prof. A. Hurwitz proved the following theorem(’): If in the 
interval (0=x=27) the function f(x) be finite and integrable and if 
all its Fourier constants be zero, then f(x) is zero at every point of 
the interval at which it is continuous. 

Now I will prove the following theorem : 

Let f(x) be any function which is absolutely integrable (or, more 
generally, integrable in the sense of Lebesgue) in the interval (0=a=27) 
and is such that the corresponding Fourier series 


[70 “ty [cos na FO cos nt dt + sin nef (t) sin nt de] 


n=1 
converges uniformly to the function f(x) at every point of the interval 
(a=x=b, where OSa<b<2a or 0<a<b=27) at which the function 
is continuous. Then there exists either (2) none or (ii) an infinite number 
of the inequalities 


ie (t) cos mt dt+0, 
[ro sin nt di=0, 


where m and n are integers. 
And in the case (i) the function f(x) is zero at every point of the 
interval (a=a =b) at which it is continuous( ? ). 








(1) A. Hurwitz, Uber die Fourierschen Konstanten integrierbarer Funktionen, 
Math, Ann., 57 (1903), p. 425. For a generalization of this theorem, see Steklov, Su 
la théorie de fermeture des systèmes de fonctions orthogonales, Mém. de l’Acad. St. 
Pétersbourg, (8) 30 (1911), p. 27. 

(?) Prof. C.. N. Moore proved that if in the interval (0=a=x=) f(x) is finite 
save for a finite number of points, and is integrable and if 


db > 
JS f (t) cos nt dt=0 (n=0,1,2,.-..), 了 チ の sin nf dt=0 (n=1, 2,----), 
a a 
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Suppose that there is a finite number of positive Integers M, My, 
Mi: Du, Mas > n, such that 


"db 
| Î (8) cos mit dt= Am, #0 tortili “Die E 


Il > fo EN for all non-negative integers 
が m except M, 05 > My; 
È | 
[ro sin n,t dt= Bn, +0 PERL RE: GE 
a 
je Oona | for all positive integers 
内 n except M, M, PALIO 


where 0<a<0b<27. 
If we consider the function ¢ (x) defined by 


d (x) =0 Osan <q, 
fa) aa, 
ーー b<ae=2r, 


then we see that the Fourier series corresponding to (x) converges 
uniformly to this function at every point of the interval (0Zx=27) 
at which it is continuous(?). But since 


fé (1) cos m,,t dt= Am, for p=1, 2,------ sh 
0 
fo OA for all non-negative integers 
5 m except M, M, 3 My; 
270 
| の (t) sin nt di= Bn, for v=1, 2,------, 7: 
0 
“i eae | 
| 5 (1) sin né di=0 for all positive integers 
0 n except N, Ma, ぅ 74。 ぅ 


in the interval (0=x=27) the Fourier series corresponding to % (x) 
converges uniformly to the function S(x), where 


7 
1 x 1 .: 
en > Am, COS m, v+ — > ' Bn, sin n, a; 





then f (t) is zero at every point of the interval (4='x=b) at which it is continuous. See 
C. N. Moore, On a certain constants analogous to Fouriers constants, Bull. Amer. 
Math. Soc., 14 (1908), p. 371. 


A 
(1) If m,=0, then Am, should be replaced by i 6 
(2) Vallée Poussin, Cours d’analyse infinitésimale, t. 2, (2. éd. 1912), p. 144. 
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so that 
1 の | 1 q 
S(x)—¢ Olas 72) Amy COS My,e + on Bn, sin n, + | 0=2<a, 


vel 


の 9 | 
1 | 1 > 
— > Am, COS MyT + — > ' Bn, sinn,«—f(@) aSe=b, 
T v=1 


1 x 1 x 
ee À Am, COS M,% + — 3 Bn, sin n, & ひで em 
RAGE pt 


Since (x) is continuous in the intervals (0 =x<a) and (6<x=27), 
we must have 


?, a, . 
2 Am, cosm,e+ 2 Bn, sin n,e=0 
ルル =1 v=1 


at every point of the intervals (O=a<a) and (6(<a=27); consequently 
Am, =0 (4=1, D, p) 
Bny=0 CESSATI) 

And therefore 


But since 
8(⑦=% @) 
‘at every point of the interval (a=x=b) at which ¢ (x) is continuous. 
Hence we must have 
4 用 も た つい 

at every point of tle interval (a=x=0) at which f (=) is continuous. 

It is evident that these results hold good for the cases O=a, b<27; 
and 0<a, b=2n. 


The method of proof may be applied to the case of developments 


in terms of any other normal functions, such as the Legendre poly- 
nomials(' ), the Sturm-Liouville functions, ete.( ©), whenever we know 
that the series corresponding to any discontinuous function which satisfies 
a certain condition converges uniformly to that function at every point 
at which it is continuous. 


(1) Hobson, On the representation of a function by a series of Legemdre’s func- 
tions, Proc. London Math. Soe.. (2) 7 (1908), p. 24. 

(2) For example, see Kneser, Die Theorie der Integralgleichungen und die Dar- 
stellung willkürlicher Funktionen in der mathematischen Physik, Math. Ann., 63 (1907), 
p. 477; Knes er, Die Integralgleichungen (1911); Juretzka, Die Entwickelung unstetiger 
Funktionen nach den Eigenfunktionen des schwingenden Stabes auf Grund der Theorie 
der Integralgleichungen, Diss. Breslau (1909). / 








上 RS dd 


— è fa dea 


ol 
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II. 


Let f (x) be the function defined by the series 


(1) 


do 
a+ 2 (a, cos ne+d, sin na) 
n=1 


which converges uniformly at every point of the interval (OSaS27), 
Take any two fixed numbers a and b within the interval (0, 27), and 
form the 2n+1 rowed determinant 


and let AM 


2 





sin nv da 
cos a sin nada 


b 
b 


J 
) 


Mae 

ee 

reais) 

i = 
2 © 
の の 
2 2 
© > si 


a 
(A 


J 


sin wv da 
COS T sin T dx tere os 


b 
ヵ 


| 
} 


cos x da 
9 
coste da 


b 


b 


ii 

> 
COS % da il 
a 


b 
dx 
/ 


J 
J 


a 


sin nx da 


a 


na da 


~ 


> 


cos'na sin na da 
sin? 


da | 


sin a 


の 
か て" 
の 


4 
È 
“> 
Sb = 
No 
の 2 の 
- i fi 
ご ご 〇 
x 8 = 
= È = 
=| 。 の = 
NT: © = 
7 C a 
© a 


b 
a 
の 
a 
b 


cos ne sin 2 da. ..... | 


sinodo. | 
a 


2 

>> 
= 2 
2 ご 
iS S 
oat fmi 
Lom | ーー 
‘7 a 
x ES) eS 
2 > Cs 
Er Le) Le 
es = 
(=) = à 
= 3 の 
の =) 
〇 O. È 
= à ® 
la の le 
Lun! = 

oi © . 
>) の S © > の 
8 > Ses 


cos na da 


S 


in の da | 

リ 

sin na da J 
a 


Db 
a 

b 
Cp 

7 
a 





be the determinant 


2 
I 


4 


obtained from À, by replacing the elements 
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of the (r+1)-th column by the elements | 
b b の 
[ro da, [fo cos «da, [7@ sin ædæ,-..... 


ーー : il f(z) cds na de, il f(x) sin na de. 


Then 
BERN? 
immun 
chat As 
N 
me N Tl, ur: , 2n— 1), 
sid A, 2 


the limits (the Fourier constants) being independent of a and b(*). 
Consider the identity due to Prof. I. Schur(?): 


/ le) iy (a) de Î È (x) J, (a)da--.... Di la) Pola) dex 


b b b 
(2) il $1 (x) Hola) da J Pi (€) Py (+) de... | ¢1(%) Jp (x) dx 
MIR ARIE sie + at eee da Si ea. 


b の b 
の の [AO [AE 


| Po(Vo) Plz) Lo (2p) Po(to) Lot) …… Lo») 
6 | Pi (Xo) Al) ; (Xp) | di (00) Plz) …… d (2p) 
の (20) Pt) pi) Pro) Plan) Py (Xp) 


(1) This belongs to the case where the so-called “ principe des réduites” is valid, 
See F. Riesz, Les systèmes d’équations linéaires à une infinitö/d’meonnnes (1913), p. 7. 

(2) L Schur, Zur Theorie der linearen homogenen Integralgleichungen, Math. 
Ann. 67 (1909), p. 319; Richardson—W. A. Hurwitz, Note on determinants whose 
terms are certain integrals, Bull. Amer, Math. Soc., 16 (1909-10); Landsberg, Theorie 
der Elementarteiler linearer Integralgleichungen, Math. Ann. €9 (1910), p. 231. For an 
interesting application of this identity, see Fujiwara, Ein von Brunn vermuteter Satz 
über konvexe Flächen und eine Verallgemeinerung der Schwarzschen und der 
Tchebycheffschen Ungleichungen für bestimmte Integrale, Tôhoku Math. Journal, 13 
(1918), p. 231. 





| 
1 
à 


HP » fait, . 


ON THE FOURIER CONSTANTS. 289 


If we put 
Q(t) =Po(x) = 1g 
Y, (@) = $; (x) =c0s る 
9, (x) =$,(x) =sin +, 
Gone, (D) = an: (4) C08 Nar, 
P(t) =Pon (x) =sin ne; 
and 
1 a BU LE 1 
D (to LARA dea > Ca i= Zt Sl BE (en COS Uan 
9 が MO LI an i 
sind sing, er sin Vy, 
COS NE) COS NU, eee. COS TEL, 
sin NXg sin NL, 00000. sin Non = 





then (2) becomes 


It is seen that D,(a%, ce» , Can) 13 not zero except 


リー ジム (2, k=0, 1, 2,------ , 2n), 


in virtue of the identity 
Dy (toy a, a) JT sin à (m), 
2 


where p,q are all duads from 0, 1,.----- , 2n, (p>g). 
s Again if we put 
e(a)=1, go) =f (a), 
の 」 (x)=, (x) =cos a, 
g,(t)=¢,(x)=sin ©, 
Eon (©) = Poni (%) = Cos ne, 


Beth, (2) sina, 


UE] Ni cut 


(1) Scott and Mathews, Theory of determinants (2, ed.. 1904), p. 272. 
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(2) becomes 
(4) Sa il Î i [of ame 13 Carso DUT 2 の 
@n+1) 
Jo) Fa) …… F (Can) 
COS To COS) «eee» COS Lan 
sin NX sin na;---... SIN Non 


Since the series (1) converges uniformly to f(x) at every point of the 
interval (0=x=27), if we put 
Ff (w)=a)+(a, cos ++ 6, sin a+... +d, cos ne+d, sin ne) +R, (a), 


then, corresponding to any positive number e, it may be possible to find 
a positive integer N which is independent of @ (a=x=5) and is such 
that 


| Ba (2) Is n>N. 
Also we have the identities 


a) Fa) (の Ay + Lo) Go+ Ry (a) Ay + Len (Lon) 
COS To COST, *- COST | COS %o COST, +. COS Con 
sin NA sin na;--- sin Mon sin Np sin na; ーー… sin Non 


(ax) Bu): Rule) 
= DT, 2 っ Lin) +| COS Lo COST …・COS Lon 


» @ @e eo e ‘è deo ada ag 6:6 





sinn® SINNA, ++ -SINNAy, |. 


Now let DY (0,0, , cn) be the determinant obtained from 
Dato Bight? > Ton) by replacing the elements of the (r+1)-th row by 
the elements 

Fin (%o); B,(%), UP ぅ lè, (Con). 
Then (4) becomes 


b b b 





(1) The number of the signs of integration in these expressions is 2n+1. 
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1 b b b 
sang / [Dana Lom) DM ay 5 Ly 5°", Con) Ay AX, ‘An; 
a 


so that we have from (2) 


(5) An /A,, 





ale rs [Pi Vis") Con)" の (ato; (El 3 Uy) day da; dry 


= + 
Î ie Sh LE Sass al didier 


Similarly we obtain 





(5) Aÿ/A, 


10) dX, da: 2 dann 


del fe Du Up ur 


Ora um 
ER HL Ki aan] Ady dei, 
(eh SEE 2n—1), 








af fe il (2 ムー Van) * DE Los Lis ++, Ton) deo の の の の 5 


di ft / =D [Da (Xp, Ti haa) | dad Vi°° ・ び 25。 
(r=2, 4,---, 2n). 





‚ Sm) be the rectangular point coordinates in space 


| Now let (&, Eyre 
of 2n+1 dimensions, and consider the 2n+1 planes 


+ En sin NV = Ry (Xp); 


0 000.0 


E,+ È, cos to +& sin to + 
So 十 à COS X, +6, sin vy Ti edi San sin n 7 一 Ten (©), 
ER + en slu Non = bo (Con). 


The angle 6 (2; 5 %%) between the な th and た th planes is given by 


"(cos px; cos PX, + sin pa, sin par) 








1 Le 
dei 
yy 1 DAS (cos°pa; + sin? pv;) V 1+2 D (cos’ pa, + sin Dali 
p=1 p=l 


= {1+ 2 cos p (vi — 2%) | +(1-+n) 
p=l 
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(2, — x) 





n 。 w+] 
cos— (2; 一 Xx) - sin 
2 | i) 2 


(1+) sin (a — xx) 


Hence cos 6,(a;,2,) converges uniformly to zero, that is, the angle 


9,,(;, we) converges uniformly to ~~, as n tends to infinity, when 
g y 9 y 


x, & lie in the interval (a,6) except |a,—2,|<0. Next the distance : 
of i-th plane from the origin of coordinates is 


Vl+n 
which converges uniformly to zero as n tends to infinity. Consequently 


the common point of the 2n+1 planes tends uniformly to the origin as 
n tends to infinity, except 


| 一 ww |<6 (7, k=0, 1, 9,……・ À 


But the coordinates of the common point of these planes are 


ie TES : 
Flee PISE Te ’ Boa) = 4 Go こけ - Um) ; (1 == 0. 1, 2, ARE 9 2n) 
D, (To; Upi ぅ Ton) 
Hence if %, 6 リーー… , Cn lie in the interval (a,b), excluding the domain 
defined by 


|a,—a,|<d (t,k=0,.1, 2,------ , 2n), 


then, corresponding to any positive numbers e,(r=0,1, 2,-----: ‚2n), it 
may be possible to find a positive integer N, which is independent of 
Los の ーー ,% and is such that 


| (To; Dirt ; Con) ee, n> N. 


b 


D . 
[ | D, (> 43 Tan) LE (20 っ "っ Uan) day dm 
a (0) 


s b b 9 
[ ・ xi la (205 tés Ton) |? day , "Ton 





#0 xD 
i} (+ { È, (2% a ° "9 Un) À [Da (Lo, vat, Can) | day à ‘dan 


7) Db 
ih 4: | free (の gi do Ca} | day - aie 
a a 
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b b 
Il dar La (5° Ton) の が (20 Ton) deg» dr 
pipes 


b b 
| al [D, (03%, Von) } deg: ditan 


* 
where if denotes the integration excluding the domains | 一 | こす 


(3 k=0, 1,---, 2n), and J that over these domains only. 
i * 


Now 
Kb KD | 2 
Il | Ë, (dos, Can) [Da (os; Van) dato: dan 
a a 


b 


b 
J f CD(s, Lon) F dwg dien 


Ban 
} [real [Ba oan) dede, 
a 


È i ゴリ XD N 
/ ites [の (26… ッ %n)] 20… の 25。 
a a 
KD sb 
fi va [Dn (to, Ton) |? day+++datyn 
oe Fr 


BETT FTE ET SET RE 
in [Ds Can) |? day: + dr 


ER n>N, (CAI RA > 2n). 
On the other hand we may put 
の の (60 っ) Can) = Ao Rn (to) + Ay > Ben (ti) + +++ + Aone Rn (an), 
where A, is the algebraic complement of R,(x,) in the determinant 
DO (to; Ton), 1.€., 


COS LU, COS Da sree: COS Lon 
SIN sine, ……… SIN Zan 

sen し Peat RAMARRI 
COS NB, COS NH, ーー COS Nm | "ーー | 
sin NT, SIN na, cen sin NX, |; 


But we have 
2_on+ Re | 
| Ay |=2" eer bait 5 (ax) .| SIC) 





(1) Scott and Mathews, loc. cit., p. 272. 
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where 
ef 2 COS = (ci + Lio + vds + Vin — Linz + — Lion) 
is formed by dividing the 2n angles a, x,,------ > Ton into two sets of n 


angles in all possible ways and taking the cosine of half the difference 
of the sums of these sets; so that there exists the inequality 


|S |< (2n)/(n!)', 


which becomes, by virtue of Stirling’s formula, 
1 an . 
181 2 Le hm 2-08: 
| | i. Vnr 7 MA ) 


If 7 be any fixed positive number smaller than 1, we may take 9 such 
that 


y fort em ISO Sy SO n , 2n) 


I 
sin 一 (u; —% 
Di (ti — %) 











Hence 
| Ay |< a (—— ares a for [ma |<0, 
where 
Hard 


By similar ways we have 


on? n 


|Apl<2 7 A! (p=1,2,---,2n) for | a—2, |<0: 
Consequently 
| DE (20 5°+*5 Lan) <3 À A, |- | Zn (Xp) |<(2n4+-1)2" 1 An! €, 


for |a—a7,|<d, n>N. 
Since 
lim (2n+1) ゲー0, 
it may be possible to find the positive integer N’ such that 
eA,’ +(2n+1)y"<e', n>N'>N 
corresponding to any positive number € ; whence we obtain 


2 
| DO (a, an) |< 2° ©, n>N', ーー |<0. 
Similarly 
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| Di (Go; ; Ton) Fear af n> WN’, | Lara Id, 


Therefore 


b か 
* a Cr “ry » 2 
[ > Data; Von) Di (003° RI Tan) deg: + tan 
Ka *a 
b 


d 
| fl FD, (2% ae Ton) |” dry ; ‘A229 








の d 
Î | {sin i (ri, —%) + DI? (00,00%) Can) の 60・ dm 
Xe 2 


Xa 


on? (°° 3 QUI E ; 
9 [agi | Hsin > (01) | dap ds 


le) b 2 
<#+f =) [JT sin Sa] day dem n>N', (e=0,1,2,--, 2n). 


Thus we arrive at the identities 
b |) 
|: = D, (&o;:-, Ton) DE (Los Ton) do" + +d aon 
a a 


b b 
Î .. 1, 2 (o er, Boll dy: x la, 
a a 


0, Maes an): 
Consequently it follows from (5) and (5) that 








lim 


n=% 





Si 


5 (0 EX 
im’ A ARS, 
n=% 


lim Ag /An=4r4 (r=1,3,...... 2n — 1) 


2 


=0, (7 三 2 も …… , 2n). 


2 
Lastly we remark that the method of proof may be applied to any 
function defined by the series, which is uniformly convergent in the 
interval (0=x=27), of orthogonal functions ¢,(#), such that 


[or (2) On (x) de=0 MEN 
0 


1 Mn, 
and have one of the forms 


On(e)=k cos (nme + k’) pome) ; 
n 
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の 。( 々 ) 三 を cos (2Qnzx+k') + の (7 の) Me 
n 


On(e)=k COS (tn ee ( 1 ; 
n n 


し EE 


where k,k’ are constants and |@(n,x)| is smaller than a finite number 
independent of n and 2. | 

In such a case, if we take any two numbers a and 5 within the 
interval (0, 1), the theorem similar to the above holds good also. The 
series of the Sturm-Liouville functions, that occurring in the theory 
of cooling of a sphere, that in the theory of lateral vibration of a bar, 


etc. belong to this case(^). 


Ikeda near Osaka, April 1918. 


(1) In these three forms we may replace the cosines by the sines respectively. 
(2) Kneser, loc. cit.; Juretzka, loc. cit.; Ogura, Note on the representation of 
an arbitrary function in mathematical physics, Tohoku Math. Journal, 1 (1911-12), p. 120. 





Bemerkungen uber die Beziehung zwischen 
Erfahrung und Geometrie, 


VON 
HasimE TANABE in Sendai. 


1. Mancher Mathematiker meint, dass die Geometrie nicht eine 
apriorische, sondern eine empirische Wissenschaft sei. Gauss hat schon 
in seinem Brief an Bessel, 1829, gesagt: „Nach meiner innigsten 
Überzeugung h : die Raumlehre zu unserem Wissen der selbstverständ- 
lichen Wahrheiten eine ganz andere Stellung, als die reine Grossenlehre ; 
es geht unserer Kenntnis von jener durchaus diejenige vollständige Über- 
zeugung von ihrer Notwendigkeit (also auch von ihrer absoluten Wahrheit) 
ab, welche der letzteren eigen ist; wir müssen in Demut zugeben, dass 
wenn die Zahl bloss unseres Geistes Produkt ist, der Raum auch ausser 
Geiste eine Realität hat, der wir a priori ihre Gesetze nicht vollständig 
vorschreiben können.“ Es ist die Ansicht der meisten Mathematiker, 
dass die Geometrie nicht bloss psycho-genetisch, sondern auch logisch von 
der Erfahrung abhängig sei. Im folgenden möchte ich darüber einige 
kritische Bemerkungen zu machen versuchen. 

Zuerst muss ich den Sinn des Begriffs ,, Erfahrung ” transzendental- 
philosophisch präzis bestimmen. Man meint gemeinhin von dem naiv- 
realistischen Standpunkte aus, die Erfahrung ist das in unserem Pswusst- 
sein entstandene Abbild der davon unabhängig uns gegenüberliegenden 
Welt. Ein Verdienst Kants war es, dass er solche erkenntnistheoretische 
Abbildtheorie gänzlich umgestürzt hat, indem er zeigte, dass die Er- 
fahrung erst dadurch entsteht, dass das Denken nach den apriorischen 
Formen (oder sogenannten Kategorien) die gegebenen Empfindungsdaten 
ordnet. Diese Ansicht heisst ‚aprioristische Konstruktionstheorie. Von 
dem von uns nach Kants Vorgang angenommenen kritischen Stand- 
punkte ist die Erfahrung kein Abbild der Welt von Dingen an sich, 
sondern ein Konstruktionsprodukt des Subjektes. Der Raum ist eine ven 
den für solche Konstruktion vorausgesetzten Formen. Er ist kein em- 
pirischer, sondern ein apriorischer Begriff. Darum muss die Geometrie 
als Lehre vom Raum auch apriorisch sein, wenn ihre Axiome alle not- 
wendige Bestimmungen des Raumes als Erfahrungsform darstellen. Wenn 
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dagegen die Axiome mehr als diese erfordern, so kommt die Frage hervor, 
ob die darauf gegründete Geometrie empirisch sein müsse, oder noch in 
irgend einem Sinne apriorisch sein könne. Und wenn das letztere der 
Fall ist, fragt es sich noch weiter, in welchem :Sinne die Geometrie 
dann für apriorisch gehalten werden darf. 

2, Der Raum als Erfahrungsform konnte als die Ordnungsform 
der gleichzeitig, nebeneinander, aussereinander, beisammen existierenden 
Gegenstände gedeutet werden. Aber unser Denken kann nicht gleich- 
zeitig viele Objekte unterscheidend setzen ; es muss sie nacheinander suk- 
zessiv setzen. Nur im Gegensatz zu der Zeit beharren im Raume alle 
gesetzten Objekte. In dieser Hinsicht ist der letztere die Form der 
Allheit, während die erstere die der Vielheit ist. Die Totalitàt der nach- 
einander gesetzten Gegenstände bilden eine geradlinige Reihe. Und eine 
solche Reihe selbst kann auch als einheitliches Objekt zu einem Element 
einer neuen Reihe werden. So entsteht der Raum als Reihe der Reihen 
in derselben Weise, wie das vieldimensionale System der komplexen 
Zahlen. Es ist auch ersichtlich, dass jener in seiner konkreten Bildung 
ein n-dimensionales, stetiges, unendliches System der Elemente wie dieses 
(n, eine beliebige positive, ganze Zahl). Homogeneität und Isotropie 
kommen ihm olıne weiteres zu. Der Begriff von „Punkt“ stellt einen 
einzelnen yon einander nur ordnungsmässig zu unterscheidenden Gegen- 
stand: dar. Daher ist er einfach (dies drückt man so aus, der Punkt 
hat keine Grösse). Durch zwei Punkte wird eine Gerade bestimmt, und 
durch drei nicht in einer Gerade liegende Punkte eine Ebene, u. s. w., 
u.s. w. Wir bekommen derart ganz logisch einen vieldimensionalen, 
homogenen, isotropen, unendlichen, stetigen Raum. Solche Eigenschaften 
gehören ihm als apriorischer Form der Erfahrung zu. Sie sind daher 
alle apriorisch, nicht empirisch, in dem oben angegebenen Sinne. 

Von diesem rein logischen Gesichtspunkte kann man keine besondere 
Zahl als Anzahl der Dimensionen den anderen vorziehen. Wir dürfen 
eine beliebige positive, ganze Zahl dafür annehmen. Nur braucht eine 
gewisse Zahl ein für allemal gewählt werden. Der Raum von irgend 
einer Anzahl der Dimensionen besteht als Gegenstand der Geometrie mit 
gleichem Recht. Nun nimmt die gewöhnliche Euklidische Geometrie 
den drei-dimensionalen Raum als Gegenstand an. Es fragt sich aber, 
durch welches Merkmal diese Geometrie solchen Raum auswählt. Man- 
cher Mathematiker möge darauf so antworten, dass die Erfahrung dieser 
Auswahl eine Leitung gebe. Er ist der Meinung, dass der Erfahrungs- 
raum drei Dimensionen hat, und dass die Euklidische Geometrie als 
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Lehre vom Erfahrungsraum den drei-dimensionalen Raum als Gegenstand 
annehmen muss. Der Euklidische Raum ist nach ihm Erfahrungsraum. 
Aber was bedeutet die Behauptung, dass der Euklidische Raum Erfah- 
rungsraum set? Wie ich oben vom kritischen Standpunkte aus gedeutet 
habe, muss der Sinn dieser Behauptung etwa das folgende sein. Der 
Euklidische Raum gibt die adäquate Ordnungsform der Erfahrung, das 
heisst, die durch Euklidische Geometrie gegebenen Bestimmungen sind 
notwendig und hinreichend für die räumliche Konstruktion der Erfahr- 
ung. Mehr als drei dimensionaler Raum kann ohne Zweifel die Erfah- 
rung konstruieren ; aber sie ist nicht notwendig, übrigens gibt es keinen 
Massstab für die Auswahl einer gewissen Anzahl. Für die einzig 
bestimmte Konstruktion der Erfahrung muss die für das Ziel hinreichende 
sowohl als notwendige Form angenommen werden. Der drei-dimensio- 
nale Raum ist der einzige, der diesem Erfordernis genügt. Er ist dadurch 
allein Erfahrungsraum, dass er der für die Konstruktion der Erfah- 
rung hinreichende sowohl als notwendige Raum ist. Seine drei-Dimensio- 
nalität ist nicht ein empirisches Prädikat in demselben Sinne, wie die 
induktive Bestimmungen in der empirischen Wissenschaften. Die letztere 
begründen sich auf der Erfahrung, während die erstere eine die Erfah- 
rung möglich machende Voraussetzung ist. Sofern kann man sagen, dass 
sie apriorisch ist. 

3. Poincaré hat die folgenden als die wesentlichen Eigenschaften 
des geometrischen Raumes angegeben, nämlich, 1. Stetigkeit, 2. Unend- 
lichkeit, 3. drei-Dimensionalität, 4. Homogeneität, 5. Isotropie( ! ). 

Wir wissen nach dem Vorhergehenden, dass sie alle apriorische 
Bestimmungen sind. Unter den von Hilbert aufgestellten Axiomgrup- 
pen(*) werden diejenigen der Verknüpfung, Anordnung, Kongruenz 
und. Stetigkeit zweifelsohne durch diese Eigenschaften begründet. Nur 
das sogenannte Axiom der Parallelen bekommt keine Begründung dadurch. 
Die Fragen bezüglich der Euklidischen und der nicht-Euklidischen 
Geometrie drehen sich wesentlich bloss um dieses Axiom. Nun ist die 
projektive Geometrie, wie man weiss, von diesem unabhängig. Sie gründet 
sich auf den Axiomen der Verknüpfung, Anordnung und Stetigkeit all- 
ein. Man beschäftigt sich in diesem Zweig der Geometrie bloss damit, 
wie die Grundgebilde durch sogenannte projektive Eigenschaften mit 
einander bezogen werden. Keine metrische Verhältnisse werden hier in 


(1) Poincaré, Wissenschaft und Hypothese, S. 53— 54. 
(2) Hilbert, Grundlagen der Geometrie. 
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Betracht gezogen. Die reine, projektive Geometrie gilt unabhängig von 
dem Unterschied zwischen den Euklidischen und nicht-Euklidischen 
Räumen. So sieht man ohne weiteres, dass sie eine ganz apriorische 
Wissenschaft sein muss. Die drei-Dimensionalität des projektiven Rau- 
mes beeinträchtigt die Apriorität dieses Zweigs der Geometrie gar nicht, 
was man aus dem Vorangegangenen leicht erkennen wird. Dagegen in 
der metrischen Geometrie muss eine gewisse Bestimmung betreffs der 
Parallelen gegeben werden. Die Euklidische Richtung stellt das fol- 
gende Postulat als Axiom auf: es gibt in der durch eine beliebige Gerade 
und einen ausserhalb ihrer liegenden Punkt bestimmten Ebene nur eine 
Parallele, d. h. eine Gerade, die durch diesen Punkt läuft, und die 
Gerade nicht schneider. Es ist die nicht-Euklidische Richtung, die dies 
Parallelaxiom verneint. Das Lobatschewsky-Bolyaische System sagt 
aus, dass es eine unendliche Anzahl der sich nicht schneidenden Geraden 
in ein und derselben Ebene. Es nennt Parallelen nur zwei von ihnen, 
welche durch den Abstand von dem Punkt zur Gerade in dem obigen 
Postulate eindeutig bestimmt werden. Und in diesem System ist die 
Summe der inneren Winkel eines ebenen Dreiecks kleiner als zwei Rechte ; 
die Differenz ist dem Flächeninhalte des Dreiecks proportional. Zuletzt 
in dem Riemann-Helmholtzschen System gibt es keine Parallele ; 
jedes Paar Geraden in derselben Ebene schneiden sich immer. Und in 
diesem System ist die Summe der Winkel eines ebenen Dreiecks stets 
grösser als zwei Rechte; der Überschuss ist auch diesmal dem Flächen- 
inhalte des Dreiecks proportional. 

Vom rein mathematischen Standpunkte aus betrachtet, gibt es keinen 
Wertunterschied unter drei soeben besprochenen Systemen. Sie stehen 
alle mit gleichem Recht. Man dürfte daran zweifeln, dass mehrere 
sich widersprechenden Bestimmungen von denjenigen Gegenständen 
nebeneinander gleichfalls wahr sind. Jedoch gibt es, näher betrachtet, 
hier keinen Widerspruch, denn in jedem von drei Systemen haben 
dieselben Namen verschiedene Bedeutungen ; z. B. mit demselben Namen 
„Gerade“ benennt man ganz verschiedene Gegenstände. Solche 
Verschiedenheiten führen sich zu denen der sogenanten Raumkrüm- 
mungsmasse zurück. In jedem oben gekennzeichneten System hat der 
Raum einen verschiedenen Wert von Krümmungsmass, nämlich, der 
Euklidische Raum Null, während der Lobatschewsky-Bolyaische 
‘einen negativen, und der Riemann-Helmholtzsche einen positiven 
Wert hat. In jedem Raum von konstantem Krümmungsmass gilt das 
Kongruenzaxiom, welches jeder Metrik zugrunde liegt. Aber es kann 
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nicht logisch eindeutig bestimmt werden, welcher Wert des Krümmungs- 
masses angenommen werden muss. Drei verschiedene Systeme von Geo- 
metrien stehen mit gleichem Recht. Überdies ist es gezeigt, dass irgendein 
System in jedem andern partiell projiziert werden kann, und dass somit 
sie alle miteinander gleichzeitig stehen oder fallen müssen. Als reine 
Mathematik sind sie alle gleichermassen wahr. 

4, Die Frage über die Auswahl unter dem Euklidischen und den 
nicht-Euklidischen Systemen tritt erst dann hervor, wenn man die Geo- 
metrie als Geometrie der Naturwissenschaften betrachtet. Man fragt nämlich 
danach, welches System der Geometrie der empirischen Erkenntnis der 
Naturwissenschaften adäquat ist. In dieser Hinsicht allein erhält die 
Euklidische Geometrie unter anderen Systemen Vorzug. Sie bekommt 
eine hervorragende Stellung nur aus dem Gesichtspunkt der angewandten 
Mathematik betrachtet. Was bedeutet es aber, dass die Euklidische 
Geometrie der empirischen Erkenntnis adäquat ist? Man meint gemeinhin, 
dass die Euklidische Geometrie den gegebenen Erfahrungsraum als Gegen- 
stand ihrer Erkenntnis hat, und so ihn genau abbildet. Die Euklidische 
Geometrie soll mit den Erfahrungstatsachen übereinstimmen. Aber der 
Erfahrungsraum ist, von dem kritischen Standpunkte aus betrachtet, wie 
schon oben hervorgehoben, nicht etwa ein Rahmen der uns gegebenen 
Erfahrungswelt. Die räumlichen Bestimmungen einer Erfahrungstatsache 
sind uns im kritischen Sinne nicht gegeben. Man kann sie nicht direkt von 
ihr ablesen. Die Erfahrung schreibt der Geometrie eindeutige Bestimmungen 
nicht vor, wie bei den empirischen Naturgesetzen der Fall ist. Im Ge- 
genteil entsteht die räumliche Bestimmung einer Erfahrungstatsache erst 
nach der Geometrie, und kann man auch nach der nicht-Euklidischen 
(Geometrie eine Erfahrungstatsache sogut bestimmen, wie nach der Eu- 
klidischen. Man kann die eigentumliche Bedeutung der letzteren nicht 
durch die Übereinstimmung mit der Erfahrung begründen. So hält 
Poincaré für unmöglich, mit dem Empirismus in der Geometrie einen 
vernünftigen Sinn zu verbinden(!). Das Euklidische Parallelaxiom 
kann nicht eine empirische Wahrheit sein. 

Schon in der Anfangsperiode der Geschichte der nicht-Euklidischen 
Geometrie hat man es in den Sinn kommen lassen, dass man die Frage, 
welches System der Geometrie wahr ist, durch die astronomischen Beo- 
bachtungen entscheiden kann. Wenn die Lobatschewskysche Geometrie 
wahr, so sei die Parallaxe eines sehr entfernten Sternes positiv endlich ; 


(1) Op. cit., S. 81. 
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wenn die Riemannsche Geometrie wahr, so sei sie negativ endlich ; und 
wenn letztlich die Euklidische Geometrie wahr sei, so werde sie Null 
sein. Aber diese Meinung ist, wie Poriscaré bemerkt, ganz grundlos, 
Wenn die Beobachtungen etwa einen endlichen Wert als Resultat gibe, 
so wurde doch der Astronom noch ungestört die Euklidische Geometrie 
als wahr annehmen dürfen, indem er die betreffenden physikalischen 
Gesetze entsprechend modifiziere. Alle Erscheinungen, welche im nicht- 
Euklidischen Raum möglich sind, sind auch so im Euklidischen 
Raum, und umgekehrt. Die Frage, welche Geometrie wahr ist, kann 
nicht durch die Erfahrung entschieden werden. Ja, eine derartige Frage 
selbst ist, wie Poincaré mit Recht sagt, gleichermassen abgeschmackt 
wie die folgende: ‚Gibt es Längen, welche man in Metern und Zenti- 
metern angeben kann, aber welche man nicht in Klafter, Fuss und Zoll 
abmessen kann ?”(!) Poincaré lässt keinen Raum für die Frage über 
die Wahrheit der Geometrie; nach ihm kann eine Geometrie bloss ein- 
facher und bequemer als die anderen sein. Die geometrischen Axiome 
sind nicht empirische Tatsachen, sondern auf Übereinkommen beruhende 
Festsetzungen, an denen wir eine Wahlfreiheit besitzen(?). Nun ist 
diese pragmatische Ansicht Poincarés sicherlich eine sehr beachtens- 
werte. Seine kritische Schärfe gegen den unter Mathematikern sehr 
verbreiteten Empirismus macht ihm Ehre. Aber von unserem kritischen 
Standpunkte aus betrachtet, lässt sein Pragmatismus noch etwas weiter zu 
kritisieren bleiben. Ist man wohl berechtigt, mit ihm zu sagen, die geome- 
trischen Axiome sind keine apriorischen Urteile? (°) 

5. Ich habe schon oben gezeigt, dass die anderen Axiome als das 
der Parallelen alle apriori sind. Jetzt beschäftigt uns nur die Frage 
betreffs des Parallelaxioms. Zuerst ist es nicht zu bestreiten, dass das 
Parallelaxiom notwendig von dem logischen Bau des Raumes nicht 
ableitbar ist. Der rein logische Begriff von Raum enthält keine ein- 
deutige Bestimmung betreffend das Krümmungsmass in sich. Man 
kann nicht vom rein logischen Standpunkt das Problem entscheiden. 
Wir müssen den Raum als Konstruktionsform der wirklichen Erfahrungs- 
welt ansehen, und die Folgen der verschiedenen Systemen der Geometrien 
von diesem Gesichtspunkte näher ins Betracht ziehen. 

Zuerst, wie ich bemerkt habe, ist die Differenz zwischen zwei Rech- 
ten und der Summe der inneren Winkel eines ebenen Dreiecks in dem 





(1) Op. cit.; S. 75. 
(2) Op, cit.. S. 51. 
(29 Op. sit. 8, 51 
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nicht-Euklidischen Raume dem Flicheninhalte des Dreiecks proportional 
ist. Daher ist es in diesem Raume unmöglich, zu einer gegebenen Figur 
eine &hnliche Figur in grésseren oder kleineren Dimensionen zu zeichnen. 
Man kann hier von der Ahnlichkeit der Figuren nicht reden. Wir 
konnen den inneren Bau eines materiellen Kérpers in dem nicht-Eu- 
klidischen Raume nicht unabhängig von seiner Grösse denken. Die 
räumliche Grösse erhält eine absolute Bedeutung. In anderen Worten 
kann man auch sagen, dass der Raum auf die Eigenschaften eines darin 
gegebenen empirischen Gegenstandes wirkt. Ein derartiger Raum kann 
nicht als reine Konstruktionsform im vollkommensten Sinne angesehen 
werden. 

Überdies gibt es keinen Massstab für die Bestimmung des Krüm- 
mungsmasses bei dem nicht-Euklidischen Raume. Rein mathematisch 
ist wohl irgend ein konstanter Wert dafür gleichfalls annehmbar, aber 
der Raum als Konstruktionsform der wirklichen Erfahrungswelt muss 
einen einzig bestimmten Wert als sein Krümmungsmass erhalten. Vom 
kritischen Standpunkt bedeutet die Existenz die Einzigkeit der Bestim- 
mungen. Der nicht-Euklidische Raum, der solch eine Unbestimmtheit 
an sich trägt, vermag keine einzig bestimmte Konstruktion der E- 
xistenzwelt ermöglichen. Der Euklidische Raum allein, der mit seinem 
Krümmungsmass Null vollständig bestimmt ist, befriedigt dieses Erfor- 
dernis. Er ist von diesem Gesichtspunkt ein einzig möglicher Raum der 
wirklichen Erfahrungswelt. 

Letztens, was den Riemanschen Raum allein betrifft, ist dieser Raum 
zwar unbegrenzt, aber nicht unendlich. Jede Gerade, welche von einem 
Punkt in irgend einer Richtung gezogen wird, kommt in diesem Raum 
wieder nach einer bestimmten Länge zu diesem Punkt zurück. Die 
Unendlichkeit im eigentlichen Sinne kann man hier nicht statuieren. 
Dies auch entzieht diesem Raum ‘dic Berechtigung für die Konstruk- 
tionsform der Erfahrung. 

Diese Betrachtungen zeigen uns, dass der Euklidische Raum allein 
zu der Konstruktion der Erfahrungswelt fähig ist. Er ist die einzige 
Raumform der Erfahrung, die das Subjekt annehmem soll. Die Euklid- 
ische Geometrie ist nicht bloss die einfachste und bequemste, wie die 
Pragmatisten wie z. B. Poincaré kehaupten, sondern auch die einzig 
mögliche Geometrie des Erfahrungsraumes. Wenn man die Möglichkeit 
der Erfahrung anerkennen will, soll man dieser Geometrie einen eigen- 
tümlichen Vorzug gewähren. In diesem Sinne ist sie apriorisch, denn 
sie sich nicht auf der Erfahrung begründet, sondern im Gegenteil die 
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Erfahrung selbst möglich macht. Dreidimensionalität und Parallelaxiom 
der Euklidischen Geometrie sind in der Tat keine logisch notwendige 
Bestimmungen des Raumes, aber gehören jedoch zu der unerlässlichen 
Eigenschaften der die Erfahrung möglich machenden Raumform. Soweit 
sind sie auch apriorische wie die übrigen axiomatischen Bestimmungen. 
Daraus möchte ich folgern, dass die Geometrie nicht eine empirische, 
sondern eine apriorische Wissenschaft ist. Pragmatismus sowie Empiris- 
mus muss hier wie sonst für Apriorismus Feld räumen. | 

Zum Schluss möchte ich den Herren Prof. Hayashi und Prof, 
Ogura meinen herzlichen Dank sagen. 
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On the Dajutu or the Arithmetic Series of Higher 
Orders as Studied by Wasanisis, 


by 
KITIZI YANAGIHARA, Sendai. 


The Dajutu Big is an important chapter in Wasan or Japanese 
native mathematics, to which a great attention of the Wasanists was 
paid. In it are studied the properties of the figurate numbers, in their 
language Suida SEP, the power sum 1'+2"+3"+...... +n’, i. e. Höda 
Fg, and allied subjects. 

Generally speaking, the Dajutu is a theory of arithmetic series of 
higher orders, and every series has its own name according to the laws 
of formation of its terms. ‘The description and in some cases the veri- 
fication of the results obtaind by the Wasanists with regard to the 
properties of Suida and Hoda will be the main object of the present 


paper. 


I. Suida 32%. 


The Suida are the figurate numbers, and the Wasanists called the 
fiourate numbers of the た th rank ({—2)-J6 Suida SEK, and par- 
ticularly. 

Keida <Ht when {—2, 

Sankaku Suida ÂGE. when t=3, 

Saijo Suida FLE when ¢=4. 
This irregurality of nomenclature will be due to the peculiarity that the 
Wasanists used to call 2, x’, が) °,------ , Heihö 下方 , Ripp6 立方 , Sanjò 
三 乗 , Yojo PUS, respectively. 

Several formulae on the Suida are found in the Wasanists work, 
which I will describe and verify here. 

Let us denote the numbers in the i-th row and k-th column in the 
following arrangement of the figurate numbers 


1 1 1 1 Me. 
Le Aer AED ara Keida, E34 
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LS RD Sankaku Suida, = zee 
A 1020. 8b saa Saijo Suida, FEIEZEIR 
Deb D Om Sanjo Suida, HER 
by di, k (è, ea 2, 3, RTE ay 


Then the law of formation of the terms is given by 
tat + Ay, n= at, n3 
and the Wasanists called this sum “the Seki ff of the (r—2)-J6 Suida 
for Teisi + n°”, that is the sum of the first n terms of the figurate 
numbers of the 7-th rank. 
Ryöhitu Matunaga #}R Hy, one of the ablest Wasanists flour- 
ished in the first half of the eighteenth century, gave in his manuscript 
_ book Sanpò Zenkyò @PEBRE the relation between @,,,4, and Qn,r+2 98 


(1) (Gn. er) ans (r PAYER torte >, 
while 
4,=4,1=1, (Pal, copri Fe 
In the manuscript book Daseki Syùhò ERA}, the 45-th volume 
of Sekisan Kwanden fj Cf written by Hoyù Toita 戸板 保 佑 about 
150 years ago we find the well known formula 
(2) Aria =MUn+1D)(n+2)--.. (n+r—1)/r! (r>0) 
The Wasanists called the denominator r! in (2) Yakuho 約 法 (divisor), 
and the numerator 
(2’) n(n+1)(n+2)------(n+r—1) 
the Suida Siki FER of the r-th rank, the first three of which are 
n°+n for 7205 
n+3n° +2n for Os n; 
ni + 6n?+11n?+6n for 135%, 
We can by actual calculation construet the following table of the 
coefficients in these expressions. 


rank | divisor | coefficients 








1 CO Tr GET 


2 2 aly al Se 





ON THE DAJUTU OR THE ARITHMETIC SERIES. 307 


I) 
I LI 6 0 

120 Teele 305 bOy 7.24 0 
10.152855 22577274 120.70 


an ee eure E NORRIS SI SI 





If we denote these coefficients in the i-th row and k-th column by 
bi, x (a; ん = 本 2, ul eee » 

then we find in Matunaga’s Sanpò Zenkyö, the relation 

(3) b,, e=(r—]). Dents k. 
This can also be found in Anmei Aida’s &H%HH (1747-1817) Sanpò 
Dajutu FE vol. 1, in a modified form. 

The method of finding the divisor a, of the figurate numbers of the 
r-th rank, is given in Sanpò Zenkyò as 

(4) REI pak (r—=1, 2, 3,------ IE 
that is to say, the divisor corresponding to the Suida Siki of the 7-th 
rank is the product of the rank r and the last effective coefficient in the 
Suida Siki in consideration. 

Besides this, Matunaga noticed that 

(5) = Bp, 1+ Opa + +0; 
that is to say, d, is equal to the sum of all the coefficients of the powers 
of n in the Suida Siki of the r-th rank. | 

The validity of (1) is evident from (2). Let us now proceed to see 
if the formulæ (3), (4) and (5) are true or not. 

First let us show that (3) is true. The Suida Siki (ダグ) of the r-th. 
rank is written 

Di N +b, an Hd 3 re + bpp HH + by, M.- 
But since from (2’) the Suida Siki of the (r+1)-th rank is n-+r times 
that of the r-th rank, the Suida Siki of the fomer is 
Brat. NT + (1. by 1 +5, on" + (1. Da + D, + 
+ (dat Oy, per) Henne } 
Hence we get 
の k+1 Te が x + Os, ん +1, 

what is the same thing as (8). 

Next to show that (4) is true, we see from (2) that the divisor of 
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the Suida Siki of the r-th rank is r!, while the coefficient of the first 
powor of n, i.e. d,,,, in the expansion of 


n(n+1)(n+2)------ (n+r—1) 
is evidently (r—1),!, so that r.b,,=r!. 
Hence follows at once the relation (4). 
Finally, if we put n=1, we get 
| n(n+1)(n+ 2)------ (n+r—-1l)=r!, 
whence 
b,1+b.2+b,3+ one +b.,=r!, 
so that 
d= by.» +b, gree +58, ». 


II. Gensuida Ex. 


The following are called tlie Gensuida. 


1 a 5 6... Kei Genda ER 4, 
0270 TL Br 02 SALON Sankaku ensuida = ARR, 
OO M0 POLE ETAT a Oar Saijo Gensuida Beer, 
DEI 820 MAD AL 5 15... Sanjò Gensuida ZWEIER, 


wn) 6 0 Sue ass»; C0. ere の aan die. | LU le e SISI 


If we denote these numbers by c;,, we get 
DH Ta for TZ, 
—() for r=, 
and the sum 
Cr, tate Cy, at Cr, le ph ena of Cy, al soa Ga n say) 
was called by the Wasanists “the sum of (7 一 1)-J6 Gensuida for Teisi n”. 
Daseki Syùhò contains the statement equivalent to 


n(n—1)(n—2)(n—3) ----- (SR), 
(r +1)! 
which can at once be verified in the following way. 
tet ta met eee len 
= re da | 


= y, i+ Ayo, at APE ru, タニ ァ 





(た ーー 


= Ay 42, n=r 
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_ (n—r)(n—r4+1) -----(n—2)(n—1)n 
if (r+1)! 


III. Kirei Suida FE. 


The Kirei Suida are the following. 


ch 6 dee: Kirei Keida ie a 迷 : 
MO LDS Ro Ob. ss Kirei Sankaku Suida REZ, 
ner gl. Kirei Saijò Suida ZEHFEELR, 
1 6 20 50 105 196...... Kirei Sanjò Suida SZSEZERFER. 


If one of these numbers be denoted by p,,, we get 
Pix=2k—I, 
Pet Piss Pests a n—Pi+1,n. 
and the sum in the last equality was called by the Wasanists “the sum 
of Kirei (r—1)-Jò Suida for Teisi 2n”. 
The following is the law of formation of p,4;,,, found in Daseki 
Syühö. 
If we put 
M=(2n—1+1)(2n—1+3)(2n—1+5).----- (2n—1 +2 r—1+1), 
N=4.6.8------ (2+2r), 
then 
Prai,n=M2+2r) / N 





_. 2n(2n+2)(2n+4)..... (2n+2.7—1 
N 6. 8 Erte Poe (2 Be ¢ r) 


In Daseki Syùhò this relation is rendered easy to remember by the 


(Qn-1+r). 


following scheme. To find the sum p,,;1+prat =" + Din, Write n num- 
bers 1, 3, 5,…… , to each of which is 

1+2n—1 2+2n—1 added Teisi 2n—1, and then write 
a) mee | do na | n numbers 2, 4, 6,------ , to each of 


A On] Boney which is added Teisi 2n—1. Then 
the continued product of all the num- 

bers in the left column multiplied by 

the last one 2+2r+2n—1 in the 

2r-1+2n-1 | 24+2r+2n—1 | right column when divided by the 
lt products of m numbers: 4, 673,.++«- 8 


PI ai SCREEN TSI Os we iF ij se se eme eu eta. a る 
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gives the required sum. 
Anmei Aida observed, in his Sanpò Dajutu, that 


1+43+5+7+.... +(2n—1)=n’. 

He also considered the two partial series of the Kireisuida. 
1, So RAT, Sole 
1 VRB LO 25, Bl, eee 


For the first, he proceeded as follows. 














1 2 es 4 | 5 
terms | 1 5 9 15 | 17 
sums | i 6 15 ci ‘08 aes 








From this we see that 
1=1+4x70) 
CDR 
15=5+4X 5, 
28=4+4x 6, 
45=5+4x10, 
66=6+4x15, 

Hence the sum 

1+5+9+...... to the n-th term 


is equal to n+4. a, „.ı. 
For the second, 











terms 








| rl | 7 | | | | 97 Je 









sums | I nein co) ele eae sl 65. | 96 0 


From this we see that 
1=146x 0; 
8=24+6x d, 
21=3+6x. 3, 
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A044 Le xy 6, 
65=5+6 x 10, 
Hence the sum 
147+13...... to the n-th term is equal to n+6a, n_1 


IV. Gürei Suida (B22. 


O SR SAI Gürei Keida (hf & E, 
2 262 12.220... Gürei Sankaku Suida 182 = EEE, 
700 40... Gtrei Saijò Suida NFER Fee Pe, 
2 10 30 70...... Gürei Sanjò Suida {(BE=3E3EH, 


If we denote these numbers by %,, then 
の ,x 王 2 ん , 
Qr,1 FQr,2+ 0,3 + fee + Qr,n = Qr+1, n (Peli 3 
this sum was called “the sum of Gürei Suida for Teisi 2n ”. 
Daseki Syùhò gives the following relation which can also be found 
in Sanpò Zenkyò. 
_ (2n+2)(2n+4)--.... (2n + 2r) 
quin ————— On. 
4, 6. 8--+--- (2n + 2r) 


V. Hoda Ex. 


The Hoda is the series of powers of natural numbers. The series 
1%, OF BE... ne N 
ん being a positive integer, was called “(k—1)-Jo Hoda”, and the sum 
Sn) = 1% +2 4 3%+.-+--. +n‘, 

“the sum of (k—1)-Jö Höda for Teisi n”. 

When £=1, it is nothing but the Keida, and when k=2, 3, it was 
specially called Heihoda 2277, Rippoda wW.77HE respectively. 

The formulae 


Sn) = ro +1)= zl +n), 


S.(n)= an (n+1)(2n+1)= で (2 Bn’ +1), 
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6 2 
Ss(n)= | nei = po + 2n° + n°) 


were also familiar to the Wasanists, and the general expression for S,(n) 
was studied with care by them, who showed their unusual power in this 
line also. ‘The method taken by them was to find a recurring formula 
by which S,.:(n) is deduced from S,(n). To make the description simpler, 
let us put 


(6) Sin) = Hx(n)/d, 


H{n) being a polynomial with integral coefficients, and d, an integer 
independent of n. 

The Wasanists used first to find H,(n), and then to determine d, as 
the algebraic sum of the coefficients in H,(n). This way of determination 
of d, is verified by putting n=1 :in (6), since S,(1)=1 and H,(1) is 
the algebraic sum of the coefficients in H,(n). So we will proceed to 
describe how the Wasanists were ‘successful in finding successively the 
coefficients in H,(n), H,(n),------ . We believe that the reader of this 
paper will not fail to recall in his mind the labour of James Bernoulli 
in this direction. 

First let us tabulate the coefficients in H(n), H,(n),------ as follows. 




















H,(n) | RUE | 
Hi | O82 MAE | 
H,(n) li RR tO | 























As often done before, let us again denote these numbers by fr. 
For the sake of illustration, we will begin with some examples. 


To find the coefficients in H;(n) from those in H;(n). 
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lel lux Ores), 6x6-6= 6; 
Seen oLh 06-2 b= 18; 
foal =the OA 10x 6-4 15, 
Je tea 0X 6 て 9ー 10, 
Tes! fs x 6+2= -1x6+2=—-3, 
See =/sx6-1= 0x6-1= 0, 
N. 
Removing the common factor 2('), we get 
Ja=2, Je=6, Js=5, Sos=9, 
Jo=—1, Js=0, er 0 
whence follows that 
H;(n)=2n$ + 6n° +5n°—n’, 
d;,=2+6+5—1=12. 
Hence we get 





S;(n) = ni (2n° + 6n? + 5n*—n’). | 

To find the coefficients in H,(n) from those in H,(n). 
6+1=7, 

IMITA N, 

SH=faxT+6= 6x7-6= LT, 

Fa mu X 1+4— 0x7-4= Us 

«RARI. 

i EA erre. 


fil far 1=2=-0x"7--2=0, 
Jr’ not determined here, 
Sas. ーー 0. 
Clearing the fractions, we get 
In=6, Ja=21, Jn=2l, fa=0, 
In = n=0, * 00 Mm=0, 
and then 


Ja=fa—(futhesthathstheths) =1. 


{1) Evidently this is not necessary. 


| 





314 KITIZI YANAGIHARA: 


Hence 
Han) =6n + 21n° + 21n° —7n°+n, 
d=6+21+21—-7-+1=52, 


S(n)= (n + 21nt+21n— Tn? +n). 


Now we will pass on to the general case to find H,(n). By putting 
Frai=faX(@M+1)+(+1)=f1 
Prsi2=Sr3X (+1) +r, 
% Frat, 3=Sr,3 X (+ 1)+ (7-1), 
Frs, a=fr4aX(M+1)+(r-2), 


sete DA c e et è 6 060000 0011 00 


TPE r+1—Jr, r+1 X (r+1)+1, 
West ease 
form the sequence 


Uh en, ate dal en ぅ i joe +2) 
and clear the fractions, remove the common factors, and denote the results 
by 
リエ か 5 PR. fia At > Jr+1,r+23 
for the even suffix r+1. If r+1 be odd, the coefficient f,,1,»41 of. the 
first power of n, is given by 
(7) PRE ral rat; 27 RES 1 + fret, 3 + fra, it 1% al + fra, r frs). 
In both cases we have 
ENT PS 
This is the method described in Sanpò Zenkyò. Though in the 
above calculation we have interwoven the values of 


UE ee Gs pees tie ae 2 


which are all zero, in order to show their relation to the others, the 
Wasanists did not do so, but put them equal to zero from the beginning. 
The relation (7) is obvious if we observe that 


2 三方 4 圭太 mn 5 十 4 ste + frat, rei 十 た 2 
Anmei Aida gave in his Sanpò Dajutu the following rule not 
essentially different from the foregoing. 
(1) From nH() we get n’+n?. Divide its terms by 3, 2 respectively 
and get 
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3 2 
n n 
Se ra 
3 2 
Clearing the fractions, we get 
2n? + 3n?, 


and add A.n, where A, is the coefficient of the second term diminished 
by the sum of all other coefficients, namely 
ded] 
Thus we get at last 
H.(n)=2n°+3n° + n, d,=2+3+1=6. 

(ii) From nH(n) we get 2n'+3n°+n°. Divide its terms by 4, 8, 2 
respectively and get 

India Gone toni 
FREE 


Clearing the fractions, we get 








n'+2n°+ nè, 
and add A,n, where A, is the coefficient of the second term diminished 
by the sum of all other coefficients, namely 
A,=2—(1+1)=0. 
Thus we get at last 
H;,(n) zn? +-2n? +n’, dg=1+2-+-1—4, 

(ii) From nH;(n) we get n’+2n’+n?. Divide its terms by 5,4, 3,2 
respectively and get 

MONZA «ni 


TO eRe 





n° 
is 

Clearing the fractions, we get 
6n° + 15n*+10n’, 

and add A;n, where A; is equal to the coefficient of the second term 

diminished by the sum of all other coefficients, namely 

A,=15—(6+10)=-—1. 
Thus we get at last | 
H,=6n° +15n?+10n’—n, d,=6+15+10—1=86. 
Ete., etc.. 
The validity of these two methods can be shown by the formula 
given by James Bernoulli in his Ars Conjectandi posthumously pub- 
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lished at Basel in 1718, though the proofs of the Wasanists are unknown 
to us. eal 
By Bernoulli’s formula we get 























‘o Sale wer nem 6 ER 
(2k)! (2k+1)!  2(2k)! 2! (2k—1)! 4! (2k—3)! 
ゎぁ 
ge iy Bs |, es 
| dra (2k)! ! 
( ) Syr+ı(n) 2 m2kt2 4 7 を 1 Bi nr Ba nzk-2 
(2k+1)! (2% 填 9)1 2(2k+1)! 2! (2k)! 4! (2k—2)! 
B n° 
Br Nu Segna 
ED 由紀 が (2k)! 2! 
2k+3 2k+2 2k+1 2k—1 
(10) Sskas(70) Mm 2 sl Bi 7 Ba n 
(2k4+2)! (2k+3)! 2(2k+ = 2! (2k+1)! 4! (2k-1)! 
B n 
(a ee E: INA ie Bra 9 
a Soran (2k)! 7 + Li (2k+2)! 2:5 


If we multiply each term of the second member of (8) by n, and divide 
the term of n° by t+1, we get the second number of (9), and if we 
diminish the coefficient of the second term of the second member of (8) 
by the sum of all the other coefficients, we have 
ESE RAS, DEA EDER +(—1)*"? Br, | 
‘2(2k)! (2k+1)! 21(2%—-1)! 4!(2k—3)! (2k)12! 

2 We = al: ] 

2(2k)! (2k)!  2(2k)! | 

= (te es (1) 1), 











If we multiply each term of the second member of (9) by n, and 
divide the term of n° by s+1, we get the second member of (10), the 
last term being excluded. If we diminish the coefficient of the second 
term of the second member of (9) by the sum of all the other coefficients, 
we have 

1 | iL B, B, 


PE: 
PIS TS VE ‘sel cet SIREN VISO! lt 
KH) |Qk+3)! 2 21(24+1! AGE Nin nni 





Il r ml) _ T (LD By 
DE 2)! "| (2% +2)! Ak + 2)! (2k+2)!2! 
=(—1 5° Bra | 


(24+92)121" 





ON THE DAJUTU OR THE ARITHMETIC SERIES. 317 


Hence the first member of this equality is certainly the coefficient 
of the first power of n in the second member of (10). Hence the fore- 
going methods of the Wasanists are verified. 


Other methods of finding H,(n) known to the Wasanists. 


1°. As an application of binomial coefficients. 

In Kowa Seki” ln Kwatuyò Sanpò 括 要 算法 , published post- 
humously in 1709, is found the following. 

From (n+1)—1, (n+1)’—1, (n+1)‘—1,------ we construct the fol- 
lowing table. 


(3), È 9 
(5), 0), @), 0, 
(), G), (@), (3) 9 


(1 1) Mo ns)! Br ui o à! (ir) ns ta + 1 er) 0, 
(12) aah Gua en a: eo) ds) ie Ge ay Ca) Cipro, 
Multiply the 1-st column by lis 


Re TT ae 4 12, 
* Tee ota: ; Bi 1/6, 
È Moth, „ 1/30, 
DI ae tli, ; x 1/42, 
x MeBo-the. 。。 » — 1/30, 
FS sonde で PY 5/66, 


ee 


and multiply all the 4-th, 6-th, 8-th,------ by zero. 
After reducing them to the fractions having common denominator D,, 
we get the coefficients in H,(n), and then d, is obtained by 


(13) d,=(r+1)D,. 


The successive multipliers for respective columns above mentioned were 
derived by the Syôsahô #3zé%, a method in Wasan resembling to that 
of finite difference and theory of arithmetic series of higher orders, and 
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in absolute values, they are nothing but Bernoulli’s numbers. 
Since we have for S,(n) by Bernoulli’s formula 


(r+ 1)S(n)=n + S(t + ee Bm! _ (Sy *) Ban A 


+" *) Ban が ー5 State ais > SEE LES. ; 


the relation (13) is obvious. Hence we see that this formula of Bernoul- 
li and the method described in Kwatuyô Sanpô are identical. The re- 
sembling circumstances under which they were published, and the very 
proximity of their dates of issue, look very strange to us. 
Anmei Aida stated in his Sanpò Dajutu the foregoing method in 
the following form: Arrange the coefficients of n in 
(n+1) —1, (n+1)°-1, (n+1)ÿ—1, rn 
as shown on page 317. 
Multiply all the numbers in the 2nd, 38rd, 4th, 5th, 6th------ 
the get 1 L : | 
columns by —, —, 0, ——, 0, —, =. respectively, which were 
と 20610 ice bY ER 
found as follows: 


2: |r_ () |= 1 => 

8: [10+ OQ) 0 
Lea 1 
dl; 


oi 
7( 
-{@+1¢ 
(+30 


ーー 





0⑩+3⑳ ド @=0 
O+70+0|0=- 

»=6: [r—1()+5()4 jon go 
=: [1 +30+701 0-0 Of =z 


Then tabulate these results, and clear the fractions with Mi. each 





row: 
LO for Hm), 
AD 0 » Hm), 
LETO 0 » En), 
DIRLO LD O) Ela“ 


pa PO I, TO ee 
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2. 36s. OM de 0 ぅ Him), 
Gem ot UAL Foa De ter 0 „ Hi, 


Man Sew Sele Ce Cee en = Cee sive Cee kee Pe Cee de ge#e-= Mean me 


Hence, for example, we have 
H,(n) = 2n? + 6n? + 5n'— n°, 
and for d, Aida took twice the coefficient of the second term, namely 6. 
This process can be verified as follows: The comparison of 


(14) (2k+1)Sy(n)=n®4+ er nn (MELI) pt 
(HN Bin (ET) Dans + 
PTE Ber ean 3 Bun, 
(15) BL Ban EAHA nn 
— (HB ET ee (A) Byatt. 


ee ( su DEE Bun’, 


shows at once that (—1)""'5, is the multiplier corresponding to (2%+1) 
-th column. But since S,(1)=1, we get from (14) 


Qe 14 (ET) + (EN) B,— RBB, 


7 HD GEH HEN Be, 
whence follows that 


("=| ar) Br 


CEI 


From (12), (13) we see that the multiplier corresponding to the 
(2k+2)-th column is zero. But from (15) we have 


Me 2-14 (EN) + FSB (ZA N! hi EN Bu 


Hence we have 
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0=(2%-+2)— {a+ (i) + 95, (RB) Br 


Cr 


Thus Aida’s method is verified. 

Now if we denote the coefficients in H,(n) on page 312 by ん る 
and put 7+2=/, the relation recorded in Matunaga’s Sanpò Zenkyò 
can be written in the form 


eas 
fin = り 7+1 の i; 


1 


tr C-1 ト 4 


har —| Br je" 0-)e-0)] i 





ME 1 | 
= PARE e pee MI ps PELA IE I (pra / 
ーー( 4 5? (2-0-8) | 1))b 


2°, To deduce /7,(n) from a set of binomial expansions. 
If r=2s-+-1, take 


(n+1)*, (n4+1)*, (n+1), (ntl), (vty, - (n+1), 
and if r=2s-++2, take | 
+1} (+1), (+17, (RH) (né ーー ED 


and denote the expansion of (n+1)? in descending powers of n by 
(n4-1)). Then eliminate the second term of (n+1)5** between (n+1)5*?, 
(n+1)*, and get the eliminant £,(n) with integral coefficients. Elimi- 
nate between £;(n), (n+1)57! the second term of (a4-1);7!, and get the 
eliminant £,(n) with integral coefficients. If we continue this process, 
we will finally arrive at H,,,(n). Since d,,,=H,.,(1), we have thus 
San) = Heat) PERL): 
Examples. To find S.(n), 3+1=4, 
(n+1)=nt+ An +6n +4n+1, 
(n+1) — n+83n°+8n+1, 
whence | 
E(n)=(n+1) —-2(n+1) 
=—n* + In? 40 2n 1, 
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which combined with (n+1)°=n°+2n+1, gives by elimination of n 
E(n)=nt+2n5+ n°, = トク グー ドー 
so that 
Sn) = (n'4+2n°+n?). 
To find S,(n), 
(n+ 1) =nÿ + 5n*+10n? + 10n?+ 5n+1, 


(n+1)'= n+ 4n?+ 6n°+4n+1, 
W ene 
E(m=2(n+1)—5(n+1)° 
= 2n° + 5n* + 0—10n?—10n—3, 
(n-+1)= nt 3n’+ 3n+1; 
En) =6n? +15n*+10n +0+0+1, 
n+1= n+1; 


Es(n)=6n° + 15n*+10n? —n, 
d;= 6+15 +10 —1=30. 


Hence we get 
S,(n) = ao (on +15n°+10n’—n). 


The foregoing method is recorded in Daseki Syùhò and Sanpò Zen- 
kyò. In the former it is remarked that the signs of the coefficients of 
(n+1)'*, (n+1)’,------ are alternately different, if we keep the coefficient. 
of the highest term of each E(n) always positive. The tabulation of 
these results gives | 


(% 十 1) 一 (n+1), 
2(n+1)’— 3(% 十 1 十 (n+1), 
Peete in D LL, 
6(n+1) —15(n+1)+10(n+1)— (n+1), 
2(n+1)°— 6(n+1)+ 5n+1)— (n+1)’, 
G(n+1) —21(n+1) +21(n+1)— 7(n+1)ÿ+(n+1), 
3(n+1) —12{(n+1)-+14(n+1)— 7(n+1)Ÿ+ (n+1), 
10(n +1) —45(n +1) +60(n+1) —42(n +1) +20(n + 1)? —8(n+ 1), 
2(n +1)" — 10(n + 1)’+15(n +1) —14{(n+1) + 10(n+1)—-3(n+1), 


cent ps te e u s'e 1s ese es os è ale efor go alm © ale a, © ae 0,0 viele te e 0.0 © Soho, a. os. elatsstule 2 51017 e,e.0 qe 000 eye 
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If we change the sign minus in the second column into plus, the arrange- 
ment of the coeflicients is just the same as that on page 312. 
From Bernoulli's formula 


(r+1)S,(n)=n"*'+ u 18) n+ i a 5 の ユー (fi A A Boy ee À 
we have 


CHI)S(n+1)= 4 SH) (+1) + (F5) Bn +1)" 


(1) Bint JR È 
while on the other hand we have 


(r+1)S,(n)+(r+1D(n+1)Y"=(r+1)S,(n+1). 
Hence we get 


(r+1)8,(n)=—(r+1)(n+ 1 +(n+1)"*'+ (Ye +1) 


+("S") B(n+ 1"! ...... 


This shows the meaning of the arrangement of the coefficients in the 
above table. 

3, To express H,(n) in terms of figurate numbers. 

The Wasanists were also successful in deriving the general Höda 
formula from figurate numbers. 

For example | 

1. Qa ntl. dy, nn =n(n-+1)(n + 2)/3!+(n—1)n(n+1)/3! 
=n(n+1)(2n+1)/3!=S,(n), 
1. sn +4@3, nit. a, p-»=n(n+ 1)(n+2)(n +3)/4! 
+4(n—1) (n+1)(n + 2)/4!+4 (n—2)(n—1)n(n+1)/4! 
= {n(n+1)/2}?=S,(n). 

Thus the theorem which E. Locchi showed as a new expression in. 
his “ Über die Summe der Potenzen der Natürlichen Zahlen ”(!) was 
known to the Wasanists as early as in the first half of the eighteenth 
century. | 





(1) Monatshefte für Mathematik und Physik, vol. 4, 1893. 
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To find H,(n), being considered as expressed linearly in terms of 


Gr,ss We must determine the coefficients of @,,, Gr. n-13 Ayn-as ; thus 
1 for H,(n), 
u „ An), 
RAR „ Hn), 
Ir ae di TT 1 Hin), 
1 208 7667 726 1 PART): 
Meo 02860 57 at ed TY 


au anale gala è CT OCC 6 0) e n anes Rete ee る ems a ne eo 8 as  。 go  €@@#a@¢seae, ene le 6. « 


If we denote the numbers in the k-th column of this table by Ax, 
Au Hana , we find in Daseki Syühö the relation 

(16) Ais n= (t+) Aux + (Rt DAs ru) 
by which we can calculate A,, successively, so that we may express H,(n) 
in terms of figurate numbers. 


Next we will reproduce Locchi’s proof with a slight modification 
in symbols. 


If we put k”"=u,, by the well known formula, we will have 


=) +) + dn) +) +-+ d'u) 
For r=1, we get 4u,=1, 4%,=0, so that 
sin) =(2)+()=(") =a». 
For r=2, we get Ju=3, 4’u,=2, 4u,=0, so that 
s の =⑩+96+20=(3163 
= 03, n42+ 03, n41- 
For r=3, we get du=7, 4u,=1, d'u=6, 4'u=0, so that 
S.(n)=(7)+ 7(3) +12(5) + 6({ 
OA) 
ZU, n43+ 40, n42t Ms, n+1- 


Continuing in this way, we have in general 
n+r n+r—1 n-+-r—1 n+1 
S(n)= 4, (E) Ar TET) Ara (+ Al 


where A,,;=1 and the A,„,„s are constants determined as below. 
If we remember that 
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du=2 —1, 
Au, = 38" —2- 27+1, 
Ay, =4°—3-3°'+3-2—1, 
Atyu,=5"—4- 47+6-3"—4- 2741, 


we get 
4 」。 三 4 ムー ァ ニ ダー 1 —r=2"-(" i 4 
A,_»,3= Pu —(du,— 1) — (du, — 2) - (Au —3)— — (Au —r+1) 
= du, —(er—-1)du—-(1+2+3+--.. +r—1) 
=8—2.2-+1—(r—1)("—1)+(5) 
(+ 
3—("1")2 +( da) 


and in general 


Ar = (Tr Jo) + (7) Lap a ri 
hence we have 1 
た ュー (i+ (+ (EC 1e ses + ( La o 
dica: Mr: Bi 1y+ (+ CE) 1) 0 。 pes Da 


From the last two formulae we get 


(r—i+1)A, 441,14 (+1) Ares, tar 
i-1 
e i | 
= (+ ESC DG 


=A, 41,441 
which is nothing but the relation (16). 





On the Roots of the Algebraic Equation of the Form 


by 
YOSHIMICHI UCHIDA, Sendai. 


The following theorem is usually due to Hermite or De Long- 
champs(’): If all the roots of 
JE" + ayer? + age? + +a,-:x+a,=0 (1) 
are real, then a sufficient condition that the roots of 
SA FA fp phi FP =O 
are all real, is that all the roots of the equation 
"+ kart tler +k,=0 
are real, a,, a,,-----. 20. andalı, Lia skn being all real. 
By putting f=x” we can deduce the theorem: If equation (1) has 
no imaginary roots, then the equation 
F=ax"+na, 2" nn 1)a,2”""?+ +++: +n!a,—0 


has no imaginary roots. This theorem stands in an intimate relation 
to that proposed by Laguerre(*) to solve. 


From these theorems we can prove the theorem: The necessary 
and sufficient condition that the equation 


F+k,F'+Rk,F' +... +k, F™=0 (2) 
has no imaginary roots, is that the equation | 
a" + nk, a" + n(n—1)k,a"? + +7! k,=0 (3) 


has no imaginary roots. 
To prove this theorem: By developing and rearranging the terms 
of equation (2) we get the equation of the form 


Q+a 0 +a, "4... +a,g9=0, 


where 


; 


(1) Hermite, Nouvelles Annales de Mathématiques, série 2, t. 5, 1866, p. 479; De 
Lonchamps, Journal de Mathématiques spéciales, Question No. 278 (see Laisant, Re- 
cueil de problèmes — Algèbre. 1895, p. 82). 

(2) Laguerre, Nouvelles Annales de Mathématiques, série 3, t. 1, 1882, p. 142. 
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p=r"+nkia" +... +n! ky. 

Hence by Hermite’s theorem, when all the roots of equation (3) are 
real, the sufficiency of the condition follows. The necessity of the condi- 
tion is easily shown, since by putting F=x” equation (2) is transformed 
into 

a" + nk, ar! +n(n—1)k,a"? +--+ +n!k,=0, 
which is (3) itself. 

By a similar way we can prove the theorem: ‘The necessary and 

sufficient condition that the equation | 

F+kF'+k,F"+.-..-.. +k,F9=0 ren) (4) 
has no imaginary roots is that the equation 


a” +nk"+Hnln— za" + +n(n—1)---(n—r+1)k,=0 (5) 
has no imaginary roots. 

To prove this theorem ; equation (4) may be written, by pütting 

bau nke +. +n(n—1)---(n—r+1)k,a?7, 
in the form 
d+a, の + do の 7 十 ee +a,¢™=0. 

Hence if the equation ¢=0 has no imaginary roots, the sufficiency of 
the condition follows from Hermite’s theorem. Next by putting F= 
equation (4) is transformed into 

aS a" + nko" +n(n—1)k +... +n(n—1)-- (n—r+ 1k,} zei): 
which is (5), merely multiplied by a power of x. Hence the condition 
is necessary. 

From the above two theorems we have the theorem: If 

fer+a,a +... +a,=0 
has no imaginary roots, and if 
F=r"+na, x" +... +n!a,, 
the necessary and sufficient condition that the equation 
FHkP+k,P"+ …… +k,F=0 (Fr = n) 

has no imaginary roots is that the equation 

pa + nk, a +n(n—1)ka +... +n(n—1) - + (n—r+1)k,=0 
has no imaginary roots, @,, の バー… ‚a„ and k,,k,,:-™--, kn being all real. 

We can also prove that the integration constants in the equation 
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m 
SSS---SFdx=0 (6) 
can be so chosen that the equation has real roots only. 


For, 


FSS. S Fae SS fof fa" + nue" + n(n— Daa"? +n! ay} de 


m+n ー1 
の a; gmt+n 


本 ec 7, aa eae (m +n—1)---(n+1) ui 


n!a,x” HE 
ler 


005000 


m! 
eisen! 
Pa (m+n)! 
Bett a. TR +(m+n)---(m+1)a,v" +e a+ ee Het 


fam" + (m+n)a, "+" + (m +n)(m+n— 1)a,a”*+"r-? 


When e’=c/’=---=c„'=0, this equation becomes 


mmr + (m+n)a act" + (m+n)(m+n— 1)a,a”"'""? 


+. +(m+n)---(m+1)a„2”=0. (7) 
Now as equation (1), è. e. 
Js" + tau tree. +a,=0 
has real roots only, the equation 
quinta; amino La, gino? 1...... +4," —=0 


has also real roots only. Hence if we put 
i= mtn 


in Hermite’s theorem, equation (7) has real roots only, Therefore we 
can choose integration constants so that equation (6) has real roots only. 


On Some Algebraic Equations whose Roots are 
\ all Real and Distinct, 


by 
YOSHITOMO OKADA, Sendai. 


Biehler proved the theorem: If the imaginary parts of ‘all the 

roots of the equation of the nth degree 
Je) = ¢(«) +29(#) =0, 

where ¢ (x) is of degree n—1, have the same sign, then all the roots of 
the equation ¢(x)=0 of degree n are real and distinct, and are separated 
by the roots of the equation ¢(7)=0 which are also all real and distinct 
(Journal fur reine und angewandte Mathematik 87, 1879, p. 350). 

Auric proved the converse of this theorem (Comptes rendus de 
Académie des sciences, 137, 1903, p. 967) and its very simple proof has 
been given by Prof. Fujiwara (this Journal, Vol. 9, 1916, p. 105). 

Applying the theorem and its converse, we will deduce some theo- 
rems on algebraic equations whose roots age all real and distinct. 

1. Take the equations e 

Ja) = 92) +i9,(x)=0,  (J=1, 2,3,------, p), 

each of which has such roots only that their imaginary parts have the 
same sign. Throughout this article we assume that the degree of @, is 
higher than that of %; by 1, and the coefficients of the highest power 
of g; are of the same sign. If we choose p real uumbers ん such that 
the terms of the highest degrees of %,;d,(x) have the same sign, then the 
imaginary parts of the roots of all the equations 


Fra) = 9; (a) + th; $; (a) =0 


have the same sign. Hence, by Biehler’s theorem, if we put 
5 » DY ; 


IL {E@}=0@+iY (1), 
jal 


where m are positive integers, then all the roots of the equation P(2)=0 
are real and distinct, and are separated by the roots of the equation 
Y(x)=0 which are all real and distinct. Therefore we have 

Theorem 1. If each of the equations | 


f,(x)= 9%) = if (x) =0 (g=1, 2, 8: , の) 
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has such roots only that their imaginary parts have the same sign, and 


if for such real numbers 4, (j=1, 2, 3,------ ‚P) (not zero) the terms of 
the highest degrees of the polynomials ん み (?) have the same sign, and 
for any positive integers m, (j=1, 2, 3,------ > P), the expression 


IT 1940) + 1h," = Oo) + Ne) 


be formed, then all the roots of the equation P(x)=0 are real and distinct, 
and are separated by the roots of the equation 7(x)=0, which are all 
real and distinct. | | 

By this theorem and the converse of Biehler’s theorem, we have 

Theorem 2. If @;(x)=0, d(x)=0 (7=1,2,8: ----,p) be p sets of 
two equations with real coefficients, of degrees n and n—1 respectively, 
and if all the roots of the equation @,(x)=0 be real and distinct and be 
separated by the roots of the equation %;(x)=0, which are all real and 
distinct, and if for such real numbers ん (7=1, 2, 3,------ , P) (not zero) 
the terms of the highest degrees of ん みみ (2) have the same sign and for 
any positive integers m, (j=1, 2, 3,------, p), the expression 


I ex) iki 4e)" = O(a) + iB (a), 


7=1 
be formed, then all of the roots of the equation P(x)=0 are real and 
distinct, and are separated by the roots of the equation (x) =0 which 
are all real and distinct. 

2. If we put specially p=1, m,=2 in theorem 1, and if we drop 
the suffix 1, then, since De) =@(a)— #0), the roots of the equation 
〆 の (2?) 一 だ の (2) ニ 0 are all real and distinct. Hence the roots of the equation 

a (a) + ky(2)=0 
are all real and distinct, & being any real number. ‘Therefore we have 
the theorem: If the imaginary parts of all the roots of the equation of 
the nth degree 

fle) = (0) + ie) = 0 
have the same sign, and if a and d be any two real numbers, then the 
roots of the equation 
ge(⑦) 十 6 の (④) 三 0 

are all real and distinct. | 

The above proof of this theorem is simpler than those given by 
Laguerre(*) and others. 


(1) Laguerre, Journal für Mathematik 89, 1880, p. 339; Biehler, Hermite, etc. 
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‘Specializing theorem 2 in a similer manner we have the theorem : 
If g(v)=0, ¢(x)=0 be two equations with real coefficients, of degrees n 
and n—1 respectively, and if all the roots of the equation g(x)=0 are 
real and distinct, and are separated by the roots of the equation ¢(«)=0 
which are all real and distinct, and if a and 6 be any two real numbers, 
then the roots of the equation 

ag(x) +0ÿ(x)=0 

are all real and distinct. 

‚As a corollary of this theorem we have the result: If all the roots 
of the equation g(x)—0 be real and distinct, then all the roots of the 
equation 


ap (2) + 09e) =0 


are real and distinct, where a and d are any real numbers. 

From this result we can easily prove, as usual, the theorem which 
is due to Hermite or De Longchamps: If the roots of the equation 
of the nth degree e(②⑫) 三 0 are all real and distinct, and we take real 
numbers k,, k,,----- ‚km (men) such that all the roots of the equation 


gm し ki al k, ger es. rec el 
are real, then the roots of the equation 
a) + Kg) + rg) + の の (る )=0 


are all real and distinct. 

If we put specially in theorem 2, p=2, m=m,=1, Y()=9 (x) 
=;(x) and %.(e)=%"(x), and if we drop the suffix 1, then, for any 
real numbers k,, k,, (not zero) with the same sign, | | 

P(x) = (0) (2) kt pp"), 

Far) tea)" + kgla)e(@) ; 
whence we have the result: If k&,,k. be any real numbers (not zero) 
with the same sign, and if all the roots of the equation g(x)=0 be real 
and distinct, then, (1) (~ ) all the roots of the equation g(a)—ke"(a)=0, 
k being any real number not zero, are real and distinct ; (2) there exists 
no common root between two equations g(x)—4k,g/(x)=0 and の (2)=0, 
and (3) all the roots of the equation k,g”(x)+k,g(x)g"(a)=0 are real 
and distinct, and are separated by all the roots of the two equations 
g'(x)=0 and (a) —k, hk, @'(a) =0. 





(*) This is evidently a particular case of the above theorem. 


D on M 
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Thus, specializing theorems 1 and 2 in several ways, we are able to 
deduce an infinite number of such results. 

3. Theorem 3. が the roots of the equation ¢(v)=0 of degree n be 
all real and distinct, and separated by the roots of another equation ¢(«)=0 
of degree n—1, whose roots are all real, then the roots of the equation 

Paley = 
are all real and distinct, k being any non-negative real constant. 

Proof. By the converse of Biehler’s theorem, the imaginary parts 
of all the roots of the equation g(x)+id(x)=0 have the same sign (as- 
sume positive). Hence those of all the roots of the equation ¢(7)+ikd¢(x) 
=0 are also positive, k being any positive constant. Hence from Gauss’s 
theorem, it follows that all the points representing the roots of the equa- 
tion w'(x)+ikd'(x)=0 are not outside of the least convex polygon which 
contains all the points representing the roots of the equation g(x) -+ik¢(z) 
=0, and that the imaginary parts of the roots of the equation の (る ?) 
+ikg'(w)=0 are all positive. Hence if we apply theorem 2 to the 
product 


の ⑳ 砂 (91 の (⑦ 二 (1 = De) +4 (a), 
then we see that all the roots of the equation 
(a) = yh + keg! =0 


are real and distinct, when % is a non-negative real constant. | 

4, From the last theorem the following problem will arise: Given 
two equations ¢(v)=0 and 4(2)=0 of degree n, and n, respectively, and 
having real roots only, to determine the constants Li, La, ------ y Lie fr 
which the equation 

PPL QU D + Tom dir... +1,00 ®=0 (nb == 70, Ta 

have real roots only. 

In the following, we will treat a special case of this problem. 

Theorem 4. If an equation f(a)=0 of degree n has positive roots 
only, and if the roots of the equation 


9 


Lf LE + ke) (k = n) 
be all real and negative, then the roots of the equation 
i+ Ly af chi Ly, DL BE + cire 3 Lary aa 0 


are all positive, when Li, La, +-+». sLm satisfy the relations 
m | 
L= SPE, の = め =1 He (j HIDE HA, 


i=j 


2990 „USE, YOSHITOMO OKADA: 


(=D 2 Sr md). 
Proof. For any positive number À, the roots of the equation 
x ザ ( 々 ) 三 0 consist of zeros and the roots of the equation f(x)=0. There- 


fore, differentiating «*1f(x) with respect to a, it follows by Rollés 


theorem that the equation 

f(a) + À af (a) =0 
has positive roots only. Hence if we take the second positive number 
ん , the equation 


(HA af) + Ayal f+ yap’) =0, 


i.e. FH (A+ Aah Ar A HA ef" =0 
| has positive roots only. Therefore, if the roots of the equation 
yt hotkh=0 


be all real and negative, the roots of the equation 


S+ (4 +h, af! + Ha fl =0 
are all positive. 
Further if the roots of the equation 


a +h a’ +k,x+k,=0 
be all real and negative, the roots of the equation 
F+ (ki ++ ks) f + (ky + Sk,)cf" + des ad fl’ =0 
are all positive; and so on. 


By mathematical induction, we can easily prove that if the roots of 
the equation 


a” + lattato? pee eee + Kin =0 (m =n) 
be all real and negative, the roots of the equation 
f+Lof+Lef'+... トト タル 
are all positive, where 
L= ey + GP ey + IP eg +--+ + Kim 


L= な ke + Us? ks à RM na I ん 。 ’ 
27 6? ん 。 FRA 2 a 15 i kn ’ 
Ly = が Kem 





(1) Since L, =O0k,+1:k,+4+3k,+7k,+15k,4+31k,+----, the coefficients of k’s in 


L, make the sequence {2*—1}, k=0,1, 2,8, ----, which is named the Fermat number- 
sequence in P. Bachmann’s Niedere Zahlentheorie, 2nd part, 1910, p. 75. 


まま 
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and 

12 = QI, +70, (i= 3, 4, 5, -..... » M) 

1 — HS + i G4. 5, 0: Nr | m), 

arti (@=r+1Lr+2,--... m), 

ED (mL) OEM (i=m); 

IM=IMm...... Se ie 

W-9—...... Zn : 
that: is d 


Ci 


u = 3 De, WED, 935 三 (7 上 1 の 9 や 上 の 」 


On Some Algebraic Equations Having Real Roots only, 
by | 
TsurvIcHI Hayasmı, Sendai. 
The theorems and problems in this small contribution were proved, 
and proposed at a private meeting, a few years ago, and before they were 


put in complete form for publication Mr. Y. Okada’s paper was sent 
to the Editor, which was inserted in this Journal, Vol. 14, p. 328, and 


contains the first of them in the last section of his paper. Though all of | 


them, being immediate consequences of De Longchamps-Hermite’s 
theorem, are not so important, I take this opportunity to keep them in 
record after Mr. Okada’s paper. 

1. If the roots of the algebraic equation 


f@a)=a+ae+as®+ +a,a"=0 


be all real, then the roots of the following equations 


(1) fle) + (+4) (= 
(2) e+ に 2 È fio (+) f@ 


1 ん 2 











geo 
/ 


1/9 


(æ+k)(x+k) f"(x)=0 


are all real, À and A, being positive integers, and k, and ん being real. 
For, since the roots of 


f@)=0 
are all real, the roots of 
(w+h,) f(æ)=0 


are all real and consequently the equation obtained by differentiation with 
respect to x, that is 


- A+ 一 ユ 1 
Ale +k,) ae d Wer 


has real roots only. Dividing by 4 (a+k) , we get uaar (1). 
If we apply the same process to the equation (1), considering its left- 


| 


EE = 


EEE ee 


/ 
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hand member as f(x), we arrive at the equation (2). By repetition, we 
can arrive at a general result. 

A particular case of this theorem has been put in a good form by 


Mr. Okada, loc. eit.. 


In particular, the roots of the equations 
f(@)+@+h)f' (x)=9, 
SF (@) + (8a+ hy, + 2hz) f! (a) + (@ +h) (ex +h.) f(x) =0 


are all real. 
If 2 become indefinitely great, keeping + as finite, then the above 


equations become those of De Longchamps(*) and Hermite(’). 

Now the following question natarally arises: What is the neces- 
sary and sufficient condition for the coefficients of the polynomials P(x), 
that the roots of the equation 


F (+ Pi(a) fw) + Pale) PUR) + + Py (a) f(@) =0 
are all real, when the roots of the equation 
F(X) HA $v tag? + eres: +-0,0°=0 


are all real, P,(x), P,(x),...... , P.(x) being polynomials of degrees 1, 
Dre... , k, respectively? 

I will quote here for reference the following question from H. 
Lavrent’s Traité d'Analyse, 3ième partie, 1894, p. 71: “If f(@)=0 
has real roots only, the equations f(x)+xf'(x)=0, and f(x)+4xf'(x) 
+2? f/! (る ) 三 0 have real roots only. Generalize this theorem.” 

Moreover the following question proposed by De Longchamps and 
solved by Levavasseur is to be noticed in this connection: “If all 
the roots of the equation U=0 are real, demonstrate that all the roots 
of the equations 


1e: U+ (2 — a) BE); 
PUS ay UE (za) 0" =0, 
f=U+T (x—a) U' +6 (x-a) U"+(x—a) U"!=0 


* i SOE n 
are real, whatever a may be, (a is of course real, and U’, U”, UT are 
the successive derivatives of U). Give the general expression of /,=0, 


and demonstrate that, in putting | 
Ma, U+an(x—a) U'+a,(æ—a) U"+ , 





(1) De Longchamps, Journal de Mathématiques Speciales, question No, 278. 
(2) Hermite, Nouvelles Annales de Mathématiques, 2 série, t. 5, 1866, p. 479. 
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we have 
| Dez} 
a =(2-1)/11, 
a2, =(8"—2:2"—1)/2!, 
ar =(4"—3'3"4-3°2"—1)/31, 
and so on,” (Journal de Mathématiques Spéciales de De Longchamps, 
question No. 54, solved by Levavasseur in 1883, p. 136) _ 
“We also find the following two questions in Laurent’s Traité, p. 
72: (i) “ The roots of the equation 
yf (a) + af" (a) af" (a) +--+ + (GO, 
where f(x) is a polynomial of degree n, are all imaginary if. those of 


3 4 


the equation f(«)=0 are all imaginary (make use of the equality 


ay=y—f(x)). We can conclude that all the roots of 
Ff (a)+afl (@) +2? fll (++ FA (2) =0 
are imaginary if those of the equation f(#)=0 are so also.” 

(ii) “If A denote a positive number and if g(x)=0, d(x)=0 have 
real roots only, then g(x) の (?⑫) 士 4 み (2) の (2) 三 0 has also real roots only. 
How must be this theorem modified when the roots of @=0 and d=0 
are not all real?” 

2. By De Longchamps and Hermite’s theorem, we know that 
if the roots of | 
KE (= 

be all real, the roots of the equation % 

SF (a) +h, f! (x) =0 
are all real, #, being a real constant. Hence by applying this theorem 
to the equation 

(e+k.)f(x)=0, 
we know that the roots of the equation 

(C+h)f(@+ La f(2)+ (e+ hy) f (x)} =0, 

or i 
(w7+h, + kp) f(x) +k.(c+Ek)f (@)=0 
are all real. By repetition, the roots of the equation 

(+ + hy) { (@ +h, + ky) f(x) +h, (@ +h) f! (x)! 

++)! f(x) + ( + ky + 2h,) f! (x) +k, (a +h) f" (+) } =9, 


or 
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1 (e+ h,+ k,) (x + ks + ky) + k,(«+ks) I (2) 
+ {he (a+ ky) (a + hy + hey) + by (e+ hey) (@ + by, + 2h,)} f(x) 
+kk, (@-+hy) (a@+hs) f" (a) =0 
are all real. | 
Herefrom the question naturally arises: What is the necessary and 


sufficient condition for the coefficients of the polynomials P(«) that the 
roots of the equation 


POSTAL (e)+ PP@)F” () 


| Hess + PO (x) f (a) =0 
are all real, when the roots of the equation 
Ff («)=0 


are all real, P(x) being polynomials all of degree k. 
3. The necessary and sufficient condition for the sequence ko, ki, 
| , k,, that when the roots of the equation 


Uy + Gy, L+ ATH... + Ant" =0 
are all real, the roots of the equation 
Ay ky + a, ke + a,hk,v? + +--+: Fare =0 (mn) 

are also all real, has been already ‘studied by Profs. J. Schur and G. 
Pölya in Crelle’s Journal, Vol. 144 (1914), pp. 75-113, the first 
attempt being to be due to Laguerre whose researches are fonnd in 
his oeuvres, in Nouvelles Annales de Mathématiques, question No. 1392 
and 1393, and in Journal de Mathématiques Spéciales de De Long- 
champs, question Nos. 95 and 123. 

From this the question comes’ forth: What is the necessary and 


sufficient condition for the sequence fy, ky, ka,» „kn, that when the 
roots of the equations | 
(1) © の 十 G2 十 の 2 の 十 …… +ane"=0, 


are all real, the roots of the equation 

(2) &(r+h)+a(r+k)r+a(v+h)r" +... +a,(c+k,)x"=0 
are all real. 

Now let 


n=Mm. 
Then (2) becomes - 
Gas) Ay ky +akr+ask, nr +... + Om km" + x f (x) =0 


where 
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SF (@) Ay + 4, + Aga? +. + An". 
Now when the roots of the equation 
f@)=0 
are all real, those of the equation 
= 
are also all real. Hence by the theorem of De Longchamps and 
Hermite, the roots of 


uf (0) + hi f (x) + ef" @)}=0 

are all real. Identifying this equation with (3) 

Gal do, 

ah, =2 dk, 

Ag ie ri (05) le, 

Am km=(M+1) ay k. 
Hence if we choose the sequence ky, ki, Kay HT 

eh MR za er 。 km=(m+1)k, 

the roots of equation (2) are all real. , 

This theorem stands in an intimate relation with the following 
theorem which we find also in. Laurent’s Traité, p. 72: “If we 
multiply the successive terms of an equation @(x)=0 arranged in as- 
cending or descending order of powers of x by the terms of an arithmetical 
or geometrical progression, all the roots of the new cquation d(æx)=0 
are real when all the roots of @(«)=0 are real. The same thing takes 
place if we substitute the series of the form 


Ef Bh SIM ey SAN Ad 
ee La 


instead of the progression, m designating an integer.” * 
Again by my theorem, when the roots of 


J (x)=0 
are all real, the roots of 


xf (a) += HF +af" (@){ =0 


are all real. Comparing this equation with the equation 
(e +) +a, (@+kh,) +a, (+) +--+ + Om (C+) €" 
+pr”* = 0, 
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which I will take instead of (3), we get 
| di lg = Bie I 

d, li =V (Qa, k+a,), 

Ay ん ーー (34, k+2a;), 

a; k3= 27 (4a; k+ 3a,), 

Am m=") (M+ 1)dyn kt man its | 

p=v"(m+1)an ; 
whence we can determine the values of 
ko, ky ko, PU 2 to P 


for a given value of &. 


July, 1918. 


EISEN ER = F4 2 2 BORE = > 
On the Inversion with respect to a Conic. 
深 E iN & FER) 


Serco FUKAZAWA, Sekine near Maebashi, Gunma-ken. 


l >= A= bz) 7 AER = BA = = BRR AE 
MBM RUR € 2 ba’). Ib? = + 7 > BE =U B= RHR 
ACA ESE 6 & (1914 15), REY HPPA RHEE 299 HE (CRIE 
5 年 9 月 ) Re 第 301 (KE 6 年 12 月)= 於 テ 説 ケ ア 所 アリ . IR? 
定義 ニョ レー } 

[— 2 MISERA — i O 7527034 UN (BEY SH) RE 
B)k=7_23}i PRP FH) Be OP.OP wae OMON 
PEE 7 REP Mo Vv AH bev FR = 27 ro LZ 
ii PIP b> HA = > 7 R= RBS) PAZ L 

my 7 HRK Ai OMON > Ov titBh=7 szraér OP LF 
= / s AMBP 2 bh IRI VY. 

tur} OMON=OL +r vgn eh L 75% MN ノ 上 = 求 メ ダ 
rzrv NÉE L 7 br HER + AIRE homothetie ナル 曲線 ナ 
リ . 何 ト ナレ ゞ 0L753- O By —7xNWUE- OL 7FEK]=?7 
= Bly, ZT +r RR? FRIEHTE AUST). Mei’ 
O へ 此 ノ 新曲 線 ノ 中 心 ミ シテ ニニ 中 アト だ be FR By 7 A 
ニ 反 形 チ 7. 

政 = 澤 山 氏 ノ 定義 = 於 ケル 反 形 へ 曲線 ノ 中 心 ヲ 反 韓 ノ 中 心 ト モル 
モノ = 夏 メ 得 さと シ , IF 0 諸 ガ 曲線 ノ 中 心 ナ テル 場合 = 於 テ 反 形 ヲ 定 
義 セ リト スル ェ 其 ノー 般 性 ラ 雪 スル モノ ニア ラズ. 

ワラ 曲線 クノ 中 心 ナ リト スン レバ PUP パス 調 和 時 区 ラチ シア > 
P ノ 極 線上 = アリ 7. &=JE=R/ ERIK ZT TA. 

(1) 本 間 題 へ 格段 テル 次 反 較 (a quadratic inversion) ナル ガ 夏 = 其 一 般 的 研究 = スム 歴 


REY. PURI LEA HART UAE? BR æ Dr yb ror. RBH VY FF > 
BAL MESES 11 AB (1917) 第 184 真 = 於 ケル 窪田 数 授 ノ 小 引 ラ 参照 スル ノ 要 ア  (T. H.) 








i se uh # Ma DR = MZ. 941 


Co » See K ノ 中 心 の JE  P = 結 グ 直線 ト P 
ノ 極 線 ト ノ 交 申 ア ヲ 曲 線 だ = 開 ス シア ノ 反 形 ト イフ ・」 

RS SH = = 7, 2a OK DT 7 Pr ry, 
定義 

ーッ ノ 彫 鑑 曲 線 だ LIE/IN/ ERO 1.70. TR OP + ki 

Pr K =Ba> tiger 7 38h Pa ラ ア ノ 反 形 ト オフ 」 

ラ 下 セ バ 如 和 何 ト イラ フェ ニ , 此 ノ 定義 へ 全然 位置 前 = シテ 射影 = ョ リ 其 反 特 
開 係 = 幾 化 ク 及 ポ ボサ ズ . WY FEN) AB 7 a7 D / Ki 
1) ABB 7H) Ak HER vo の 中 ノ 射 影 ラ 新曲 線 ノ 中 心 タ フ 
シム ル シ ュ トラ 得 ベ シ . 何 ト ナレ 任意 ノ 購 ヨリ K 75% v 7 ASE FF 
yar O b= TREX 5 pv pv AST + SET b 7 ZUM AEA O 
Iva == 0 Ba 7 DED Fr AR 7 F7, JE» È 
ga 736 © 7 Rift i TEM Pi = 7 7 AE os 

Ie? = 0 Bhar wR por Ke PBA? WE, 27 Lv 
razr Bar WEAR SHE eV ABS. ak R7 
場合 = 就 キ テ 研究 ヶ 歩 進 メ ント ス - BNF 

[—» 7 Hété L ノ 中 心 0 ラ 任 意 ノ 一 馬 アニ 結 ブ 直線 ト P 

ar 2 BET K = 開 ス シアノ 反 形 トイ フ 」 
トノ HST SE. (hy wR? Bea > OP >? B= PTT 
直線 テリ トシ Aaa ini Ao Or SB = 2 bob? 
= Par Fb 2 Zi BT RE? ER 7 Ares: 
2, BEER — Kerr LIBRI) FM x» MEER = RA 
Re ? - | 

DH} EH OPOP=OMON=OM チル シュ トラ 知 レ カ ・ 会 
OP à 友 ト 変 ラ ザル 場合 = ニハ OP.OP へ 如何 テル 値 ラ 取 ア カ ヲ 吟味 
セン トス . 

OP x トト 変 ラ ザル 場合 へ 鮭 曲 線 = 於 テ の 7P WIL? Wir 
wanna, BH Kl 交 ア カノ 場合 = 於 起 ラ ルケ. OPA 
滞 近 線 ト 一 致 ス ル 場 合 = ミ ハア > MGT = ァ ル 可 ク , OP.OP'=% = OM" 
b RE AV RS 7. 

R= OP x K Eile > Boe = >? 87 MN? 
y, Je 曲線 = 開 ス ルケ Po RBZ PU F2. 然 ヶ 時 ハ ョ ク 知 ラン レ タグ 


342 Æ BB E E: 
ep e A? = A = EF ET J = 2 
VF, PR Pl pe O HRT HT IA. MIT 
| OP'.0P= — OP".0P=-—-0M". 
A Fini = > SRE RGR à I) © Act = 7 RAR) +R 
fA vies, Bh OP ai 7 M Laver 
OM=iOM', 
OM? =— OM”, 
OP. OP'=—OM"=O0M’. 
ニシ テ 此 ノ 場 合 = モ 前 記 ノ 関係 成立 スベ シ . h=Ro 7 — 7 
Sy bun f= Lit 7 G7 A. 
ュ ノ AB = a vey. 
(i) SHER RR dele HBR JE CER RR = MR ie 7 eee 7 
ト 考 ン ル 事 う 得 さ ペク: N 
(ii) 或 健 曲 線 ノ 共 転 備 曲 線 ニ 相似 座位 テル 曲線 へ 原 曲線 ニモ 相 
似 應 位 チ テリ ト 見 ケラ 得 ベ と | 
3. Rear? ME, RI Rare - WERE | 
ノ Giai? pan e / JE 7 bue tr. 
& K = xe RIM 7 INR Q 74%) bea. O7 | 
心 ト シ K Ib BAYS K トナ ラ シ メ , 之 ニョ リテラ ヲ 反 畔 | 
シテ の ラ 得 タリ ト セ ョ . 0 ラ 通 ズル シー 直線 ラ 引 を ん / 及 の の ラ | 
フィ ンマ シン Mi MAP Ei が 7 Dee 
OP. OP'= OM, 
OP. OP'= OM", 
OP! : OP"=0M?: OM”. 
Yi? HA RE+ mie, Je ET AIPM MATA. KH 
= の ト の トス 03730 > 7 HE = v7 Hv AM Kr | 
K トノ 相似 比 ノ 座 方 = 等 シ . We? BBR LZ 7 BR? BAR Fe > | 
ICP I DIF AVE + poro. BAI? BIE 7 2H = a 
YF 





(1) Bo Qe Poh Pees ED 0 

(li) RoBevyas, 

(iii) Ro—-V74A7 K JH=a-—-VIAZW =-AIVABSN 
>. 但 RR» Q x 0 ラ 通 ブル 場合 ラ 除 ク - 


Al th = > 2 RB = 7. 345 


4 Bova) fie MB? RITE). MY IR / ij = Arte 2 
VIEW E. 

— > 7 ig re? VER Bee IR Trib, DL fee 7 UF 7 Bh 
/ 極 線 ニ ョ リ テ ー ッ ツノ 線 束 ヲ 作り, Rd vit Heeb 7 AT 7 Ki 
Fee ROR ITE), 此 ノ ニッ ノ 線 東 ノ 産物 フ 研究 ス ア ニア ) . 

例 ヘ 直線 ノ 反 形 ヲ 作 ラ ン = ニ つの, 基 ノ 上 ノ 英 フ L 7 7 tape È 
ge 7 HR 7 E ORR 7 FET I, RI? Bb? SUF 7 87 = Fe 7 
線 ^ 前 者 BEES AY Ra TIER 2,867 二 線 束 ノ 産物 トシ テー 
Rig? FY IU. 

5 [he RIE v7 RH BOD O 75 > Bc / 
wa = AMEL + 7.) 

Seng. AB ヲ 直 線 ト シ , C ラ 其 クノ 極 ト ズ ・ 

OCF K pwr vy. #347 M, N トス . 

OC 7 HERZ の ra. 

AB 上 = 任意 ノー 中 P IIH? RB? Pb. 

CP’ > P 2 kat). 

ND 3 OP こ 座 行 = 引 や D=M7 K KK7 TE: bev MD: 
PISA OI LAT eae 7 YN ee PR 極 線 ナ チゲ CP" =2BIT. 7. 

三角 形 MDN + CPO + Sir Hk, OD + © P' 
age 77 EIA, = PR Mb SALES = 
uen aik=) K = 相似 陰 位 テリ ・ 

Remy BA r YF OC x MN 1% 3 ré 7 Ge >. 

BAR, KILI 7 BAT I. 

(i) OC x K et Yar. 

紫 ノ 場合 = へ AB 9 bye = i Ey EL = 7 
sn VIG 7 RA, SEE ER DEI E 7 R 2 vox + > 
+ po» thee > JE ré = AE i + 7 HER 7 得 可 用, 前記 クノ 如 キ 優 
fa = a vA HR Sry) D+ I. 

(ii) AB Wie — 7 =2pf ran MF OC WATER I 
一 致 ス ル 場 合 . | 
CC starr ER br Wacht? GET =. 
AB» EF =2IrrWV. 


344 ho Om! E: 


AB 上 任意 クノ 一 貼 ア ノ 反 形 ラ P,CP » GH pv 787 D } 
Ar 

CD > P 7 tiger). 

= CD ノ 曲 線 内 ノ 部 分 へ 0P = 7 Enr. BE? 7 Wir 
BR / Dex OP = テニ 等 分 セラ シベ シ . = アム CD 718% 
FI. 敵 = 其 軌跡 GH = 座 行 テル 直線 テリ. 

紫 ノ 場合 ニ = へ 反 形 へ 反 心 ラ 通 で ザル シェ , Dub 7 ii Di 7 曲線 = 
DEN + 7 EIER Æ 7 x TRY, 

HD 22 7 NF = TE EE — HE = RO zy vy. 

DE PER = T > 0 RN HER = 7) 1 (BAY FE 
得 べ と. 

6. |! 反 心 ヲ 通 > 反 韓 ノ 曲線 = 相似 鷹 位 テル 曲線 ノ 反 形 へ 直線 テ 
TEN 

wm. O 76 K = 相似 應 位 テ ル 曲 線 ラ ア トス . 

R 2 bE? ER? OB P,Q 7 RF P,Q rea. 

P,Q ラ 結 プ 直 線 AB? BOB IE Ib? BE» ア , O0, OF n= 
730” K = 相似 應 位 テ シ ガ 故 = R = 外 テ ナラ デズ . 

= AB >> R +). K= RR» AB ナル ペ シ 、 

音 人 へ ュ ヽ = 偶然 = ミ シテ 「 反 心 ラ 通 | TX Hi = AR (DINE it + 
| WR? DIET MAY. 之 ョ リ 此 ノニ ッ ノ 條 件 ノ 内 任意 フー ッ ラ 除 
+ 7 

| Bob 7 Ar CARTER 反 形 如何 | 

I SOR > 曲線 = 相似 鷹 位 テル 曲線 ノ 反 形 如何 」 | 
ラ 研 究 ス シス 営 然 順序 ナチ シベ シュト 信 ズ . R = ニン = ニ 和 就き 答 ラ ルケ 所 アラ 
SPIRE 

7 | Bot 7562 CERISE RR BOB» — ABE = = da y «J 

紫 ノ 定理 へ 一 般 ノ 方 法 = ニ ョ リ 誠 明 スケ ヲ 得 ベ シ . BOR BPI de 
線 ^ 之 = 射影 的 チル ニ 裕 線 束 ヲ 作 シ ベク , 之 クノ 中心 ヲ 心 ト シ 之 射影 的 
FIVMARKBOR b 7 EM v F SRA ERY Fr va. 

Roe NV == KM ER > 2 Hit ER FIR HR 
ト 一 区 曲線 ヽ 三 個 ノ 直線 = 分 解 ス ル 場 合 ヲ 吟味 セン . Wy = 
線 = 分 解 ス シ っ , 前 定理 = ニョ リ 此 ノニ 克 曲 線 ダ 反 韓 ノ 曲線 = 相 人 座 位 テ 


RI SE Wh ok = a eR = Be 7. 345 


ルケ トキ ナラ 知 と を. = AIAR ART Rh = AI 
ANTA? 3IMMARR. | 

PA RARE ZRH Ru = Arr PE RH 
ANKARA TM? BIER 7 LA ST 5 5 ED 
FH 7 i av RRR À 7 RETTA = 
> R7E7R37%37 Db =%#7-xfk R 7b JUF 7 B57 ki 
Bee a) CRO FAN BIER kA ea Was x. 即 
チア ノ 上 ニー 申 ア アリ テ 其 ノ 極 線 が お アト 反 必 (の トス ) ト IH 7 É 
線 ト 一 致 ス ル ガ 如 ク ナ ラ ザル 可 ヵ ラズ. 

SI? ine アラ 求 メ ント ス . 

P ノ 極 線 … PO 7 SiR =B+ IY. Bw PO +ー 致 スル シダ 
fey = >>, DO 曲線 だ へ 般 曲 線 = テ , POLK 滞 近 線 ク ー ツ ナラ ザル 
可 カ ラズ . Wy sy K WERE RF 7 Bi MRT PEU Rs vv, 無 
Sie = JS 7 HR 7 SE = JS 7 7 =, PO > アノ 極 線 ト 一 致 ス シラ 
Ary. DIR’ eR P > K 7 WB XE a KHZ, 
AZ 7 HME A Ar thee R > KR Ey 瀬 近 線 ノ 方 向 ラ 共 
有 ス ル 曲 線 ナ ル 可 シ . TY 7% RR? EFT RAY, Vow O = 
Ron R ノ 切 線 ト , アノ 瀬 近 線 = 在 行 ナ ラテ ザル K WER = EF 
THWART AY, H O ラ 通 ズ ル 島 曲線 ナル シベ シ . 

WY 7 =RBRZ FERIE Fr IR» Pe 2 HE = FF +» 
K ノ 治 近 線 ナ ケル ラ 見 シベ シ . 故 =「 反 轄 ノ 曲 線 バ ノ 中 心 う 通 ジ だ 
ーッ クノ 弘 近 線 ノ 方 向 ラ 共有 スル 島 曲 線 ノ 反 形 へ 赤 だ クノ 中 心 ヲ 通 ジ 他 ノ 
約 近 線 ノ 方 向 ラ 共有 スル 島 曲 線 ナ リ 」 ト 云 と 得 さ シ . MY Fb? BA, 
_ 胡 前 定理 クノ 場合 ク 外 へ 凡 テ 「 中心 ラ 通 ブル ニニ 表 曲 線 ノ 反 形 へ 三 次 曲線 テ 
ルコ 見 シベ シ . 

8. [Gu Hai = AME +» 
Hier? DB RZ = FALE fie 7 HBR 
FI. 

Mm. X37 HR by RZ 
之 = 相 似 鷹 位 ナ テル 曲線 トス . 

ASR ay Kb R AAD 
es. J 7 BRT. AL pK. 
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A O FRR ICO ニス 0 DIDI ee 

A, L,S 7 IRR 27K, i 

A => KER = Hy TIMOR K = 相 似 朋 位 テル 曲線 @ 
ラ 作 ル ん . 

然 ケ 時 ハ Q w Rh ノ 反 形 ナル 事 ラ 誠 明 セン トス ズ . 

O ラ 通 任意 クノ 直線 ラ 引 キ K 37:M KR パニ テ 。 R PANNE 
MM ニー ゲラ シベ シン 。 | 

A, P wee RK + BW, CaF RIV 2, 

AP eee BO BD Aree 

A, CB',P! a8, Ei» ALST フッ v = JERI Ar R= 
A, C, B’, P fn pl] + » . 

PCR BB EPPOI 

P(A, CBP’) テル 調 和 線 東 ノ ー 線 PC = 下行 ナシ BB» PP 
= FLE RAV PMN 9m 7 ZX. 

BB! >» OP ニテ ニニ 等 分 モ ラル シュ ガ 政 = BMDN へ 調和 系 ラナ スズ ・ 

havo A ay iy OM = 78 40 PMPN = 赤 調 
AERA 7 + 2. 

ea Pos EE) APUG Tae 

u= Q > R/AKRBTY. 

9. Ara) RE ee 7 if 

ae R was K = a 7 Isernia Q = iz A, 

K, Q へ 相似 鷹 位 ナ リ 」 
トノ 定理 ラ 詩 明 も セン トス . 但 と Q KR x K ノ 中 心 ラ 通 で ザル と 
モブ トス OBO ZONA 中 心 ラ 通 ブ ル 場 合 = ミ ヽ 他 クー ツ ス 三 
RH Kr WZ. 之 が 次 曲 線 = 分 解 スル 場合 =^ 本 定理 へ 必 ズ シ 
モ 成 立 モ ザル 事前 = 見 タカ 如 シ ・ 

此 定 理 へ 反 轄 論 應 用 ノ 方 向 限界 トラ 指示 スル 極 メ テ 重 要 ナ ル 
モノ ナリ . AZTR/ ZIA? MA= 47 7M ev. 

CR + の トト ガ 相似 鷹 位 テレ バ K モ 赤 之 = 相似 座位 テリ 」 

AA THX アリ CZ の = 開 ス ル 極 線 ハ 邊 行 ナ リ .」 
補題 ノ 前 者 モ 赤 重要 ニシ テ 興 味 ア アモ ノナン レ ド 其 ノ 計 明 ヤ ヽ ゝ 複雑 ナリ ・ 

10. 補題 第 一 ノ 護 明 . 





RI He th te = BY > > RR dr. SAT 


(i) 曲線 K QR 7 Hy -— fl = 7 y. 

K ノ 中 心 ふ RQ ノ 双 方 ノ 肉 ニア ルカ 双方 ノ ク 外 = アル カナ リリ . 
何 ト ナレ K ノ 中 心 ヨ 9 だ へ 引 ケ ル 切 線 ハ 久 の = ニモ ェ 切 ス 可 ヶ ケン 
vb. 

後者 = アリ テス へ K 7 Hye À, Q 2 SSEUÉR BB mix = 
R,Q ノ 中 心 トー 直線 上 = 在 7. 

前 者 = アリ テハ 。 KAD FBTR ZH FLEE eI. R 75% 
ヲ 引 ケー ベ , 此 クノ 直線 クノ © 内 クノ 部 分 モ 赤 O = FRED ear 7, 此 直 
ia トス < 

バク ノ 中 心 ト の O ト <a hl =JR7 a =H WTAE? I 
War 2, 駐 アノ 中 心 ト トラ 結 プ 直線 ハバ @ = 於 テ a = 
AIFrFERFI SE. 

ダ ト Q b> AMER Ir Wik =, a Ar TAK? FT € 

DPÎT H+ PDP WTB. 

然 ケ = 此 人 等 へ O BRT ALA 2 

散 ニ = 一致 も ザル ラ 得 ズ - 

= り ト ダク ノ 中 心 ト Q ノ 中 心 ト ムー 直線 上 ニア 7. 

何 レ ェ シ テモ On KR + Q トノ 中 心 ト ー 直 線上 ニア リ 7. 

(ii) ラノ 中 心 ふ 一般 = 求 メ 得 可 シ . 

が ノ 中 心 ト の ノ 中 心 ト ラ 結 プ 十 線 が だ ト 交 ル ん 馬 ラ MN by 
の regres MN par. MK per By LL paz. 

LL > MM » N,N’ R- M,N x M,N Hr Bw 3= 
BNA = 2) © ENT). 

27 0» LU HE FI v=: O 2 fé MNM,N' 
+3}? frie’ = =. 

M,N, M,N sr WE, RA=->R/ZM?). 

(4) M,N,M',N. 此 ノ 場合 = ニハ MN RMN 3 Karel 
En + RIB 7 #* IE? JERR AN 7 RA v ZE) O Ris). 

(7) MM',NN'. 紫 ノ 場合 ニュ MU,NN' R.MN,M'N+» 
Til 2 BRE} Tk = 健 曲 線 的 テル ガ 政 =, 二 組 ノ ん ア ラ 求 メ 得 さと シ . 徒 
3 27 0 由来 メ 得 可 シ . 

(>) I, M',N', Ne 此 ノ 場合 = ミ ^( イ ) ノ 場合 ノ 代 う = 島 曲線 ラ 用 
と テラ ャ スリ 二 個 ノ O BIKAAS: 
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mara OM Mv BST € MRI 9”. 

(iii) $e 27= in’ Ra ),2e 3) FBI 7 MY 
得 可 と. 

Spena pas = HE 7 7 ノ 側 = アル 時 へ K = 席 晶 位 ヲ 飛 ジ タリ 
ト 考 へ テ , 之 ヲ 同 ジ 側 = 移 と 得 さ シ . カク シブ Or アト ラ 相 切 セ モジ 
n. Prg 8 節 ノ 方 法 = 依 ツテ た ラ 作 園 ス アシ 時 へ 之 ガ 反 韓 2 曲線 
= 外 ナ ラ ザ ル ュ ト 同人 節 ノ 論法 ヲ 逆 = シテ 誠 明 シ と 得 ベ シ ・ 

改 こ 何 レ ニシ テモ バス っ の 即 = 相似 應 位 テ 曲線 = シテ ニ 個 存 
AEA. 

但 シ と 其 ク 内 一 っ 庶 線 テル 事 ア リ ・ 

11. «has EN. 

(0 と 0 の MO し カワ NM MA 

réf (i) = 於 ヶ ケルト 同様 ノ 論 決 ニ ョ リ , O ラ 通 > 此 ノ 踊 = テ 等 
Bye ov Rie a 
ラ 作 レベ, a7 QW 
2 部 分 モ 赤 ひ 中 ニテ 
TEL PNM Z, a 
> O87 R =A 
ル 極 線 ニ モ , X Q = 
Ba A 7 Hie HR = E74 
ae 

= OH) R 
及 の ⑦= 開 スル 極 線 へ 
AE SPP Ts Pani 
772372. 

(i) Ow RR Q ノ 双 方 ノ 外 部 = アル 時 : 

Qt Rew バク BaF Reto HUEE=-S)AIFTY 
a.) Jb2 247 ABrZ. OZ ノ 共 通 切 線 ラ マダ デア トス レー SS’; 
TT が 座 行 ナル 事 ラ 誠 ス 可 キ ナリ ,6SS ト TT »7@eF U pa. U 
>? RR9 -Hrr tie Ka. 27 a be. 

ar UB +7 27 U トス レバ U,B,U / fuite BE = 
x, 又 の k=2r7ret7, HIF? Bie A+ 7. 

= AB» U 738 A 
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OA OB} QE R FAN -ÆmIv var, ER.E,F + 
YR, SS, PT v 73607 W, W'; PV, V' ba. 
BER 7 ee AUR Lx. 


KA? EA NAEH). 
(4) OF VB, OE WA. 
(un) OBV'F, OAWE 
ニョ リ テ EE, WV, AB, W'V’, FF’ 4 U 27 Zn. 
> 2 Sfnk x A'EAF, BEBE" 7 =W7 WEB: BERR EE", AB, 
FEN U =f8 7 Zev Ti =, AD モ 赤 U 3752. 


U > A'B' » AB BK + ea Ke = MET I. c= SS b 


SRI. 
12. 「 彫 雛 曲線 OR, アリ . K aly ORIH=>RW+ OOF 
K, Q, R IS HET). 
mH. Ov RR QO = 開 ス ル 極 線 ラ c, の トス . 
O ラ 通 ズル 任意 直線 ラ 引 キ の た oo2 ト SP;P,S;MTT 


OS. OS! = OM? = OP. OP, 
OS: OP!'=0P: OS =OT: OT = ーー 定 


x= À, Q 相似 座位 ナナ . 
= ん の アム っ 共 = 相似 應 位 ナ リ 
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Berichte und Mitteilungen veranlasst durch die Internationale Mathematische Unter- 
richtskommission. 2te Folge III: Titel und Inhaltsübersicht zur ersten und zweiten 
Folge der Berichte und Mitteilungen. Leipzig, Teubner, 1917. 16+99 p. M. 4.00. 

L. von Bortkiéwicz. Die Iterationen. Ein Beitrag zur Wahrscheinlichkeitstheorie. 
Berlin, Springer, 1917. 124206 p. Geb. M. 10.00. 

W. C. Brenke. Advanced algebra. New York, Century Company, 1917. 8+196 p. 
$ 1.25. 

W. C. Brenke. Elements of trigonometry with tables. New York, Century Com- 
pany, 1917. 6+122+40 p. $1.25. 

F. S. Carey. Infinitesimal calculus. Section 2. London, Longmans, Green and 
Company, 1917. 

U. Cisotti. Lezioni di analisi matematica, svolte nel r. Istituto tecnico superiore di 
Milano. Pavia, tip. Cooperativa, 1918. 16+674 p. 

E. S. Crawley and H. B. Evans. Analytic geometry. Philadelphia, E. S. Craw- 
ley, 1918. 14+239 p. 

P. Gauja. Les fondations de l’Académie des Sciences (1881-1915), avec une préface 
par A. Lacroix et È. Picard, secrétaires perpetuels de l’Académie des Sciences. Paris, 
Gauthier-Villars, 1917. 6-+658 p. Fr. 12.00. 

C. Huygens. Oeuvres complètes de Christian Huygens publiées par la Société Hol- 
landaise des Sciences. 13 tomes in 14, La Haye, Nijhoff, 1888--1916. Couv. vélin. Fl. 
180.00. 

International catalogue of scientific literature. Fourteenth annual issue. A. Mathema- 
tics. London, Harrison, 1917. 8+163 p. 15 =. 

G. Javelot. Comment résoudre les problémes de géométrie élémentaire. Paris, F. 
Nathan, 1918. Fr. 3,00. 

L. Koenigsberger. Weierstrass’ erste Vorlesung über die Theorie der elliptischen 
Funktionen. Leipzig, Teubner, 1917. 32 p. 

C. Michel. Cours d’algèbre et Tanalyse Paris, Alcan, 1916. 10+860 p. 

R. M. Milne. Mathematical papers for admission into the Royal Military Academy 
and the Royal Military College for the years 1908-1917. Edited by R. M. Milne. London, 
Macmillan, 1918. 7s. 

M. d’Ocagne. Cours de géométrie pure et appliquée de l'Ecole polytechnique. Tome 
2: Cinématique appliquée. Stéréotomie. Statique graphique. Calcul grafo-mécanique. 
Nomographie. Paris, Gauthier- Villars, 1918. 6+364 p. Fr. 18.00. 

A. Pringsheim. Vorlesungen über Zahlen-und Funktionenlehre. 1ter Bd. 2te Ab- 
teilung: Unendliche Reihen mit reellen Gliedern. Leipzig, Teubner, 1916. 8+222 p. 
M. 10.80, 
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B. Russell. Mysticism and logie and other essays. New York, Longmans, Green 
and Company, 1918. 8+234. $2.50. 

J. B Shaw. Lectures on the philosophy of mathematics. Chicago and London, 
Open Court, 1918. 8+206 p. $1.50. 

G. Stadler. Études sur l'équation 5Pu/sxP—aA™u=0. (Diss, Lund.) Lund, 1916. 
6+89 p. 

M. Viscardini, Nota su alcune corrispondenze dnali di carattere proiettivo, metrico 
e statico sulla sfera e sul piano. Roma, Stabilimento tipolitografico del Genio Civile, 1918. 
12 p. 2 tavole. 
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. 下記 ノ 難 誌 = 掲載 セラ レタ ル 論 文中 , HEI HELLS - BI 7 + € / » HN 2. 


The Science Reports of the Töhoku Imperial University, Ist Ser., Vol. 7, No. 4, 
July, 1918. 
T. Hayashi, On a certain funetional equation. T. Kubota, Uber die (2, 2)-deutigen 
quadratischen Verwandtschaften, II. 


Memoirs of the College of Science cf the Kyöto Imperial University, Vol. 3» 
No. 5, June, 1818. 
M. Sono, On congruences, II. 


Tokyo Sùgaku-Buturigakkwai Kizi (Proceedings of the Tokyo Math.—Physical 
Society), 2nd Ser., Vol. 9, No. 16-19, May-Sept, 1918. 
J. Ishiwara, Eine relativistische Theorie der Gravitation von skalarem Potential 
K. Ogura, Note supplementary to the paper “On the Striped net of curves without 
ambages in dynamics ”. 


Proceedings of the London Mathematical Society, (2), Vol. 16, Part 5, April, 19:8. 

L. J. Rogers, On two theorems of combinatory analysis and some allied identities 
(continued). W. H. Young and G. C. Young, On the internal structure of a set of 
points in any number of dimensions. P. A. MacMahon, Small contribution to combina- 


tory analysis. 


The Messenger of Mathematics, Vol. 47, No. 8-10, Dec, 1917-Feb., 1918. 

G. N. Watson, A theorem of Liouville’s type (continued). C. E. Weatherburn, 
Green’s dyadics in the theory of elasticity. C. V. Hanumanta Rao, On a certain 
definite integral. L. J. Mordell, The class number for definite binary quadratics. On 
the solutions of «?+y?+2?+t?=4m,m,. G. H. Hardy, Notes on some points in the 
integral calculus (48). G. N. Watson, Approximate formulae for Legendre functions. 


The Mathematical Gazette, Vol. 9, No. 134-5, March-May, 1918. 
W. P. Milne, The graphical treatment of power series. S. Brodetsky, The ele- 
mentary theory of statical stability. W. J. Dobbs, The introduction to infinite series. 


Annals of Mathematics, (2), Vol. 19, No. 4, June, 1918. 

T. Fort, A class of developments in orthogonal functions. W.G.Simon, A formula 
of polynomial interpolation. G. M. Green, Plane nets with equal invariants. D. R. 
Curtiss, Recent extensions of Descartes’ rule of signs. P. J. Daniell, A general form 
of integral. T.H,Gronwall, Elastic stresses in an infinite solid with a spherical cavity. 


Bulletin of the American Mathematical Society, Vol 24, No. 8-10, May-July, 1918. 

F. N. Cole, The february meeting of the American Mathematical Society. E. T. 
Bell, Some remarkable determinants of integers. H. Blumberg, A theorem on semi- 
continuous functions. F. H. Safford, Surfaces of revolution in the theory of Lamé’s 
products. C. J. Keyser, Note concerning the number of possible interpretations of any 
system of postulates. L. P. Eisenhart, Darboux’s Principles of Geometry. B. A. 
Bernstein, The April meeting of the San Francisco Section. A. Dresden, The April 
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meeting of the American Mathematical Society at Chicago. P. R. Rider, Atheorem on 
the variation of a function. C. H. Forsyth, Tangential interpolation of ordinates among 
areas. R C. Archibald, Non-Euclidean geometry. R. D. Carmichael, Functions of 
two complex variables. F. N. Cole, The April meeting of the American Mathematical 
Society in New York. W. C. Graustein, Note on isogenous complex functions of curves. 
A. A. Bennett, An elementary derivation of the probability function. G. H. Light, 
The intrinsic equation for Euler's resistance integral. J. Pierpont, Hermites Works, 
H. Hancock, Remarks on elliptic integrals. 


Transactions of the American Mathematical Scciety, Vol. 19, No 2, April, 1918. 

H. H. Mitchell, Proof that certain ideals in a cyclotomic realm are principal ideals. 
W. A. Manning, The order of primitive groups (III). W. E. Milne, On the degree of 
convergence of Birkhoffs series. C. E. Wilder, Problems in the theory of ordinary linear 
differential equati ns with auxiliary conditions at more than two points. L. P. Eisenhart, 
Transformations of applicable conjugate nets of curves on surfaces. R. W. Brink, A 
new integral test for the convergence and divergence of infinite series. W. D. MacMillan, 
On the reduction of certain differential equations of the second order, E. F. Simonds, 
Invariants of differential configurations in the plane. 


American Journal of Mathematics, Vol. 40, No 3, July, 1918. 

O. D. Kellogg, Interpolation properties of orthogonal sets of solutions of differential 
equations, H. B. Phillips, Directed integration. Lepine Hall Rice, P-way determi- 
nants, with an application to transvectants. W. Harold Wilson, On a certain general 
class of functional equations. R. G. D. Richardson, Contributions to the study of 
oscillation properties of the solutions of linear differential equations of the second order 


The American mathematical Mcnthly, Vol. 25, No. 4-6, April-June, 1918. | 

W. H. Roever, Descriptive geometry and its merits as a collegiate as well as an 
engineering subject. E. B. Stouffer, Geometry for juniors and seniors. F. Cajori, 
Origin of the name ‘ mathematical induction”. A. J. Kempner, Miscellanea. N. Alt- 
shiller, On the I-centers of a triangle. K.P. Williams, Note on continuous functions, 
E. W. Chittenden, Note on functions which approach a limit at every point of an 
interval H. N. Wright, The nine-point circle obtainel by methods of projective 
geometry. 


Proceeding of the National Academy of Sciences of the United States of Ame- 
rica, Vol. 4, No. 3-7, March-July, 1918. 

O. E. Glenn, Invariants which are functions of parameters of the transformation. 
G. H. Hardy, On the representation of a number as the sum of any number of squares, 
and in particular of five or seven. 


The Journal of Indian Mathematical Scciety, Vol. 10, No. 2, April, 1918. 
M. T. Naraniengar. Complex roots of equations. G. A. Miller, The funciion of 


mathematics in scientific research. 


Journal de Mathématiques, pures et appliquées, (7), t. 3, fasc, 1. 
P. Montel, Sur la representation conforme. J. A. Barrau, Mouvements algébriques 


dans le plan. 
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Annales Scientifiques de l'École Normal Supérieure, (3), t. 35, No. 1--2, Jan —Fév., 
1918. 
J. Boussinesq, Complément 4 un récent mémoire des Annales scientifiques de l'École 
Normal Superieure, sur la poussée des terres et l’état ébouleux, avec quelques idées générales 
sur la mécanique des semi-fluides et application de ces idées aux corps plastiques. 


Bulletin de la Société Mathématique de France, t. 45, Fasc. 4, 1917. 

E. Cartan, La déformation des hypersurfaces dans l’espace à n=5 dimensions 
(suite et fin). E. Cotton, Sur l’abscisse de convergence des série de Dirichlet. W. 
Sierpinski, Démonstration élémentaire d’un théorème de M. Borel sur les nombres 
absolument normaux et détermination effective d’un tel nombre. H. Lebesgue, Sur 
certaines démonstrations d’existence. T. Lalesco, Les classes de noyaux symetrisables. 
P. Apell, Sur des polynomes se rattachant à l'équation différentielle y/=6y?+%. G. 
Valiron, Sur les chemins de détermination des fonctions entiéres. 


Nouvelles Annales de Mathématiques, (4) t. 18, Mars-Mai, 1918. 
KR. Goormaghtigh, Sur l’affinité imaginaire. A Myller, Surfaces parallèles aux 
surfaces cyclides. M. Weill, Théorèmes généraux sur des systèmes de courbes et points. 


J. Arnovlievitch, Sur les théorèmes des projections et des moments des quantités de, 


mouvement. R. Goormaghtigh, Sur les faisceaux de coniques. R. Bouvaist, Note 
de géometrie infinitésimale. F. Balitrand, Sur les cubiques circulaires. Auric, Contribu- 
tion a la résolution géométrique de l'équation du troisieme degré. J. B. Pomey, Intégra- 
tion de l'équation différentielle linéaire à coefficients constants. 


L'enseignement M:thématique, Année 19, No. 4-6, Juillet-Nov, 1917, Anée 20, No. 1, 

Janv. 1918. 

E Dumont, Décomposition des segments de droites en parties égales. F. Daniels, 
Note sur la géométrie du triangle et du tétraèdre. L. Braude, Sur une généralisation du 
théorème de Steiner-Habich concernant les roulettes et les podaires appliquée aux orbi- 
formes d’Euler. A. Aubry, Note sur les permutation (Définitions, classifications et 
transformations, I). H. E. Hansen, L’équation de Fermat a?-!=pk,(a)+1. F. Gonseth, 
Sur une transformation projective conduisant è quelques propriétés métriques. G. Tiercy, 
Sur la fonction résistance F(v) de la balistique. 

C. De La Vallée Poussin, L’approximation des fonctions d’une variable réelle. 
A. Buhl, Deux récents ouvrages de géométrie. UG. Loria, Remarque sur la construction 
des courbes gauches avec application è la parabole cabique. M. Zack, Théorie élémentaire 
de la toupie gyroscopique. 

Comptes Rendus des Séances de l'Académie des Sciences de Paris, (2) t. 165, 

No. 20-26, t. 166, No. 1-20. 

M. Fréchet, Les fonctions prolongeables C. Humbert, Sur le développement, en 
fraction continue de Stephen Smith, des irrationnelles quadratiques. W. H. Young, Sur 
les séries des polynomes de Legendre. P. Humbert, Réduction de l’équation des jacobiens 
critiques. C. Guichard, Sur les réseaux C tels que l'équation de Laplace qui y cor- 
respond soit intégrable. P. Humbert, Expression de la fonction de Legendre de seconde 
espèce. E. Picard, Sur une équation fonctionnelle se presentant dans la théorie de la 
distribution de l’électricité avec la loi de Neumann. W..De Tannenberg, Sur une 
question d’analyse indéterminée, P. Fatou, Sur les substitutions rationnelles. G. H. 
Hardy, J. E. Littlewood, Sur la convergence des séries de Fourier et des séries de 
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Taylor. G, Julia, Sur les substitutions 1ationnelles. Akimoff, Transcendantes de Fourier- 
Bessel è plusieurs variables. 


G. Giraud, Sur les fonctions hyperabéliennes. S. Lattès, Sur Vitération des sub- 
Stitutions iationnelles et les fonctions de Poincaré. J. Chokhate, Sur quelques propriétés 
des polynomes de Tchebicheff. A. Denjoy, Sur une propriété générale des fonctions 
analytiques. G. Julia, Sur l’itération des fractions rationnelles. M. D’Ocagne, Sur les 
surfaces gauches circonscrites à une surface donnée le long d’une courbe donnée. R. 
Garnier, Sur les singularités irrégulières des équations différentielles linéaires. L. 
Bloch, Sur les théories de la gravitation. A. Buhl, Sur certaines somme abéliennes 
d'intégrales doubles. S. Lattès, Sur l'itération des substitutions rationnelles à deux vari- 
ables. G. Julia, Sur des problémes concernant Vitération des fractions rationelles. F. 
Iversen, Sur les valeurs asymptotiques des fonctions méromorphes et les singularités 
transcendantes de leurs inverses. P. Barbarin, Sur le dilemme de J. Bolyai. P. Fatou, 
Sur les équations fonctionnelles et les propriétés de certaines frontières. A. Denjoy, 
Sur les courbes de M. Jordan. D. Pompiu, Sur une définition des fonctions holomorphes. 
R. De Montessus De Ballore, Sur les quadratiques gauches de première espèce. A. 
Buhl, Sur la représentation, par des volumes, de certaines sommes abéliennes d'intégrales 
doubles, P. E. Gau, Sur Vintégration des équations aux dérivées partielles du second 
ordre. M. T. Beritch, Extension du théorème de Rolle au cas de plusieurs variables. B. 
Jeknowski, Généralisation d’un théoréme de Cauchy relatif aux développments en séries. 
R. De Montessus De Ballore, Sur les quadratiques gauches de première espèce, J. 
Ritt, Sur Vitération des fonctions rationnelles. Valiron, Démonstration de l’existence 
pour les fonctions entières, de chemins de détermination infinie. T. Lalesco, Sur un 
point de la theorie des noyaux symétrisables. M. T. Beritch, Sur la convergence et 
divergence des séries à termes réels et positifs. A. Buhl, Sur l'intervention de la 
géométrie des masses dans certains théorèmes concernant les surfaces algébriques. 5%. 
Lattés, Sur Titeration des fractions irrationnelles. De Pulligny, Sur quelques valeurs 
de Ja quadrature approchée du cercle. G. Humbert, Sur les représentations d’un entier 
par certaines formes quadratiques indéfinies. G. Julia, Sur les substitutions rationnelles. 
R. Garnier, Sur les singularités irrégulières des équations linéaires. Valiron, Sur le 
maximum du module des fonctions entiéres. De Pulligny, Quelques remarques nouvelles 
sur la quadrature approchée du cercle. J. Boussinesq, Equations aux dérivées partielles, 
pour les états ébouleux voisins de la solution Rankine-Levy, dans le cas dun terre-plein 
à surface libre ondulée, mais sans pente moyenne. J. Pérés, Sur certaines dévelop- 
pements en séries. T. Lalesco, Sur l’application des équations intégrales è la théorie 
des équations différentielles linéaires. M. T. Beritch, Un procédé intuitif pour la 
recherche des maxima et minima ordinaires. J. Andrade, Sur quelques transformations 
ponetuelles, et sur le cercle de similitude de deux cycles. R. Bricard, Sur le mouvement 
à deux paramétres autour d’un point fixe. G. Humbert, Sur les formes quadratiques 
indéfinies d’Hermite. G. Julia, Valeurs limites de l'intégrale de Poisson relative à la 
sphère, en un point de discontinuité des données. C. De la Vallée Poussin, Sur la 
meilleure approximation des fonctions d’une variables réelle par des expressions d’ordre 
donnée. J. Pérès, Quelques remarques sur certains développements en series, A. Buhl, 
Sur les séries de polynomes tayloriens franchissant les domaines W. 


Jahresbericht der Deutschen Mathematiker-Vereiningung, Bd. 25, Heft 4-12. 

I. Schur, Uber die Kongruenz am +y"=zn (mod. p). R. Mehmke, Über die Hal- 
bierungslinien der Winkel eines Vielecks. W. Blaschke, Eine Frage über konvexe 
Körper. K. Bochm, Uber die Entwickelung rationaler Funktionen nach Potenzen von 
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Polynomen. A. Korselt, Auflösung einiger Paradoxien. Über eine diophantische Aufgabe. 
E. Haentzschel, Über eine Aufgabe aus der Arithmetik des Diophant. A. Sassmanns- 
hausen, Zur Theorie der linearen Integrodifferentialgleichungen. K. Reinhardt, Über 
die kleinste Kugel, die um jede Punktmenge vom Durchmesser Eins gelegt werden kann. 
P. Mahlo, Über Teilmengen des Kontinuums von dessen Mächtigkeit. E. Müller, Die 
achsiale Inversion. E. J. Gumbel, Eine Darstellung statistischer Reihen durch Euler. 
H. Wey], Strenge Begründung der Charakteristikentheorie auf zweiseitigen Flächen. A. 
Rosenthal u. O. Szasz, Eine Extremaleigenschaft der Kurven konstanter Breite. P. 
Riebensell, E. Busche. E. Haentzschel, Uber die Kongruenz 2'092=1, mod. 1093? - 
v. Sz. Nagy, Uber die algebraische Darstellung der verknoteten und verketteten alge- 
braischen Raumkurven. M. Bauer, Zur Bestimmung der reellen Wurzeln einer algebrai- 
schen Gleichung durch Iteration. J. Horn, Verallgemeinerte Laplacesche Integral als. 
Lösungen linearer und nichtlinearer Differentialgleichungen. E. Lampe, Zur mechanischen 
Quadratur. E. Haentzschel, Theorie der Dreiecke mit rationalen Masszahlen der 
Seiten und der drei Seitenhalbierenden. A. Korselt, Über eine Diophantische Aufgabe, 
P. v. Schaewen, Bemerkungen zu den Abhandlungen des Herrn Haentzschel im 24. 
Bande, S. 467 ff. und im 25. Bande, S. 139 ff. E Haentzschel, Bemerkung zu der 
vorstehenden Notiz des Herrn v. Schaewen. Hans Hahn, Uber Fejérs Summierung der 
Fourierschen Reihe. H. Liebmann, Die Transformation von Variationproblemen. A. 
Kneser, Eine durch elliptische Funktionen darstellbare Transformationsgruppe I. 
Koenigsberger, Weierstrass’ er:te Vorlesung über die Theorie der elliptischen Funk- 


tionen. 


Journal für die reine und angewandte Mathemati, Bd. 1.7. 

K. Hensel, Allgemeine Theorie der Kongruenzklassengruppen und ihrer Invarianten 
in algebraischen Körpern. T. H. Gronwall, Über einige Summationsmethoden und 
ihre Anwendung auf die Fouriersche Reihe. O. Perron, Über Systeme von linearen 
Differenzengleichungen erster Ordnung. A. Kneser, Transformationsgruppen und Varia- 
tionsrechnung O. Koebe, Abhandlungen zur Theorie der konformen Abbildung. III. 
Der allgemeine Fundamentalsatz der konformen Abbildung nebst einer Anwendung auf 
die konforme Abbildung der Oberfliche einer körperlichen Ecke, L. Koschmieder, 
Konjugierte Punkte und Enveloppen bei speziellen Variationsproblemen. O Szisz, Uber 
die Eıhaltung der Konvergenz unendlicher Kettenbrüche bei independentcr Veränderlich- 
keit aller ihrer Elemente. F. Schottky, Problematische Punkte und die elementaren 
Sitzen, die zum Beweise des Picardschen Theorems dienen R. Fueter, Die Klassenzahl 
zyklischer Körper vom Primzahlgrad, deren Diskriminante nur Primzahl enthält. M. 
Pasch, Grundfragen der Geometrie A. Ostrowski, Über sogenannte perfekte Körper. 
J. Sehur, Über Potenzreihen, die im Innern des Einheitskreises beschränkt sind. K. 
Hensel, Die Verallgemeinernne A0s Legendreschen Symboles für allgemeine algeb:aische 


Körper. M. Pasch, Sechs Punkie einer Ebene. 


Mathematische Annalen, Bd. 78, Heft 1-2. 
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間 ) Ls 1: BR. Sharpe, 69794 (3, AI), REA (3, 第 二 學 期間 ) Ds 1 > 
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3412 HE. Slaught, Riz (4) 7 (4). らん A.C. Lunn, HikelFAv var J 
(4), 電磁 気 學 (4). PAC W. A Young EMRK (4), MEP ITS (5) り ち ゃ 1 ES 
ん R. G. D. Richardson, FRE rt Baran (4). fan (5) ろ 1 ば 1 W. H. Roever, # 
ERA (5) FMEIE (5) まい あ 1 す せ . W. Myers, POS pe MPA MBS IE (5) 
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HET RTE (8) BA A.C. Lunn, Ana (3), FERS (3). 


同 (1919 # 2 期 ) 
ti E. H. Moore, Ioni Ma (3). 概 限 及 ビ 級 敷 論 0). ぢ っ くそ ん LE 
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論 (3, PERSI ERICA (3). BA A. C. Lunn, HA (3). 


い D DTA Æ (198% 4 1) 
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Hil Ram (3) えむ ひ A. Emch, 射影 幾何 學 (3) くら そ 1 ん A. R. Crathorne, 織 分 法 
(3). ら ぃ と る E. B. Lytle, 4m (2, 第 二手 期間 ) わ 1 り ん G. A. Wahlin, #2 (3). 
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& 15 R. E. Moore, 後 分 方 程 式 論 ( 物 歩 ) (5), SME CMMs. Pate EB. 
Skinner, FRENA (3). sp SAH MBSE (5) 及 代数 池 ・ È 1% H. W. March, peas 
AL (5), 8A (3), ARTS EL. LARA T. M. Simpson, SRL HERR (3. MR 
375 (12) Sah Sho E. B. Van Vleck,n (MIC REA 0) HSE HER 
RE (5). 


vw ん ぢ à な KH & (1918 B iH) 

だ プ 。 そ ん Davisson, Ja» y, FÉES, ABH? MR. 21340 Rothrock, 高 
STS, 解析 幾何 移 並 = 球面 三角 法 ・ は ん な Hanna, HT HRKRARTS. sr- BRAG 
= Sr VRE HHRMA MA? MAR 講演 . 

同 (1918-1919) 

だ プ ぃ そん S. C. Davison, 微分 方 程 式 (3), AEE (3), = 1 7 Vy FRET (2). 21 
すろ っ 〈 D. A. Rothe ck, RAP is (3), 方 程 式 及 行 列 式 論 2), furia 3, He 
sE (2) は ん な U. S. Hanna, 解析 力 學 (3), Fama (2). 

か À à tr & (IBRA IM 


あっ し ゅ と ん €. H. Ashton, EPXg HA, PHSB t213.51 EB. Stouffer, HR 
TA, UMMM. En dı J. I. Wheeler, SET, 三角 法 , MAREE. みっ ち ぇ る 
U. G. Mitchell, gyn, infine. | 


み し ぶ が ん 大 # (1918 TH N) 
課程 : PORTE, ATH, ERO, ITA, QC, ra, 7 


ン シャル | ia 
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sin: U1 まん Beman, 1 & Ford, か 1 ぴん すき 1 Karpineki, さら ど し ょ 1 Brad- 
shaw, dà 7 Allen, ね る そ て ん Nelson, る 1 す Rouse, と 1 Coe, 


z ろ b と KR #S (1918. 5 & i) 


課程 : PSUR, WRAL, GETS, GT Ji Reha Be A AE, 7 1) 1 級 敷 . HI 
Ss, TMS, 707 1 理論 、 定 積分 . 
i: らい と G. H. Light。 ぶ 、。 ん ける B. F. Finkel, と 」 へ ん A. Cohen. 


まさ し ゅ | © > 2 LL À H ZÆ ff (1918 & & IM 


t 1 C. L. E. Moore, YRHRHEMNS, WEA. Koi L. M. Vassano, FTA. 
さい ぃ り っ ぷ す H. B. Phillips, PARIS memes 6,16 N. R George, WHBAStil 
FP, WEEKES. 


do D Aix BAR? WS REI 


Hex =427 Colorado College 7 AB + 27, HE NH BG rvs Rar UT, 
KM =4#%/413v4n Professor Florian Cajoıi > University of California = 訟 ケル Pro- 
fessor of the History of Mathematics トシ テ 就 任 シ タリ . FEvRM=RBFKB bp F 
Mahe Pre 3 12 ER==>7, MIj=A7 n Strassburg Kz Professor Max Simon 
7 Honorary professor of the history of mathematics トナ セ シ 場 合 ノ 外 類 例 ラ 見 ザル 所 ナ 
リト イハ ル . RER) SORA FBR U TE Rei es Ue) BE 
講座 ラ 置 ク ュ ト 玉 営 ナ リト ノ 訓 行 ハ ヘル ヽ = 玉 レ リ . 因 = イ ィ イフ Simon Kr 1918 — F + 
十 四 歳 ノ 高齢 = テ 逝 去 モリ (CH) 


園 積 問 題 ノ 近似 解 

(ESTR Comptes Rendus, t. 166, No. 23, p. 941, (10 Juin 1918) ニョ レバ de 

Pulligny KARA, WK =i ED EFB 7 € 2 LE TEE 7 EN ZI. RAE 

7 fev 7 EMS b USK VIER -B7 Kan a br wea? ナル 如 キ 線 分 @ ヲ 求 ムル 

コト ナリ . PRA HDF 0 by, HR AE 751%. A0 TE 

Mp2 ty ek May AE =i MQ 7 Fy, AO 7 5 

ari S 7359, OM LEE D = ニテ 直 変 スル 原 園 ノ 弦 BC ヲ 引 キ , Mi 

be 






Day AE = DP FT». + ose: 2PS=AQ = 注目 / 





スレ バ 直 角 三 角形 ノ 性 質 = ョ リ テ 2 
DS: = 09.P9 ニ エニ pg ニニ 40 が も 
x | 2 ai | à LS 


+ 
3. 02. 
BD? =-7B0 


OD? = OB? - BD? =1-— BC, 


362 雑 ik He HR 


LL 
sa DEE NI ae A 
OD? = 0S? — DS = - 740 
it = 
1 Mati A 


97 AQ Hm 2 AE EVM NT An? Q ラ 完 ムレ ズバ ガ お 0 ~ RA VIEW? E 
yHl7. M°7M Q ヲ 定 ムル = ニハ ・ 


di al 
E =f87 Wt EIU fev EI=7 by, IQ=2-— PZN FF). 何 ト ナレ バ Ei 


合 = 2% 
a Woe 
EQ= /aal = 1.85826 ( 切 リ 上 ゲ ) 


AQ=2-EQ=014174..:. | 


BC2 =3.14174---- ナレ バナ リ ・ 





fn 算 7 — HR 


Fe) BE EYER? RAMS We Fee? YF, 東京 物理 朱 徹 雑誌 第 318 
Bh(AILE REET) =r aU ere 7). My 7 HART aE > BE TRS 
ARIE BR? Farrer ry. 

問題 . 一 ッ ノ 彫 = 外 接 ス ル 二 個 ノ % 
衝 西 多角 形 ラ 書 キ . カク テ 彫 外 = 生 ズル 
On 個 ノ 三 角形 ノ 内 接 周 / 生 径 = 於 テー ツ 
オキ ニトリ タル モノ ノ 生 へ 相 堂 シ . 

郡 助 定 理 . 次 ノ 闘 係 ハ ョ ク 知 ラ レ タ 





(1) AB: BC=CD: DE 


oO 





D 
(2) AC= BD 


Æ WE RRL? 2% n=3 トス ・ Rv peltiatin—R/Ha=1xn 2 FD 7. 
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ニッ ノ 三 角形 ラ ABC, DEF py, BA RBFKAR MI GHI;J,KIL py, AAG 
23 GJ FERA 0 vr’ mes A’, NÉE] + / USE? A’ Sr. UABRB eR = 
FH AMP 2, SHB 0 7 PMI Hs b OS 
Wika: ANT. 
A” J=a/E'J. 


同 理 = ョ リ テ 
IN G=fIA' G=f AT =f. EJ/a, 


B'K=b/KP =b/P/G=ab/f. ET, 
D/ H=d/HB! =d/B/ K =df. E’JJab, 
CD =c/LD! =c/D” H=abe/df. ET, 
1 Er T=e/Ic! =e/C/L=def. E/J be. 
然 ル = EII=EJ Ink 
1 =def/abe, BI st abe = def. 


DE 40 画 À 


Kur FARCE tO |e 7 SR by 7, RU RR IS TEN MI I 7 ETE UN + 
#7 7 Et, BBWS 171 Er BAUR RSP SN 7 NGF TUG 4. 之 う 今 少 シ 統一 
シタ BMF MN PR FF ERK Fr. 

FLEUR Br 2,0, tn DR er, 2, et NY? —RÉOLHER TER = 
sua N HIRTEN + 2 7. 

例 ヘ ズバ 2=%Y RI ROLES LR I VERS 7 21. 

Beer, eee, Ya, Deut, 
ZB NN y=sine so HR b Wi FT vw. 
1 U 1 V1 
ーーーー 0 3 Ue 
Pir a 2i 
其他 如何 = BERE? BR RUE Were, 適 営 = 分 解 え レバ , bE RABY NEWRY UW. 

此 定 義 ラ 基礎 トシ : > NE weer Pewee = 7 > X br フ 事 か 護 明 サレ ナイ モノ デ 有 ラウ 

DONNER, | 


= —1%, Yzu-v. 
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2a a A ONF 


SEE P, Q = [5H 2 SPC 
P(x, y)de+ Q(x, y)dy 
PRIMAL? BSE (total diffe ential) デア ル 答 メ ノ 必 要 且 十分 チル 條 件 ハ 
< 9 ; 
gP@y)==7L y) 


>) rar7/FMhr7n vie RN 2 RIE FST LE / FRE 
シテ ノ 上 ノ 事 デア ル . 
PR Q ノ 可 微分 性 テラ 絶 畔 = 人 定 レナ イデ 言 へ パ , 條 件 へ . ER? a, x, =Bvsr 


9 
"Pe, yx = Aa, , y) — dla , y) 
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FRiLzr1bR7E=+N. ABBZICKV= 





Yo 

| Ql. y) dy = PCat 0) — Ps Ya) 
Yi 

RAR 7 KR 7 y Fe HT 1. 


Zr WT? RF 7 > % RE7 (8. K) 


K Be wh 7 WE Dr he ie 


NUHER / (0, の =0 カラ 定義 サル CHE Ya) が n HFT A 7,0 
カラ e! + FRM ERM L= 7 Fak owe y n MTA 1% Ya Yat D 
ラ Ya Ye ーー の リマ デ 締 ヘル モノ ネト スル. Hr, fii dot EA? 7 DED 
第 一 税 ノ 何 レ ノ 値 が 第 二 和 群 ノ 何 レ ノ 値 = 締 ハル カト 云 フ 事 ^, アノ 形 = 開 係 シ テ ァ 定 マル . Z7 
定 メ ル ニ ェ ハ ー 盤 ノ 函 敷 論 的 方 法 デ 言 ヘ スパ, L = 洛 フ テ 所 調 analytic continuation ヲ 行 ハネ バ 
ナラ ヌ . WORM BA = =D Ha. 通常 ノ 函 敷 論 ノ 書物 = 見 営 ラ ヌ 様 デ 
アル カラ 区 = 逃 べ ベル. 

EI w=t, 4%, Y=n, +2 
Rire, JR? GEAR LT AY 7 RER 

A(t, NH BE ates Mis Ia) = 
トナ ル . ZHI n, Jahres C(E,,E,,n,)=0 ラ 得 ん . n, = 開 シ テ 之 ノ 別 別 式 discrimi- 
nant ヲ 取 レバ E,,E, /REHRSR DE, &,)=0 Fr. Zr à Pk? —% 7 the を 
Jr. Kr LYL/%>5k7 LI’ E=WR* HRA F スタ 2 ©, On Pe 

va e pew マデ ア 上 ヲ 動 ク 間 = リノ n M7 fi RB Ey 2 7 Vin 
Dis Los <> km 三 於 テア ノミ デア ル . Ba 9.。 Y Vil No 717 = RT LUTZ 
個 ク 値 9.9。・ > Yn bf continuation 7 Hier RE 7 A 7 WE BE 7 7 AR 
云 フ 事 カ ラ 直 グ 分 カル . Re, ノ 直 グ 前 ト 直 グ 後 ト = 於 ケル 9 ノッ % 個 ノ 値 ノ 移り 行 有 模様 へ 
庶 敷 部 ノ 大 サ ノ 順 序 デ 直 グ 分 か カル. REX ae, ノ 直 グ 後 ト %。 ノ 直 グ 前 ト = 於 ケル 9 ノ nA 
クノ 値 ノ 間 ノ continuation PH HR AY 7 NUE» RE FH FH 0. TF RI 
味 ラ 重 ネ テ 行 ケバ 、 KR sy, im SMF RR y PRB? EH? ER FRI FT 
FX, pel トノ 間 = 於 ケル シタ 9 ノ 値 ノ continuation が 知り 得 ラ ル ヽ ュ ノ デア ル (SS. KB) 





Frobenius 74 >7 VE 2 


伯 林 大 學 数 授 Georg Frobenius 氏 ハ 昨年 (1917) AB AFAR DF BAND 2. 

M 1849 = Er x. 最初 GGttnigen KF Stern, W. Weber =A, 後 Berin A# 
= 移 ッ テ Weierstrass, Kummer, Kronecker =e, 1870 AJA&» >, Kr ER FA AW 
Sete = WET AME? BRON = BR ease = = y 7 Dr. 7 REFER. 1576 ir 7 18992 マデ 
スハ Zürich > BFIFER = As HY, 1893 (KAS =, 同時 = Schwarz ト 前 後 シ テ 
{IMS ER=A %, ZUR=«Kronecker 7 HEH bv TFT Y ZX. 

IR = 7% F AR Sta eI fo FRE, ツレ デモ Frobenius ト 同 時 = 伯 林 
KEY Dr. ニナ ッ タ 人 = Netto, Kiepert, J. König, Rosanes #7 リ , 彼 以前 = Dr = ニナ ツタ 
人 = ム Schwarz (1864), Mertens (1854), Lampe (1864) Pasch (1865), G. Cantor (1867), Klein 
(1868) が アテ アル. 

Frobenius $82. {UBF TY 2. ta ADS EX LU e PIA, 代 
敷 學 ノ 範 園 = 限 ラ レ , HA = à ZITO CAN EP 7 Bee 1 7 fe 7 4. 
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PLA bk = RAS =e FMT HS RIN LI た Ba ATE? EC 9 
Horst, vr / ABI RMEM HH PEF T YB. 此 ノ 時 代 ノ 論文 へ 殆 ンド Crelle Jour- 
mal デ 公 = ニ サ レタ ・ (AMKE+KtR=AV7I3 TEN BEG RE FIR FE 7 DER FE > 
テオ ツタ . (Math. Ann. 70, 1911 = 3 7 FRR AA WI 7 +1.) DS LÉBIE / Ar 
VBAIIRAAVIA. Kr 7 Ais 7 fin 7 BEF TY x. 

彼 へ 非常 = 猫 創 的 チ 人 ト ハ イヒ 得 ラ レナ イデ アラ ウゥ ウ . 然 シ 彼 ノ 論文 ラ 讃 ム ト 彼 ナラ デハ 
RE LA / FEHR > vv. 彼 逝 キテ 伯 本 大學 = 於 ケル LVirich'et, Kummer, Kro- 
necker, Frobenius ノ 優 統 ハ へ 果 シ テ 誰 = 由 リ テ 畿 が レル デア ラウ カ . 

集 ハ 下 = 微 ノノ ナ シタ 研究 ノ 王 要 ナ チル モノ ラ ヲ 列 典 シ テ 亡 キ 彼 ラ 省 憶 レ シャ ウッ ト 思 フ . 

行列 式 下 ま と り っ ( す 論 デ 最 モ 恨 本 的 ノ ER / —» Rank ノッ レデ アラ ツウ. HER 7 HA 
> #4 7 Frobenius 其 人 デア ッ タ . Kr "Pl 7 Mawr ” \Crelle .i., 84, 1:77) = 於 
Fr ER, ER KL ZAR, ‘EST JR = =” (Crelle J. 86, 1879) = 
於 テ 始 メ テ Rang +1%Ki7Hl-7 ar. 

Weierstrass ノ 倒 立 シ タ elementary divisor 7 Ia /—V /W6E7HXK}7Z777FKA+ 
ラ シ メ タ ノ へ ハ 又 Frobenius デア ッ タ (Crelle J. 26, 1879-1880). 

MO DRIER? 繧 汰 左 換 及 ど ま と り っ ( す ノ 理論 ラ 記 名 釣 = 取 妨 フュ ト = 由 リ テ 此 と 待 
2 理論 = 統一 ト 商 明 ト ラ 奥 ヘタ (Crelle J., 84, 1878). BE BERKER AR = Br 
3 (Berliner Sitzungsber. 1896) モ 又 重要 ナル モノ デア ル . 

彼 ノ 此 方 面 ノ 研究 へ 類 ル 豊富 デア ッ テ , 27 LL 1 7 1 NEC / ER -MEM 2, Ik 
237 Pitt ノ 微 分 方 程 式 ヤ 完 全 微分 方 程 式 = 鷹 中 シ テ 成 功 シ ティ ル ・ 

伯 林 時 代 = ミ ナツ テカ ラ ハ 詳 論 ノ 方面 ノ 研究 か 其 基 油 ラナ シタ . Sylow 7 EH fiore 
HEFT +, 和 群 ヌ 二 重 ノ Modul = a y 5 SLR 4 2 1 AH 7 EA © 7 soluble group 7 & 
2 2 FE / BESMFDRFITFR. bl Fu FRer Fr ORE ARE RI 
pepe 7 Jr #2 2 LZ Grappencharaktere 及 で Gruppende.erminante + rv #7 LEA = 2 
YF MY IY FEF TY > © (Berliner Sitzungsber. 1896 以降 ) > Charaktere » Br = 
Dirichlet, Dedekind & 2 7 1 4zZ7—BeY ARE = Ihr 7 HER 7 NEN = HN 2 1 72 
ノ ハ 彼 ノ 功績 デア ァ ル . 

Bi? 初期 ノ 錠 究 へ 微分 方 程 式 ノ 論 デ アッ タ , 其 内 持 筆 ス え ベ キ ハ 代 数 方 香 式 = 於 ケル 皮 敬 ナ 
ル 板 候 ラ 微分 方 各 式 メ 上 = 預 張 シン ニョ リ テ 代 農 方 程 式 鞭 = 於 ケル 種々 ノ 定 理 ノ 翌 鷹 者 ラ 微 分 
Ferm Aura rn. 彼 ^ ハ 之 ョ リ シ テ 巡 銘 ナラ ザル 線 状 蔽 分 方 得 式 ノ 分 解 ラ 論 ジ 特 = 
Z 7 multiplicator 7 +47 adjoint differential equa‘ions 7 理論 = 應 用 シテ 興味 アル 結果 ラ 
Wer F A (Crells J., 16, 1873; 77, 1874; 85, 1878) determinate singular point = Jr 144 
77 HER / ME 7 UT LE 2 (QE 7 LH ÉE (Crelle J. 76, 1873) モ 注 意 ス ル ニ = 足 ル ・ 

Fei = 2 Abel EM THI 7 summable series 7 GPE? 367 v+7 378 
(Orell。 4.265, 1880) ュ ト モ 見 逃 シ テハ ナラ ナイ . 

彼 ノ 晩年 へ 特 作 クノ 研究 ラ 提 則 シ ナカ ッ タ . DI? DRRORBK REA v Wea = BA 
AW DALLAS 7 AT 7 — EDR 7 WK = rn TR ER 7 TE BE LAS a D+ 
WVU FBR Fike FARE FAV 2 D / BRAT wv. MX Fermat REF == 
x Kummer {ff 7 fn PRE 7 Os ay er Wieferieh 7 HICH BY 7 ORAS = 
a Vit vw 7 fes (Urelle J, 137, 1910; Berliner Sitzungsber. 1910) Stridsberg, 
Carathéod>ry, Bieberbach 387 CHEM ni / SA X = BW Fr EF-S KK IF BT » + 1 
HAF Bik = 7 HAF 724, (Berliner Sitzungsber. 1911, 1912). (M. F.) 





fi) se 7 BL BE RER St BY I ERA 


% 
AA 1918-1919 = Ar NER) my. 7 > CT M EAN R= à 77 = Min 
+32) 7 MEM. 
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PREG. MTA (4), WU (8), RIA (GR CHE M) (2), WAR (3). 藤原 数 授 , 
FSB Re? brin (2, Hit 2, 隔週 ), AE (2), MN (2), REESE ILA aU 十 二 月 マ 
capa a iii Ze 0 
WR (2), Mi (2 隔週 ) 特選 題目 REA) (2). Ei (IR (2, FIGA 
(PK an Cf — Sr) (2) SRI, 微分 方 程 式 論 (3). 


Rh OB TF BS 7 Be Be I dî 


AIEEEA BAB 7 ERR = 3 レバ, MS PRA PPA RAR Sh. もら 1 
No Mh? =? IPB PIES REET FY ee > vo», AUS = E? 
HEFTE = 7 ER EX = AE I eb ArH HEReRAZLI TH 
ESMYIYı 77H, RRO SUAS 7 He INS FRI ERS FE R 
2 FF HEF | MRR MAAN Mara NY RV. 


SR falas oe 


American Mathematical Society 7 #§ 25 Summer Meeting > Hanover, N. H. = 於 テ 
本 年 9 月 4、.5,.6 » = Alta ve vw Preliminery notice ニョ リ テ 見 レバ This meeting 
is to be devoted to the mathematics of warfure. It is hoped to secure as speakers men of 
prominence now engaged in the government service ト ア リ . Hei, Zlı=YFrrE= 
記載 クノ 機 ア ル ベ シ . 

Prof. G. A. Miller of Illinois > 3K#4= = ı.v Our graduate work is suffering very 
much on account of the war and things are getting worse rapidly. Nearly all of our best 
young men are going to the war and the young women seldom are good mathematicians. 
Hence the mathematical departments suffer especially at the present time. If we can only 
win, I think the sacrifice will be justified. F7 y (T. H.) 


pe HUE KA Aw Re 


RE SMA 7 Pee ees SMF REX 72 SA AR EES 
RIESAME TRAE TTY. =A, 協議 題 及 談話 題 ハ 炊 ヶ An 
D, B= WAAR =WRT AR? HR ET Yb. | 

ER) 

“HN XAEt#F+=2ztWMMNaVz+HhO0=E1E4 

CH RES MR 

事業 hae shin. WE. 談話 , SM. 

SR Reese = 2 LE by 7 PRE? ME? HZ ra pb. 

申込 AAR GSA IR 7 RE AS BE =A ab. 

(備考 ) BRE b->-+-— 5 EUR SA = We Sim =. 

nn 
BE EEE ERA? AW 2 UBT? RARER ANS FBR HHE 
di 
(ani) | 
1. HR Bea AR 7 — ee RB HE an ee lat? Er nr ae. 








fp, 
2. ie er BER ERICH BEI HUE = US RU OBS ER BR 2 
ル 時 期 及 程度 如何 . i 
3. pri Beppe vfs Sh BS BE VITE = HET EMT SA 門 ラ 課 と Alk 7 Bet 
BF ESRI 7 MK 2 ve 5 € An far. 
4、 Big BLS a BE GME ALS 7 UCR ATA 7 KR, RL = 注意 NBA 
如何 . 
5. re e Shs Ne A BRE? BER = 於 テ 各 分 科 ノ 適 営 ナ ル 配 営 及 之 レ = 要 ス 
DATE EE 2e LE {a 
6. ide he EL VARIE II fa. 
7. Ph Bet BREN EAR MER = DST SRE 7 —J hé 2 AH er ar 7 E 
如何 . 
(談話 題 ) 
1. pili a; Sh Be Ae EA BEBE 7 EAB = SF MIDEM, RT ANDE = |a 
BAT Ink 7 duff. 
fifi BABS 学校 及 高 等 女 BR HIRT i = Ae © ar RR AEM. 
Fifi th E ABS Ne LE = ST MAR, BEEN HB 7 取扱 方 法 如何 . 
Pili ath pe De rap EA AAR = ST METTI 7 取扱 方 法 如 何 . 
CARRA a HST PARRA RE SEI I. 
(mi) SRE = VY +7 IR SEL ask 2 HN =) RR TET pa. 


Dt wo 


en 2 = 4f a7 HEA 2 da di a 4 
HY RB ROMERS, XIE 7 4 7, 8, 9, 10 JURE 


WRMEL (5, 6) MN Ie GF 次 K 
ac HE se Be (ABER = 7 +) | & PIRA A 
TI 22 Ar BRR TEL ARF Z À K 
log $ (t, a, n)=logt+ag" (t, 4, n) + 7 FAX FR 1 A MS K 


RIE FIRME 大 正 7 年 7, 8, 9, 10 HE 
daron Dairoku Kikuchi. 
MESCHENI 7 BL, MI, AG RARE AE Ae) 
a 藤澤 利 喜 太郎 氏 
保 際 雑 誌 , 大 正 7 年 6.7.8.9 AOE 


人 VE EW) TER A 村 ft WK 


$7 PUBS 7 5R 2 1 HR = HEF M7 IE 2 MAL KR 清松 SK 
bi Sb RRURSETLAS b 7 HE 7 tS = es | 

HAL fi Ré RM 
EAT RIO? CARERS = HT Po 政治 K 


si & 者 18 E 


IRAK ば 1 EAB MARE 1 り っ ぢ 氏 I. L. Coolidge » AME + LU. 

FPE 68 À KÉAEZ<ZL T VX A. Benteli » 1917 4p 11 FH 10 H 70 p=7 ik 
KBs kK E. Ott » 1917 年 11 月 17 日 70 歳 ニ = テ 逝 去 セ リ . 

TRASI]? RT BE (1881) ノ 著 者 タル ん か! る 氏 Lewis B. Carll » 1918 年 3 月 
12 日 74 B= 7 Whe y. 
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x ER ば 2 Ti BDK.Cyparissos;Stéphanos st). 
Ka Fc 3 Yale Ste 1 E G. Castelnnovo YA bir GE = je FUR. 
(N UN ae > E. Borel, (321 E. Goursat 及 あ だ ま | る J. Hadamard 7 
O inibito zia mente Lam ma ELBE BA = We > v 2 


PARE VOB ET 2 OKBBE~ S345) L. Berzolari YF UABARE SZ 
ろ ん ど R;Marcolongo EBK doRB? UAC Sh L. Pincherle, FFSAKBZ Vo» [G. Ricci 
及 ぜ うえ ぇ り F. Severi, UY KH? 3 2<AX G. Albenga, ころ め つ ち G. Colometti ME & > 
EC Far Nie M rasa V. Reina 等 ノ 諾 氏 ラ 通信 党員 = 選 遇 セリ. 

伊太 利 ぼ ほろ に あ 大 胸 = 於 テ えさ る じ ぇ り 5 Dr. A. Vergerio » XE MD à uud. 

BAR? VOKBA=aKF LY EC? Dr. E. Gs Togliati » [i] ASA re fa TE Efo] 
“7 chi PIV. 

ALK SHE de V Ste SK SKRAIAG LE College 7 Bm Lis VE F. Cajori > fé” 
数 授 ラ チ ナス ュ ト ヽ ゝ ナリ. X1%1K D. N. Lehmer ハ 同 大 學 数 授 ト ナレ リ . 

JS Albany > New York State College ノ ど ぽ る と 氏 J. V. De Porte HR 
助教 授 ト ナレ リ . 

PARE OSAAI 1 SUR Levi » 1917 年 10 月 28 H 34 = 7 HE V. ARI 
FES = 7 r= 1912 ES EM 7 BL x V. 

RATE SC DARE? 5h TUE A. Viterbi » 1917 年 11 月 SH 4 = テ 戦 死 セ 
リ . 

JERR 2 3 LUE RE OC TK H. E. Hawkes ふけ っ ぷる 氏 F. P. Keppel 7 
後 ラ 艦 ギ テ こ ろ ん び あぁ College 7 BE h+L1Y. Connecticut College ノ れ いぶ 氏 D. D. Leib 
BRIEF UV. 

Lex) 1 AK ES. Lane » Rice Institute 7 HAM r Fr). 

HALT À ERIK NEE LAN ER LORIE Bi RI A 
ラ 命 せ ゼラ UV MATTER Y / BIErTFAELFAHZET— WAR = 低 セ ラ レ タ リ 
駐 掛 谷 氏 ハ へ 大正 七 年 十 月 十 三 日 米 較 Boston 2e 7 HAE 72 XV. 

Pili MAAR ABO CAA HI à iaia + AI LH] € + 7 Ee > LA BRAM 
Mie 7 Aie 5 v y N Tr WMA) ER Lin 7 HE ARA SF 
KBR / A 7 ET RIEEÆA AH お Bir 7 Pehle AUR Y. eI? HB 
WE = Bi 2 Lim RER = fai 2 LT YA I. 

大 正 七 年 九 月 十 九 日 統 計 移 者 臭 文 聴 氏 逝 ヶ ケリ . HR BRA 7 ASE TE BS RS Er 
= 師事 と Wait, 7 PERE KS x D LA. 次 内 開 統 計 局 ノ 事 業 ノ 中 梶 者 カナル ベレ シ 

KAMEN WAZ THM Ae BOL = te € 2 UZ Ae Se ARIES 
Gr ae ean A 
= BER Ache A PA 2 XIELC EEE RER ABBIA seni 
Pes ラ レ タ リ . 

供 國 巴里 市 ノ 敷 移 書 逢 出版 書 時 トシ テ 有 名 ナル Gauthier-Villars et fils ノ 主 人 Albert 
Gauthier-Villars EA HBBFEFT NT TEEN 2 ff = a ray = L’Académie des 
sciences 7 終身 書 記 官 Pieard Kr RM AEF << ZX 22 LR Comptes Reudus, t, 167, No. 3 
(16 Juillet 1918) = =. 外 國 ノ la gibt preva bin. 因 = 同 店 主 へ Ancien 
élève de l’École Polytechnique (promotion 1881) トシ テ 有 識者 ナリ . 
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